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PREFACE 


T he name ‘Physical Metallurgy’ was suggested by Dr. W. 

Rosenhain, F.R.S., of the National Physical Laboratoi^j in 
order to dis^ingtiish that branch of metallurgy which deals with 
the structure and physical properties of metals, from the science 
of the extraction of the metals from their ores. ToJ^iose im- 
mediately concerned, it has become increasingly apparent that 
Physical Metallurgy is at present in an "unsatisfactory position, 
largely owing to the lack of collaboration which has existed 
between Physics, Chemistry, and Metallurgy. On the one hand 
the ‘Practical Metallurgist’ has amassed a considerable amount 
of information in connexion with the metals of commercial 
importance, but has made little or no attempt to investigate the 
properties of metals and alloys systematically from the point of 
view of the Periodic Table, in order to discover the general 
principles involved. On the other hand, the Physicist in his 
investigation of the electrical and other physical properties of 
metals has not merely often failed to examine these systematically 
from the point of view of the Periodic Table, but has also in all 
too many cases been out of touch with scientific metallurgy, with 
the result that much experimental work of the highest quality 
has been carried out on specimens which any scientific metal- 
lurgist would have condemned as unsuitable. 

On the theoretical side, the Metallurgist has, in the past, been 
profoundly suspicious of the value of theoretical work, and 
although this attitude has changed greatly in recent times, it 
tends even now to discourage research work on metals which 
are not of possible commercial value, and this very greatly 
hinders the development of a connected science of Physical 
Metallurgy, since in many cases it is the rare or commercially 
unimportant metals which occupy the ‘key ’ positions, and which 
are likely to provide clues to the general principles. It is only 
necessary to consider the position in which Chemistry would be 
to-day if work had been confined to commercially important 
elements, in order to understand the reason for the present un- 
satisfactory condition of Physical Metallurgy. This difference 
between Chemistry and Metallurgy is, of course, largely the 
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result of the fact that modern Chemical Industry has been 
developed chiefly from the scientific work of the laboratory, 
whereas Metallurgy has to a much greater extent grown from 
older traditional methods. 

As regards their direct applications to the physical properties 
of metals, the theories of the Physicists have been concerned 
very largely with the electrical and thermal properties. For this 
reason it seemed advisable that any attempt to develop a con- 
nected theory of Physical Metallurgy should be based on a 
general understanding of the existing physical theories and of 
the data on which they were based, and the present book has 
been written in the hope of supplying a general survey of this 
kind. Examination having shown that the theoretical work has 
at present led to little real quantitative theory or systematization, 
I have adopted the policy of dividing the book into two sections, 
one dealing with the facts, and the other with the theories. 

The first section of the book is not intended as a comprehensive 
treatise or text-book, but rather as a general account of those 
electrical and thermal properties, including Thermal Conduc- 
tivity, which appear of interest from the theoretical point of 
view, and I have endeavoured to concentrate on subjects whiclt 
are not found in the average text-book. I have, for example, 
omitted all reference to Specific Heats, since these are dealt wdth 
in most books on Physical Chemistry. Except for a brief refer- 
ence in connexion with Contact Potentials I have also omitted 
Electrode Potentials and similar properties, partly because of 
the existence of many books on Electro-Chemistry, and also be- 
cause it is increasingly apparent that these properties arc greatly 
affected by secondary factors. I have, however, included a 
general survey of the Emission Phenomena, since these are so 
very important in connexion with the later electronic theories. 
In several cases, where the facts have not yet been reduced to 
order, I have intentionally given a very simplified and rather 
superficial account, in order to avoid confusing the reader with 
a mass of apparently unconnected facts. I have, for example, 
paid but little attention to the electrical properties of the ferro- 
magnetic metals, since these are clearly abnormal, and the need 
at present is for a better understanding of the general principles 
of the normal elements. In the same w^ay, except for the Trans- 
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verse Effect, I have omitted all detailed reference to the complex 
Galvano-magnetic and Thermo-magnetic Effects, since the work 
of Dr. Kapitza has shown how misleading conclusions may easily 
be drawn from results obtained with impure specimens at com- 
paratively low field strengths. 

As explained in the introduction to Section II, I have en- 
deavoured to describe the theoretical work in such a way that 
both the general reader and the more serious student will find 
the information they need. Criticism may be directed at the 
space which has been allotted to the older theoretical work, but 
as the modern theories are so very much obscured by the com- 
plicated mathematics involved, I am convinced that it is easier 
for the average student to begin by considering the older work 
in some detail, than to plunge directly into the conceptions of 
the new methods. The inclusion of the chapter on the Inter- 
mediate Theories is also open to criticism, since these are 
sometimes admittedly little but discarded speculations. But 
apart from the desirability of some historical record, and the 
fact that these theories discuss points which are ignored in the 
modern theories on account of the drastic simplifications made 
in the mathematical development, I think there may be some 
educational value in making the student read a critical discussion 
of a discarded hypothesis. For, with the growth of scientific 
knowledge, there is an increasing danger of the student tending 
to absorb one fact after another without ever learning to think 
about them critically. 

Most of this book has been written from the study of original 
papers, but of the books which I have found helpful I must 
acknowledge particularly The Rejport of the Solvay Congress of 
1927^ the volumes of Guertler’s Metallograjphie dealing with 
Electrical and Thermal Conductivities of metals and alloys, 
O. W. Richardson’s Emission of Electricity from Hot Bodies, H. S. 
Allen’s Photo-Electricity, J. J. Thomson’s Corpuscular Theory of 
Matter, and also the late H. A. Lorentz’s Theory of Electrons 
(Leipzig, B. G. Teubner; New York, G. E. Stechert & Co.), 
from which I have kindly been allowed to reproduce the proof 
of the Lorentz Conductivity Equations. Much of the work has 
been written from notes made in libraries, and if this has in 
some places resulted in the reproduction of the original phrases 
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of authors’ papers, I hope this may be excused in view of the 
large amount of reading involved. 

I have also to acknowledge the very great help and criticism 
which I have received from many friends in the preparation of 
this book. Dr. P. Kapitza has kindly read the chapters on 
Electrical Conductivity, Dr. Ezer Griffiths that on Thermal 
Conductivity, Dr. J. L. Haughton that on Thermo-electricity, 
Professor O. W. Richardson that on Emission Properties, and 
Dr. J. A. V. Butler that on Contact Potentials. In the theoretical 
section I have received great help from Dr. R. H. Fowler, Pro- 
fessor J. E. Lennard-Jones, and Mr. I. O. Griffiths, the last-named 
having kindly read almost the whole manuscript in one form or 
another, whilst I have also to acknowledge assistance from Pro- 
fessor F. A. Lindemann, Dr. M. Fraser, and Dr. N. V. Sidgwick. 

I have been persuaded to include a summarized translation of 
the paper by Dr. F. Bloch on Conductivity, in the hope that this 
may be of assistance to those students who may be troubled by 
the language (German) of the original. I have to thank Dr. 
Bloch and his publishers, Herren Julius Springer, for per- 
mission to do this, and must also acknowledge my indebtedness 
to Professor Lennard-Jones, Mr. I. 0. Griffiths, and Dr. H. Bethe, 
without whose assistance this would never have been completed. 

In connexion with the proof corrections I have to thank my 
father, who has gone through the proofs many times, and I must 
also acknowledge my gratitude to the Clarendon Press for the 
very great help they have given. 

I need hardly say that the fact that the friends mention(‘d 
above have read the manuscript in no way commits them to the 
views which I have expressed, and I may add that in the prepara- 
tion of this book I have been increasingly conscious of my 
inability to do full justice to its subject-matter. 

W. H.-R. 

The Old Chemistry Department^ 

The University Museum, 

Oxford. 
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INTRODUCTION 


I N order to describe the electrical properties of metals it is 
necessary to adopt some scheme of classification for the 
numerous metallic substances which are met with in alloy 
systems, and for this purpose we iShall use the general method 
previously suggested by the present author. The development 
of the science of Metallography, and the study of equilibrium 
conditions in alloys, have led to the determination of a large 
number of ‘equilibrium diagrams’ for alloys of two or more metals. 
These diagrams show the limits of temperature and composition 
within which an alloy of several metals is homogeneous, and those 
in which the alloy consists of two or more phases, and in the 
latter case a properly determined equilibrium diagram enables 
us to see the compositions of the phases which are in equilibrium 
at different temperatures. These diagrams have been constructed 
chiefly by the methods of thermal and microscopic analysis, 
supplemented in some cases by determinations of electrical con- 
ductivity, whilst in the last few years the crystal structures of a 
number of alloys have been investigated by X-ray analysis. 

For simplicity we may first confine our attention to solid 
binary alloys, and may consider what happens if we take two 
metals A and R, and alloy them in different proportions. In 
such a case we find that, in general, if we add small quantities of 
one metal to another, the resulting alloy remains homogeneous, 
with the formation of a so-called ‘solid-solution’. The X-ray 
methods have shown that these solid solutions retain the crystal 
structures of the solvent elements, and fall into two main classes. 
In the more general ‘substitutional solid-solutions’, the solute 
atoms replace the atoms of the solvent metal upon its lattice, so 
that the two kinds of atoms are situated at random upon a 
common lattice, and we propose to call solid-solutions of this 
type Primary Substitutional Solid-solutions. In the more re- 
stricted class, of which the typical example is that of the iron- 
carbon alloys (steels), the solid-solution is of the interstitial. type, 
the solute atoms fitting into the empty spaces between the atoms 
of the solv^’cnt, and such phases may be called Primary Interstitial 
Solid- solutions. In the case of ternary alloys the primary solid- 
solution may be of both types ; thus in an austenitic manganese 
steel we have a primary substitutional solid-solution of iron and 
manganese forming an interstitial solid solution of carbon. 
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When the equilibrium diagrams are drawn in their usual form, 
these primary solid solutions form the ‘end phases’, and their 
solid-solubility limits vary very greatly in the different systems. 
In some cases, as for example the alloys of copper with nickel, 
or of silver with gold, the two metals are complete!}^ miscible in 
the solid state, and form a continuous primary solid-solution from 
100 per cent, of the first metal to 100 per cent, of the second, 
whilst in other systems such as the alloys of gold with lead or 
thallium, the mutual solubility is so slight as to be detected only 
with difficulty. In the more general case, the limits of the primary 
solid solutions vary with the temperature, and when the solubility 
limit is exceeded a second phase makes its appearance, and the 
alloys are no longer homogeneous. In such cases the simplest type 
of alloy is one in which th^ only phases met with are the primary 
solid-solutions, so that all intermediate alloys fall into one of 
three classes, a primary solid solution of A in B, a similar solid- 
solution of Bin A, or a. mixture of the two primary solid-solutions. 
Examples of this type are the alloys of lead with silver, antimony, 
or cadmium. 

In the more general case, however, the intermediate alloys of 
two metals contain new phases with structures different from 
those of the parent metals, and it is in connexion with the 
classification of these substances that difficulty has arisen. In 
some alloys the two metals form one or more intermediate phases 
of which the compositions are fixed, or of very restricted range, 
and correspond to simple atomic ratios. Examples of this kind 
are the alloys of calcium with tin, in which there are three inter- 
mediate phases of compositions agreeing with the formulae 
CaSug, CaSn, and CagSn, and since these are of fixed composition, 
and possess properties quite distinct from those of pure iiKitals, 
they are generally classed as internietallic compounds. 

But in many other alloy systems, particularly if the atomic 
volumes of the two metals are not very different, interrneciiate 
phases of variable composition are found. In some cases, such as 
the so-called Brass’ which ranges round the equi-atomic 
composition in the copper-zinc alloys, these intermediate phasc^s, 
whilst differing in crystal-structure from the piirent metals, 
appear to possess many of the properties, such as plasticity, &c., 
of pure metals or primary solid-solutions. But in oilier cases 
this is not so, and the intermediate phase, although of varialde 
composition, may possess properties c|uitc distinct from those of 
pure metals. The difficulty in classifying such substances lies in 
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the fact that the majority of the ‘Text-book’ definitions have 
failed to consider the possibility of a true compound forming a 
solid solution with its component elements, and the way in which 
such a solid solution may be distinguished from one in which no 
compound is formed. 

From the point of view of the older atomic theory, however, 
the distinction was quite plain. The physical mixture of the 
two elements was considered as a mixture of the individual atoms 
or molecules, whilst in the compound the different atoms were 
bound together into compound molecules, and these behaved as 
distinct entities. For many years this conception was purely 
hypothetical, but the comparatively recent work on positive-ray 
analysis and mass spectra has led to the conclusive experimental 
detection of the individual molecule, the existence of which is 
now a fact and no longer merely a supposition. The formation 
of these molecules is regarded as due to the sharing or exchange 
of electrons between two atoms. At first sight, therefore, it might 
seem justifiable to define a metallic compound as one in which 
the constituent atoms had united to form a compound molecule, 
but unfortunately almost all the methods for detecting the 
existence of individual molecules depend upon the examination of 
the substance in the gaseous or liquid state, which is in general 
very difficult at the temperatures of molten metals. A start in 
direction has been made by the Japanese scientists, notably 
Honda and his collaborators, by the study of the magnetic 
properties of molten alloys, and in this way it has been shown 
that some of the phases of intermediate composition found in 
solid alloys correspond to entities in the liquid, whilst others do 
not. In another connexion the work of Barratt and others on 
the spectra of metallic vapours has led to the observation of 
band spectra, which must be due to polyatomic molecules. But 
even in cases such as these, there is always the possibility that 
a true compound may be formed in the solid, but may decompose 
on melting or volatilization. In general, therefore, we have to 
examine the solid alloys alone, and here the connexion between 
the molecule and the crystal structure is not always clear. In 
many compounds, notably those met with in organic chemistry, 
the molecules retain their individuality in the solid crystal, but 
in others, such as sodium chloride, there is no sign of the individual 
molecule in the crystal lattice, although the high-temperature 
work of Nernst and others shows that, in the gaseous state, 
sodium chloride consists mainly of undissociated polar molecules. 
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We are not, however, driven to believe that sodium chloride is 
a compound in the gaseous state and a mixture when solid, 
because the work of Rubens on Reststrahlen indicates conclu- 
sively that the units in the solid crystal are not neutral atoms of 
sodium and chlorine, but are charged ions, each sodium atom 
having lost and each chlorine atom gained an electron. This is in 
agreement with the more refined methods of X-ray analysis. It 
must again be emphasized that this is now a definite experi- 
mental fact, and not merely a supposition. 

From these considerations, therefore, we may next define as 
Secondary Metallic Solid-solutions those solid-solutions of inter- 
mediate composition in which the crystal structures are different 
from those of the parent metals, but in which there is no indica- 
tion that compound molecules are formed, or that exchange of 
electrons is taking place, and in which electron sharing, if such 
occurs, is of the same nature as that existing in the normal metallic 
bond of pure metals, or primary solid-solutions. 

Finally we may define as Intermetallic Compounds of Fixed 
or Variable Composition those intermediate phases in which there 
is evidence, direct or indirect, that electrons exchange or sharing 
is taking place, or that a compound molecule is being formed. 

With the exception of the border-line cases which we shall 
discuss below, the above scheme gives a satisfactory fundamental 
distinction, although it must be admitted frankly that in many 
cases our experimental methods may not yet be sufficiently 
advanced to enable us to distinguish between secondary metallic 
solid-solutions and intermetallic compounds, and in such cases 
we must just select the more probable alternative. Where, as 
for example in the ^ brasses, we have a phase of variable com- 
position with a crystal structure differing from those of its parent 
metals, but with many properties of pure metals or primary 
solid-solutions, we may reasonably classify it as a secondary 
metallic solid-solution. It has, for example, been suggested by 
W. Rosenhain that in cases such as those of the ^ l:>rasses we 
have what may be considered as a solid-solution of zinc in an 
allotropic form of copper. In many ways this illustration is \-ery 
apt, since it indicates just what it is desired to express above, 
namely, that although the crystal structure is different from that 
of both copper and zinc, the forces holding the atoms together 
are just the same as those in pure metals or primary solid- 
solutions. 

On the other hand, where we have a phase of fixed or practically 
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fixed composition, with properties quite different from those of 
the parent metals, we may reasonably describe it as an inter- 
metallic compound, even though we have no really conclusive 
evidence that a compound molecule exists or that electron 
sharing is taking place. In such cases, as has been pointed out 
by J. D. Bernal, we may expect intermetallic compounds to fall 
into different classes. We may have, for example, what is 
essentially an ionic or salt-like compound in which the two kinds 
of atoms have exchanged electrons, and in which the metallic 
properties only occur because the resulting negative ion is not 
very stable, and so liberates electrons on account of thermal 
vibrations, <fec. Alternatively we may have an ionic and metallic 
compound in which electron transference has taken place, but 
in which some electrons are left free to form the normal metallic 
kind of linkage. In the same way we may have what are essentially 
CO- valent or homopolar compounds, i.e. compounds formed by 
electron sharing, in which the metallic properties only occur as 
the result of the liberation of electrons by the breakdown of the 
co-valent bonds, or alternatively we may have homopolar and 
metallic compounds in which some electrons are held in homo- 
polar bonds, whilst others are left free to form the normal 
metallic linkage. As will be appreciated from the concluding 
section to this book, it is probable that, at very low temperatures, 
these different classes of intermetallic compounds will show 
characteristic temperature variations of electrical conductivity, 
but at present little classification has been made on these lines. 

It will be noted that in the above scheme of classification we 
have referred repeatedly to the ‘normal metallic kind of linkage 
and to be complete and logical we must explain what is meant by 
this expression, and it is here that difficulties arise. In the 
crystals of some elements it is certain that the forces holding the 
atoms together are almost identical with the normal co-valent 
bonds of chemistry. The typical example of this kind is the 
structure of the diamond, in which each carbon atom is sur- 
rounded tetrahedrally by four neighbours, so that each atom 
exerts its normal valency of four, and the whole crystal is in 
effect one immense molecule (‘Riesenmolekiil’), and differs only 
from a compound such as carborundum, CSi, in that all the atoms 
are identical. As we shall see later (p. 308), there are other elements 
such as Silicon and Antimony, and some intermetallic com- 
pounds, which are of this type, and for which the whole crystal 
is to be looked upon as one single molecule in which the atoms 
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are bound together in the solid by simple co-valent or homo- 
polar bonds. From the concluding chapters to this book it will 
be appreciated that the general tendency of the modern theories 
is to regard the normal metallic linkage found in pure metals as 
a kind of co-valent or homopolar bond which differs from that of 
the diamond only in the extent in which interchange between 
the different electrons is possible. From this point of view it may 
therefore be argued that we cannot really draw a hard and fast 
line between the metalhc and co-valent type of linkage,* but that 
we have in effect a gradual transition from the normal metal 
such as sodium in which electronic interchange is quite free, 
to the other extreme of the diamond in which an electron is so 
firmly bound to two atoms that very high external potential 
differences are required to break down the linkage and to produce 
conductivity. Strictly speaking this argument must be accepted, 
but in the great majority of cases, especially at low temperatures, 
the differences in the freedom of interchange are so marked that 
little difficulty arises from considering the metallic bond as distinct. 
On the other hand, it must be recognized frankly that at higher 
temperatures there are elements such as Silicon which in the solid 
crystal are essentially co-valent structures, but in which metallic 
properties appear owing to the breakdown of the co-valent bonds. 
For the present, therefore, we shall adopt the policy of classify- 
ing metallic substances into (1) Pure Metals, (2) Primary Metallic 
Solid-solutions, (3) Secondary Metallic Solutions, and (4) Inter- 
metallic Compounds of Fixed or Variable Composition, and it 
must be appreciated that the last named will eventually require 
further sub-division not merely into ionic, ionic-metallic, homo- 
polar (co-valent), and homopolar metallic compounds, but also 
so as to distinguish ‘Riesenmolekiil’ substances analogous to 
elements such as Carbon (diamond) or Silicon, in which the whole 
solid crystal is an immense molecule even though no molecule 
exists in the liquid state. 

* In this connexion see p. 315 for the ease of Titanium, which is parti- 
cularly interesting as having the normal type of metallic crystel structure, 
but at the same time a negative temperature coeflicient of resistance at 
low temperatures. 
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1. Specific Conductivity and Resistance of Metals 

I T is not within the scope of the present book to give anything 
like a comprehensive account of the extensive work which 
has been carried out on the electrical conductivities of metallic 
substances, but a general understanding of the factors affecting 
conductivity is essential, since it is these properties which have 
contributed so very greatly to our understanding of the nature 
of metals. 

The essential property of the metals is that they conduct 
electricity electronically, i.e. by the motions of electrons alone, 
without a transference of atoms or ions. Any given piece of metal 
offers a definite resistance to the flow of the current, and this 
resistance varies with the external conditions such as tempera- 
ture, pressure, &c. In order to have some standard of comparison 
we usually deal with the specific resistance^ which is the resistance, 
measured in ohms, of a piece of metal one centimetre long, and 
of one square centimetre cross-section; we shall denote this by 
the symbol TV, the numerical value of which is an indication of 
the difficulty with which a current passes through the metal. The 
reciprocal of this is the specific conductivity, which is measured in 
reciprocal ohms, and which we shall denote by the symbol C. 

Under all normal conditions the resistance of a piece of metal 
is independent of the strength of the current which is flowing 
through it, and it is this fact which is the basis of the well-known 
Ohm’s Law, according to which the current strength is directly 
proportional to the difference of potential, and inversely propor- 
tiohal to the resistance. This law rests solely on an experimental 
basis, and its establishment is thus of great importance. From the 
time of the Report to the British Association by Clerk-Maxwell 

3370 R 
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Tables I and II 


Name 

of 

Metal. 

Lithium 

Beryllium 


11 

Sodium 

12 

Magnesium 

13 

Aluminium 

Silicon 

19 

Potassium 

20 

Calcium 

22 

Titanium 

24 

1 Chromium 

25 

Manganese . 

26 

Iron . 

27 

Cobalt 

28 

Nickel 

29 

Copper 

30 

Zinc . 

31 

Gallium 

32 

Germanium . 

33 

Arsenic 

34 

Selenium 

37 

Rubidium . 

38 

Strontium * 

40 

Zirconium . 

42 1 

Molybdenum 

44 I 

Ruthenium . 

45 

Rhodium 

46 

Palladium 

47 

Silver . 

48 

Cadmium 

49 

Indium 

50 

Tin 

51 

Antimony 

52 

Tellurium ' 


Specific 

Resistance. 

W 

in Ohms-cm. at 20' 
unless otherwise 
stated. 


Temperature 
Coefficient of 
Resistance 

0 

unless otherwise 
stated. 


Pressure 
Coefficient of 
Resistance 
1 dW 
W dp 

at 0° C. unless 
otherwise stated. 


9-3 X 10-« 

475 X 10-® 

10*3 „ 

828 „ 

4*6 „ 

1 550 ,, 

4*46 „ 

|(between 0® & m.pt) 
410 X 10-^ 

2*62 „ 

1 467 „ 

85 X 10^ 

Complex. See p. 18 

7*0 X 10-« 

1 580 X 10“® 

4*6 „ 

(between 0® & m.pt.) 

' 364 X 10--« 

355 

— 352 

2*6 

(highly abnormal 
See p. 18.) 

(at 0" C.) 
5*0 10-® 

10*0 

657 X 10“® 

9*7 

658 

6*9 

634 

1*69 

429 

6*0 

416 

53 

396 

89 X 10-® 

(0® to m.pt.)\ 
Complex. See p. 18. 

35 X 10-® 

389 X 10-® 


7*72 X 
1-11 

(30® C.) 

— 06*3 X 10-* 


— 4*77 

— 4-40 


— 175 


>» 


-f- 10*6 


- 2-41 X 10-« 

- 0*94 „ 

- 1*88 „ 

~ 2*01 

- 5*4 „ 

- 2*47 „ 


~ 3*26 X 10~« 

(impure) 


12*5 

23*0 

170 

4*77 

10-0 


553 X 10~« 

(to m.pt.) 
383 X 10-» 
0*004 


434 




" 179 X 10“« 

h 50*2 

- 0-43 

(at 30'’) 

- 1-33 X 10“^ 



424 10-® 

— 1*74 

10*8 

1*62 

7-5 

9-0 

11*4 

39 

no ■‘-1 

370 „ 

410 

424 „ 

474 „ 

436 

511 

Abnormal 

— 1 *98 

— 3*58 

— 10*6 

— 12-3 

— 10-4 
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Tables I and II {continued) 


Alomic Number, 

Name 

of 

Metal, 

Specific 

Resistance, 

W 

in Ohms~cm. at 20° 
unless otherwise 
stated. 

Temperature 
Coefficient of 
Resistance 

1 W^ioo-W^o 

Wq 100 

unless otherwise 
stated. 

Pressure 
Coefficient of 
Resistance 

1 dW 

W dp 

at 0° C. unless 
otherwise stated. 

55 

Caesium 

20-3 X 

io-» 

540 X 10-~s 

Abnormal 

56 

57 

Barium 
Lanthanum . 

57*6 

10-® 

(0° to m.pt.) 
650 X 10-® 

213 „ 

Abnormal 
— 1*20 X 10-« 

58 

Cerium 

74 


97 „ 

(30° C.) 
+ 4-42 X 10-® 

72 

Rare Earth 
Group: 
Hafnium 

35-7 


398 „ 

(30° C.) (low pres- 
sure modification) 
— 14-2 X 10-« 

(30° C.) (high pres- 
sure modification) 

10 X lO-* 

73 

Tantalum . 

15 


850 „ 

(30° C.) 
— 1-49 X 10“» 

74 

Tungsten . 

5-48 

99 

510 

- 1-43 „ 

76 

Osmium 

9-0 

99 

420 „ 

; 

77 

Iridium 

6-0 


411 „ 

— 1*35 X 10-* 

78 

Platinum . 

10-5 

99 

898 „ 

(30° C.) 
— 1-98 X 10“® 

79 

Gold , 

2-4 

99 

400 

- 312 „ 

80 

Mercury 

21-3 

99 

— - 

— 

81 

Thallium . 

(■ 

18-1 X 

- 50° C.) 
10-* 

517 X 10-^ 

— 13-2 X 10-® 

82 

Lead . 

21*9 

99 

422 „ 

~ 14*4 „ 

83 

Bismuth 

115 

99 

458 „ 

— 

90 

Radioactive 

Elements: 

Thorium 

18 


239 

— 2*79 X 10”« 

92 

Uranium . 

60 

99 

. — 

(30° C.) 


in 1876, several investigations have been made in order to test 
the validity of Ohm’s Law, and at small current densities the Law 
is satisfied to the degree of accuracy with which the measure- 
ments can be made. But at current densities of the order 10® 
amperes per square centimetre, Bridgman^ claimed in 1921 to 
have discovered a deviation from the Law of the order 1%. The 
method used in these experiments was to pass a large steady cur- 
rent through a very thin piece of metallic foil, and then to super- 
impose a small alternating current, when deviations from Ohm’s 

B 2 
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Law were shown by the differences between the resistances 
offered to the direct and alternating currents. In this way the 
temperature was the same for the two currents, and it was 
assumed that the small heating and cooling effect caused by the 
alternating current could be eliminated by working at several 
frequencies, and then extrapolating to infinite frequency. More 
recently the method has been examined in detail by Barlow, 
who used a much wider range of frequencies, and showed that 
the extrapolation from the frequencies used by Bridgman was 
unjustified, and that no deviation from Ohm’s Law could be 
detected for a gold film carrying a current of 2 X 10® amperes per 
square centimetre. For the present, therefore, no deviation from 
the Law has been satisfactorily established. 

In order to obtain some idea of the magnitudes involved in 
connexion with the resistance and conductivity of pure metals, 
reference should be made to Tables I and II, in the third column of 
which the specific resistances of the elements are given, and it will 
be seen that these are of the order 10"® to 10"® ohms except for 
some of the borderline metals of Groups IV, V, and VI. No very 
obvious connexion appears to exist between the specific resistance 
of an element and its atomic weight or position in the Periodic 
Table of the Elements, and this is really only to be expected, 
since the specific resistance refers to unit volume, and there are 
of course different numbers of atoms in unit volumes of the dif- 
ferent metals. In order to overcome this difficulty. Benedicks*^ 
suggested plotting the atomic number against the atomic con- 
ductivity^ which is simply the specific conductivity divided by 
a factor proportional to the number of atoms in unit volume. 


and may be written Cai where where d is the density, 

and A the atomic weight. In this way it was shown that a dis- 
tinctly periodic curve was formed, but the results were still com- 
plicated by the fact that the selection of any one arl)iti'ary 
temperature was not the best way to bring out the underlying 
regularities. It was then shown by Benedicks, and later by 
Gruneisen,® and Bridgman,^ that if ail the specific conductivities 
were measured at a temperature equal to one-half the charac- 
teristic temperature of the metal,* a periodic curve was ol>tained 


* The characteristic temperature on the Absolute scale is given by B 
where v is the characteristic frequency of the element, and ^ - 4-7H x 1 * 
e.G.S. units. According to the Einstein theory of specific heats, S is the 
temperature at which the atomic heat equals 5*49. If for each metal we 
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of quite as definite a form as that given by the atomic volumes. 
Bridgman considered that the results were shown most clearly 
by plotting the atomic number against the conductivity per atom, 

which was defined as where N is the number of atoms per 

cubic centimetre, all conductivities being measured at half the 
characteristic temperature. The effect of the term is to give 
the conductivity between two atoms if a simple cubic packing be 
assumed, and strictly speaking a correction term is required for the 
effect of crystal structure. Since N is proportional to the reciprocal 
of the atomic volume, the conductivity per atom may also be 
written /(Atomic Volume)^^^. The curve obtained in this way 
is shown in Fig. 1, and the following features are at once apparent : 

(1) The conductivity per atom is much the greatest for the 
univalent metals of both long and short periods ; i.e. for the alkali 
group and for copper, silver, and gold. 

(2) There is always a sharp fall in the conductivity per atom 
in passing from a univalent element to the divalent element 
which follows it; e.g. from sodium to magnesium, or from silver 
to cadmium. 

(3) On passing from the divalent to the trivalent elements of 
the same period, the effect is much less regular, and in some cases 
the conductivity per atom increases. As we shall show later in 
our general discussion, this fact, together with the relations for 
the inter-atomic distances, indicates that the atoms are not always 
fully ionized in the solid crystals of the Group III elements. 

(4) The elements of Group IV A, carbon, silicon, titanium, and 
zirconium, have very small conductivities per atom, but in Group 
IV B, tin and lead have quite large conductivities, although ger- 
manium has not. As we shall see later (p. 326), the conclusion 
here is that in tin and lead the atoms are only partly ionized, 
whereas in the remaining elements the ionization is complete. 

(5) In the transitional elements of the long periods, the con- 
ductivities per atom show a marked recovery at Group VI 
(chromium, molybdenum, and tungsten), after which there are 
irregular fluctuations until the sudden increase for copper, silver, 
and gold. Similar variations are also shown by the inter-atomic 

make a temperature scale such that, starting from the Absolute zero, 0 is 
the unit temperature, the atomic heats of all metals are the same at 
equivalent points on these scales, and by comparing properties of different 
metals at equal fractions of the critical temperature, we tend to compare 
them under corresponding conditions as regards the atomic vibrations. 
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distances (see p. 320), and the conclusion is that, whilst in the 
free atofris of these elements the transition process begins at 
Group III (scandium, yttrium, and lanthanum), in the solid 
crystal the transition process begins at Group YI. 

The above figures refer to metals in the normal polycrystalline 
condition, but methods have recently been developed for the pro- 
duction of large single crystals of metals, and the conductivities 
of these differ somewhat from those of the ordinary materiaL 
Thus the single crystals of copper prepared by Davey^ had a 



specific conductivity of 0*662 x as compared with 0-584 X 10^ 
for the same niaterial in the polycrystalline state, and generally 
speaking single crystals have a slightly higher conductivity than 
the same metal in the normal condition. 

In the case of cubic crystals it is always assumed tliat the 
symmetry conditions will make the specific conductivity and 
resistance independent of direction, but apart from somv. 
measurements on a naturally occurring crystal of copper referred 
to by Bridgman at the Solvay Congress in 1924, no conclusive 
proof of this appears to have been published. Ilecently it has 
been shown by M. Fraser* that with aluminium crystals thv. 
conductivity is independent of direction to within the limits 
of accuracy of the experimental methods (J%), and this is in 
agreement with general theoretical conclusions. 

For non-cubic crystals, however, it has been shown <pute 
* It is hoped to publish this work shortly. 
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conclusively that the specific conductivity is not independent of 
direction. The chief work in this connexion is due to Bridgman,® 
and to Griineisen and Goens,*^ who have investigated the con- 
ductivities of single crystals of zinc and cadmium, whilst Bridg- 
man has also examined bismuth, antimony, tellurium, and tin. 
Of these metals zinc and cadmium crystallize in the close-packed 
hexagonal structure ; bismuth and antimony are also hexagonal, 
but the space group is 3 Di 5 ; tellurium is hexagonal with space 
group 3 D-4 or 3 D 6, whilst tin is tetragonal with space group 
4 Di 19. In all these metals the resistance in any direction can 
be expressed in terms of two fundamental constants, namely 
the resistance along the axis of three, four, or sixfold symmetry — 
according to the crystal structure — and Wj_ the resistance in any 
direction at right angles to such an axis. 


Table III 


Metal, 

Axial Ratio. 

Specific Resistance parallel and per- 
pendicular to principal axes. 

Griineisen and Goens. 
for 0° C. 

Bridgman. 

20® C. 

Zinc . 

1*86 

Wn 5-83 X 10-8 

613 X 10-8 



Wx 5-89 „ 

5-91 „ 

Cadmium 

1-89 

w^^ 7-79 „ 

8-30 



Wx 6-54 „ 

6-80 

Bismuth 


Ws 

138 




. 109 

Antimony . 


»F|| 

35-6 



Wj, 

42-6 

Tellurium . 


Wn 

56,000 



Wj, 

154,000 

Tin 


Wii 

14*3 




9'9 


The values for these constants as determined by Bridgman and 
by Griineisen and Goens are shown in the above table. The 
resistance in any direction in these crystals is then given by the 
following expression which was first put forward by Voigt.® 

W, sih-'a 
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Here a is the angle between the particular direction considered 
and the axis of symmetry, whilst TPJ, and are the resistances 
parallel and perpendicular to the axis of symmetry. 

With the hexagonal close-packed metals zinc and cadmium 


Wu 

the ratios are, at 0° C., 1*08 and 1-19 respectively, and are 

thus greater for the metal with the larger axial ratio. The varia- 
tions of these ratios with temperature will be described later 
(see p. 16). 

From the above description it can be seen that the specific 
resistance of a metal as ordinarily measured is not such a funda- 
mental constant as might at first be imagined. For in the first 
place any measurement on polycrystalline metal involves the 
resistance of the intercrystalline material as well as that of the 
crystals themselves, whilst, apart from this, the resistance of a 
non-cubic crystal is itself a function of the direction relative to 
the crystal axes. 
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2, The Effect of Temperature on Resistance 


The specific resistance of a metal is also profoundly influenced 
by the temperature, the general rule being that rise of tem- 
perature increases the resistance, and, at ordinary and higher 
temperatures, the specific resistance is, to a first approximation, 
directly proportional to the absolute temperature for the maj ority 
of metals. The so-called temperature coefficient’ is usually 
measured between 0° and 100° C., and may be denoted by a 




JOO' 

100 


where and PFjog are the specific resistances at 0° and 100° C. 
respectively. If the specific resistance were exactly proportional 
to the absolute temperature, the value of od would be or about 
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0*0037, but the actual values for pure metals are in nearly all cases 
greater than this, as can be seen from Table I. ^ 

To a higher degree of accuracy, the relation between tempera- 
ture and specific resistance is not exactly linear, the resistance 
usually increasing more rapidly as the temperature rises, although 
exceptions are shown by some metals such as platinum, palla- 
dium, and tantalum. At present no very general law covering 
these variations has been discovered, although the slight curva- 
ture of the temperature-resistance curves can be allowed for 
by empirical equations of the usual parabolic type, such as 
W = a-\-hd-{-c6‘^, where c is positive for most metals, but negative 
for others such as platinum. 

Since the relations between temperature and resistance are not 
strictly linear, we have for precise comparison to deal with the 
‘instantaneous temperature coefficient’ at a given temperature, 
1 dW 

and this is given by ^ may be determined either by 

drawing tangents to the temperature-resistance curves, or by 
assuming some empirical equation such as TF = and 

then finding the values of a, 6 , and c which agree best with the 

dW 

observations, when the values of - 3 ^ can be obtained. 

do 

The alkali metals, and the magnetic metals of the first long 
period (iron, cobalt, and nickel), are remarkable for the high 
values of their temperature coefficients, whilst the curvature of 
the temperature-resistance curves is much more pronounced in 
the case of the last three metals. In the case of the alkali metals 
an abnormal increase in the resistance takes place just below the 
melting-point, although the melting process itself takes place 
quite sharply at constant temperature. This increase in resis- 
tance is accompanied by an increase in thermo-eleetric power 
(see p. 100 ), and by a fading out of the X-ray diffraction patterns, 
and it appears to indicate that some kind of a loosening of the 
lattice occurs before the actual melting. 

It is, however, at very low temperatures that the metallic 
elements show their most interesting characteristics, and under 
these conditions they divide themselves into two main classes, 
namely, those elements which show supra-conductivity, and those 
which do not. As far as the direct experimental evidence goes 
at present, the second class is the more general one, and we may 
therefore deal with this first, taking as a typical example the case 
of the metal gold. For this metal down to about 100 *^ Abs. the rela- 
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tioix between temperature and resistance is approximately linear, 

Wa 

and may be expressed by a relation of the type = a{9—<f>) 

^ 273 ° 

where a and ^ are characteristic constants. At very low tem- 
peratures, however, the curve begins to flatten and eventually 
becomes parallel to the temperature axis, that is to say, the 
resistance reaches a constant value which is independent of 
temperature. The actual values obtained by Onnes^ for two 



Fig. 2. Showing resistance of gold, caesium, and mercury at 
low temperatures. The curves show ^ plotted against 0, 

where Wg is the resistance at 0° C. The iigures on the curves 
for gold give the percentage of impurity. 

different samples of gold are shown graphically in Fig. 2, 
and it will be seen that the limiting constant value which the 
resistance attains at very low temperatures is different in the two 
cases. The resistance of a metal under these conditions is in fact 
very sensitive to the exact state of the specimen as regards im- 
purities, internal strains, &c., but it has been shown by Onnes 
and his collaborators that if the resistance-temperature curves 
for a number of specimens of the same metal be plotted gra- 
phically, the different curves can be almost exactly superposed 
^ certain distance parallel to the resistance axis, 
his is taken to indicate that the actual resistance is composed 
ot two parts, an ^ ideal resistance ’ characteristic of the pure metal, 
and an additional resistance caused by the presence of impurities' 
strains, &c. In any one specimen, the additional resistance is 
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independent of temperature over a considerable range, but it 
varies with the degree of strain, and the amount and nature of 
the impurity. As the metal becomes purer, the curves pass nearer 
to the origin, and the ‘ideal resistance curve’ is determined by 
using very pure specimens, and then displacing the measured 
temperature-resistance curve so that it passes through the origin 
(i.e. so that IF = 0 at 0° Abs.). At high temperatures the ideal 
resistance varies linearly with the temperature, but the curves 
flatten as the absolute zero is approached, and we shall deal later 
(p. 17) with the equations suggested to cover these curves.* 

The second class of metals show supra-conductivity, and are 
of very great interest, and in order to describe their behaviour 
we may deal with the case of mercury for which the temperature - 
resistance relations are shown in Fig. 2, which is taken from 
the well-known work of Onnes and his collaborators In this 
case it will be seen that down to about 5° Abs. the resistance 
varies with the temperature in the normal way, but that at still 
lower temperatures a point is reached at which the resistance 
suddenly drops to an almost imperceptible quantity. It has in 


Table IV 


Metal, 

Temperature at which 
supra-conductivity 
appears. 


K. 

Lead 

7-2° 

Tantalum 

4-5° 

Mercury 

4-16° 

Tin 

3*72° 

Indium . 

3-40° 

Thallium 

2-47° 

Thorium 

1-4° 

Gallimn . 

1*07° 


* For many purposes in low temperature work it is more convenient to 
deal with the ratio of the resistance (W^) of the specimen at a particular 
temperature to that of the same specimen at 0 ° C. (IFq), since in this case 

Wo Wo 

is independent of the size of the specimen. In this case if we put — = 
tv 0 Wq 

the curves for specimens of the same metal dilTcring as regards impurities, 


strains, &c., are such that 


-cog where and 0)3 refer to 


the two specimens and A is independent of temperature. This was shown 
by Nernst (Sitz. Ber. Berlin Aknd. 1911, 314; also Onnes and Bergers, Proc. 
Akad. Amsterdam, 1918, 20, 1168). This may readily be deduced from the 
fact that the W curves can be superposed. See p. 10 above. 
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fact been, shown by Onnes that, in the case of lead, the resistance 
below this critical temperature is less than 10”^^ of its value at 
0° C. Under these conditions if a current is once started in a 
closed ring by a magnetic field, it will continue for many hours 
without any perceptible decrease in strength, and will in fact 
require several months for its strength to diminish by one-half. 
A metal in this state is said to exhibit supra-conductivity, and 
each metal which shows this phenomenon enters the supra- 



loo 150 zoo H 2500 

Field 


Fig. 3 . Showing the change in resistance {W) of tin caused by the application 
of an external magnetic field of strength H, 

conducting state at a definite temperature. These characteristic 
temperatures for the eight metals for which the phenomenon has 
been observed are given in the table on page 11. In the case of 
tantalum, according to Meissner,^® the change is not quite so sharp. 

Supra-conductivity below these temperatures can, however, be 
destroyed by the application of an external magnetic field of 
sufficient strength, and the minimum field strength required in 
order to give the metal a finite resistance '“is known as the 
threshold value, which is increased as the temperature is lowered. 
The way in which the resistance varies as the magnetic field is 
increased is shown in Fig. 3 for the case of tin, and it will at once be 
seen that the change is comparatively sharp. The relation between 
the temperature and magnetic threshold is, to a first approxima- 
tion, of the type 
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where Hq represents the (hypothetical) value of the magnetic 
threshold at the absolute zero, and Cue is a constant which is 
very nearly the same for all the supra-conducting metals. These 
results are shown graphically in Fig. 4, the numerical data being 
given in Table V, which is taken from the work of Sizoo,® and of 
Onnes and Tuyn.^ From this it will be seen that the slopes of the 
lines for the different metals are all very nearly the same, and 
that, to a higher degree of accuracy, the points do not lie on 
straight lines, but on curves which are slightly concave towards 
the origin. 

With normal polycrystalline metals these values show an 
hysteresis effect, and are not the same when the point is ap- 
proached with increasing and diminishing fields. Investigations 

/^oo 


Q) lOO 


by de Haas and Onnes, ^ and de Haas and Voogd,®“ have shown 
that this is a definite characteristic of all supra-conductors, and 
that it is shown in its purest form by single crystals, for which 
the curves connecting resistance and field strength show a series 
of definite jumps or discontinuities, which become smoothed out 
in poly crystalline metal. 

It was shown by Onnes® that the supra- conductivity pheno- 
menon is also destroyed when the strength of the current in the 
metal exceeds a certain critical value, but when the current 
strength is measured per unit cross-section of the wire used, the 
critical values vary with the diameter of the wire, and it was 
first suggested by Silsbee’ that the value of the critical current 
was that at which the magnetic field due to the current itself 
became equal to the magnetic threshold value, which, as we 
have already seen, is the value of the magnetic field necessary 
to destroy the supra-conductivity. If this were so the values 
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Table V 


Mean Value of Magnetic Threshold. 


Metal. 

Temperature (6). 

Magnetic Field 
_L current. 

Magnetic Field 

II current. 

Mercury 

4-097° 

Abs. 

— 


13-1 Gauss 


4-036 


— 


23-7 

99 


4-002 

5J 

— 


30-0 

39 


3-963 

5> 

— 


38-4 

99 


3-883 

JJ 

— 


54-7 

99 


3-797 


— 


70-2 

99 


3-498 


— 


127 

99 


2-493 


— 


280 

99 


1-813 

?> 

— 


340 

99 

Indium . 

3-41 


0 Gauss 

— 



2-82 


74 

99 

■ — 



2-31 

93 

130 

99 

— 


Tin A . 

3-42 

93 

44 

99 

— 



2-82 

93 

121 

99 

— 



2-31 

93 

174 

99 

— 



1-85 


212 

99 

— 


Lead A . 

7-2 

99 

0 

99 

— 



4-3 

99 

520 

99 

— 



4-18 


537 

99 

— 



3-73 

99 

601 

99 

— 



Table VI 


Metal. 

Temp. 

Cross-section of 
Specimen in 
sq. mm. 

Critical Current 
Density in 
Amp.jmm.^ 

Induced Magnet ic 

Field 

r 

Mercury 

4-1° 

0-0016 

107 

15 


— 

0-0025 

69 

12 


— 

0-0055 

42 

11 


— 

0-0055 

58 

15 


3-6° 

0-0016 

625 

89 


— 

0-0025 

427 

76 

Thallium 

2-47° 

0-2 

0-6 

1 


2-45° 

0-2 

1-3 

2 


2-43° 

0-2 

3-2 

5 


1-38° 

0-2 

18 

29 


1-36° 

0-031 

50 

31 

Lead 

4-21 

0-059 

407 

356 


4-21 

0-025 

680 

385 
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obtained for the critical current density at any one temperature 

2C 

should vary with the radius of the wire in such a way that 

remained constant, since this expression gives the strength of 
the induced magnetic field is the critical current density and 
r the radius of the wire). As Table VI on p. 14 shows, this con- 
dition is approximately fulfilled, and the calculated values of the 
induced magnetic field are in very fair agreement with those for 
the magnetic threshold given in the preceding tables. 

It has recently been found by Onnes and Sizoo® that the critical 
temperature at which supra-conductivity occurs is raised when 
the wire is subjected to a tension within the limits of elasticity, 
a result which was quite unexpected. Thus with a wire of tin, 
a tension of 2*5 Kg. per sq. mm. raised the critical temperature 
by about 0*02°. On the other hand the critical temperature is 
lowered by hydrostatic pressure. 

These very remarkable phenomena have naturally aroused 
much interest, and particular attention has been given to the 
question whether a sudden change takes place in any of the 
other properties of metals when they enter the supra-conducting 
region, but up to the present the evidence on this point is entirely 
negative. It has been shown by Onnes and Keesom^ that no 
change in crystal structure takes place when lead becomes supra- 
conducting, whilst the thermal conductivity is also unaffected. 
These observations show that the phenomenon of supra-con- 
ductivity cannot be due to a simple polymorphic transformation 
as had sometimes been imagined. 

Considerable attention has been paid to the question whether 
supra-conductivity is a characteristic of some metals only, or 
a general property of all the metallic elements. At present 
the evidence on this point is very confusing, but considered 
purely from the experimental point of view the results appear to 
indicate that some metals are not supra-conductors. In particular 
it has been shown by Meissner,^® Onnes and Tuyn,^^ McLennan 
and his collaborators,’^^ and by de Haas, Sizoo, and Voogd,’^^> 
that the following metals retain a finite resistance at the lowest 
temperatures attainable by means of liquid helium; lithium, 
sodium, potassium, rubidium, caesium, copper, silver, gold, beryl- 
lium, zinc, cadmium, aluminium, iron, cobalt, nickel, platinum, 
germanium, hafnium, and zirconium, all in the polycrystalline 
condition, and single crystals of arsenic and antimony. 

Criticism of these results has been made on the grounds that 
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impurities might be present in some cases and not in others, so 
that the whole subject is at present rather obscure, and the 
theoretical conclusions will be described later (p, 387). 

The metals for which supra-conductivity has at present been 
observed are: mercury, lead, thallium, indium, tin, tantalum, 
gallium, and thorium. In the case of tin it is the tetragonal form 
(white tin) which exhibits supra-conductivity, and not the cubic 
(diamond structure) grey tin. 

The Resistance of Single Crystals at Low Temperature. 

In the preceding section we have seen that for the crystals of 
non-cubic metals investigated by Bridgman and by Griineisen and 
Goens, the resistance can be expressed in terms of the resistances 



100® 200® 300® 


Fig. 5 . Tlie eiEfect of temperature upon the ratio of the specific 
resistance parallel (TFn) and perpendicular {W ±) to the hexa- 
gonal axis of single crystals of zinc and cadmium. 

and parallel and perpendicular to the principal axis. 
Both W|| and diminish with falling temperature, and the 

. Wn 

ratio does not remain constant, but, as shown in Fig. 5, 

rises to a maximum in the neighbourhood of about 40° Abs. 
(—230° C.), which is in the region where the atomic heats begin 
to diminish abnormally (see also p. 115).* 

The Equations of Gruneisen. 

We may now refer to some relations discovered by Griineisen 
which are of interest both theoretically and as empirical relations 
between the resistance and temperature. In 1913 Grlineisen^^ 
discovered that at low temperatures the specific resistance W of 
a pure metal was approximately proportional to the product 

* It should be noted that the above figure represents the ratio 

estimated for perfectly pure metal, the slight additional resistance cmiised by 
impurities having been deducted. 
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of the absolute temperature and the atomic heat (C^), so that 
one could write 

WazBC^ ( 1 ) 

Griineisen then showed further^® that in many cases over a wide 
range of temperature, the above first approximation became 
more accurate if expressed in the form 

Woc0 .F(^]^ (2) 

Here F is the function of Debye for the atomic heat but 
in place of the characteristic temperature Oq of the specific 
heat theory, use is made of a new characteristic temperature 
which has to be determined from the resistance measurements, 
and which is slightly different from 0^. At low temperatures this 
type of relation gave a good agreement between the observed 
and calculated values in many cases, as may be seen from the 
following table, which gives the results for platinum. 

Table VII 


Temperature. 

°A.hs. 

Observed Value 
o/W. 

Estimated Value ofW 
for Pure Platinum 
(Ideal Resistance). 

Calculated Value 

OfW. 

14*2 

0-0107 

00007 

0-00096 

17-9 

0-0124 

0-0024 j 

0-00245 

20-3 

0-0142 

0-0042 

0-00402 

56*5 

0-1102 

0-1013 

0-1036 

68*4 

0-1597 

0-1512 

0-1537 

90-3 

0-2528 

0-2453 

0-2484 


This relation, however, breaks down completely at very low 
temperatures, and for some metals it also fails at high tempera- 
tures. It is concluded that the function F is not really exactly 
the same as the Debye atomic heat expression, and that this 
difference is to some extent allowed for by the combined effect 
C 

of the term and the substitution of for but that this is 

not sufficient in all cases. At higher temperatures, however, it 
is well known that the resistance can be expressed accurately by 
empirical equations of the type W == and in a later 

paper^® Griineisen has succeeded in combining an empirical equa- 
tion of this type with the older expression for the results at low 
temperatures, and in this way a single equation is obtained which 
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covers the facts satisfactorily over a very wide range. This equa- 
tion is of the form 


Here F is again the Debye atomic heat function, is the appro- 
priate characteristic temperature which has to be determined 
from the resistance measurements, and a and b are further con- 
stants, so that the equation involves three constants which have 
to be determined by measuring the resistance at three different 

temperatures. At high temperatures, however, the F term 

becomes constant, so that the expression is of the well-knowm 
empirical type with two constants only. It must be understood, 
however, that these equations refer to very pure metals, free 
from strain or other physical abnormality. In the case of metals 
with a large additional resistance, the equation is useless at 
low temperatures unless the resistance is corrected (by the sub- 
traction of a constant amount) to allow for the effect of 
impurities, strains, &c. The values of the constants a and b differ 
considerably from one metal to another ; a is positive and is of 
the order 10“^ to 10'"^; whilst b is smaller, and may be either 
positive as in the case of gold, or negative as with platinum. 

Abnormal Metals. 

The relations described above refer to what may be called 
normal metals, but apart from these there are a few elements, 
usually classed as metals, which behave quite abnormally. These 
are confined to Groups IV, V, and VI of the Periodic Table, and 
are never found in the earlier groups. In Group IV, germanium 
and titanium have negative temperature coefficients of resistan<if* 
at low temperatures. On raising the temperature, the resistances 
pass through minima, and then increase, after which the effects 
become complex. The temperatures of the minimum resistances 
are -|-100°C. for titanium, and —116° C. for germanium, and are 
thus higher for the element of lower atomic w’cight. With silicon, of 
still smaller atomic weight, the temperature coefficient is negative 
up to high temperatures at which polymorphic transformations 
occur, and obscure the minimum which presumably would other- 
wise be shown. In the case of germanium it has been shown by 
BidwelP^ that the data are covered satisfactorily by an equation 
of the type ^ _ /Q'\ 1 , 

W' de ~ + « 
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which is the derivative oi W = As we shall show 

later (p. 309), the conclusion to be drawn from this is that these 
elements are not really true metals at all in the pure crystalline 
state at low temperatures, but co-valent (homopolar) substances 
in which electrons are set free by raising the temperature or by 
impurities. 

Abnormal results are also shown by the elements in the fifth 
and sixth B sub-groups. Arsenic, antimony, and bismuth are 
characterized by retaining an abnormally large resistance at the 
lowest temperatures attainable with liquid helium, although the 
resistances diminish continually as the temperature is lowered. 
On the other hand, in the case of tellurium, although the tem- 
perature coefficient is fairly normal at 0® C., the phenomenon of 
a minimum resistance is again found although at a very low 
temperature ( — 225° C.). Selenium shows the well-known effect 
in which the resistance varies under the influence of light, and 
in both these Group VI metals the conductivity varies consider- 
ably with the applied potential, so that Ohm’s Law breaks down. 
The resistance of selenium diminishes on illumination, but the 
effect is complex and we shall not consider it further, because 
these so-called metals are essentially abnormal, and do little to 
throw light on the general principles underlying metallic con- 
duction. 
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3, The Effect of Pressure on Resistance 
Effect of Pressure. 

The resistance of a metal is also affected by the external 
pressure, the generah effect being that an increase in pressure 
lowers the resistance. In this connexion, it is necessary to dis- 
tinguish between two effects, the change in specific resistance of 
a metal under pressure, and the change in resistance of any given 
sample. For when a metal is compressed, its volume is altered, 
and hence the change in resistance of a piece of wire under pres- 
sure needs correction before it gives the change in specific re- 
sistance. We are here, of course, dealing with volume compres- 
sion in which the pressure is exerted equally on all sides, and not 
with longitudinal compression exerted in one direction only. 

Really accurate work over a wide range of pressure has recently 
been carried out by Bridgman,^ who has determined the resis- 
tances of many metals at pressures up to 12,000 Kg./cm.^, and 
at different temperatures. As this work is much more complet(‘ 
and accurate than any of the preceding determinations, we may 
consider it alone, although earlier work has been carried out by 
Beckman and others, to whose work references will be found in 
Bridgman’s papers. 

Bridgman classifies metals in either the liquid or solid statc*s 
as normal if their resistance be diminished by pressure, and 
abnormal if the resistance be increased, and in this way the 
lists on the opposite page are obtained. 

Of the abnormal metals, caesium, rubidium, and barium are 
unique in that with increasing pressure the specific resistance 
passes through a minimum, and then begins to increase. The 
metals which show this phenomenon possess high atomic 
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Copper 

Normal Solids, 

Thallium 

Cobalt 

Silver 

Silicon 

Nickel 

Gold 

Titanium 

Palladium 

Beryllium 

Zirconium 

Platinum 

Magnesium 

Tin 

Lanthanum 

Zinc 

Lead 

Neodymium 

Cadmium 

Arsenic 

Praseodymium 

Mercury 

Tantalum 

Thorium 

Aluminium 

Molybdenum 

Zirconium 

Gallium 

Tungsten 

Hafnium 

Indium 

Iron 


Abnormal Solids, 

Normal Liquids. 


Minimum Resistance at Sodium 

Barium . . . 8,600 Kg./cm.^ Potassium 

Caesium . . . 4,200 „ „ Bismuth 

Rubidium . - . 17,800 „ „ 

Probable Minimum Resistance 
{obtained by ecctrapolation) at 
Potassium . . . 28,500 Kg./cm.^ 

Sodium . . . 28,000 „ „ Abnormal Liquids 

Lithium . . , Positive Pressure Coefficient Lithitim 

Calcium ... „ „ „ 

Strontium ... „ j, 

Titanium ... » »» 

Cerium ... j, « 

Antimony ... „ „ „ 

Bismuth ... 

volumes and high compressibilities, and by an analysis of the 
resistance-pressure curves for sodium and potassium, Bridgman^ 
has concluded that these would also show minimum resistances at 
about 28,000, and 23,500 Kg./cm.^ respectively, these pressures 
being higher than those which can be obtained experimentally. 
It is for this reason that we classify sodium and potassium as ab- 
normal metals. Since lithium shows a positive pressure coefficient 
at all pressures, the conclusion is that at sufficiently high pressures 
all the alkali metals have positive pressure coefficients of resistance. 
Lithium, however, is quite out of sequence, since in passing from 
caesium to sodium the pressure corresponding to the minimum 
resistance increases, and we should therefore expect lithium to 
show a negative coefficient up to a very high pressure, whereas 
actually its coefficient is positive throughout. But for other 
metals, apart from barium, any possible minimum would lie far 
above the pressures which can now be reached experimentally. 
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The abnormal metals are confined chiefly to the alkali and alka- 
line earth sub-groups, and to the border-line metals antimony and 
bismuth, but since the abnormality is not always of the same 
type it can hardly be said that there is any definite correspondence 
between the position of the metal in the Periodic Table, and the 
effect of pressure. 

Some idea of the magnitude of these effects should be gained, 
and for this purpose we may consider first the normal metals in 
which the resistance diminishes under pressure. The results may 
be expressed in two different ways, either in terms of the rate of 
change of resistance compared with that of pressure, or in other 
dW 

words in terms of , which is negative for the normal metals, 
or else in terms of the ‘ instantaneous pressure coefficient ’ which 


1 dW 


is given by the expression ^ . For many purposes the latter 

is usually preferred since it gives the fractional change in resis- 
tance at any point, but in some ways its use is rather unfortunate 
as it tends to obscure a simple linear relation. Thus, if the rela- 


tion between pressure and resistance be linear, the value of 

is constant, but the instantaneous pressure coefficient becomes 
numerically greater with pressure, since W becomes smaller and 


the term ^ larger. 


To a first approximation, the relation between pressure and 
resistance can be considered as linear, the initial value of the 
instantaneous pressure coefficient at zero pressure being of the 
order to 10 for most metals. To a greater degree of 

accuracy the relation is not strictly linear, but the initial rate 
of decrease is greater than at higher pressures. This depiirture 
from linearity is generally greater for those metals which have 
(numerically) greater pressure coefficients, and it varies from 
about 0-8% to 5% of the total change in resistance under 12,000 
Kg./cm.^ pressure. The departure from linearity also depends 
upon the temperature, but it does not seem possible to express 
any of these deviations by equations which are common to all 
metals. 

The pressure coefficients at ordinary temperatures are only 
very slightly affected by temperature, and, conversely, the teni- 
perature coefficient of resistance is almost unaltered by pressures 
up to 12,000 Kg. /cm,^ This is in some ways very remarkable, 
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for at these high pressures the centres of the atoras are closer 
together than they would be at the absolute zero of temperature 
under normal pressure, but in spite of this the relative increase 
in resistance produced by a rise of 1® C. is practically the same 
at 12,000 Kg./cm.2 as at normal pressure. This indicates very 
clearly that the mean distance between the atoms, as measured 
by the external dimensions of the solid, is not the important 
factor in determining the resistance. 

To a greater degree of accuracy, the pressure coefficients of the 
normal metals are slightly increased by a rise of temperature, 
but this effect is very small. An exception is presented by 
tungsten, for which the pressure coefficient is less at 50° C. than 
at either 0° or 100° C. All these results refer to measurements at 
normal or moderate temperatures, and the effect of pressure at 
very low temperatures has not yet been examined. 

In order to give a general idea of the magnitude of these effects, 
the instantaneous pressure coefficients at zero pressure are given 
in column 5 of Table I (p. 2). It will be noted that the alkali 
metals have the highest coefficients. 

As for the other abnormal solids, antimony, bismuth, calcium, 
strontium, and lithium, little useful generalization can be made, 
except that the instantaneous pressure coefficients increase 
slightly with rising pressure, and diminish very slightly with 
rising temperature, although strontium is an exception as regards 
the pressure effect. 

We may summarize these most interesting results by saying 
that the effect of pressure on resistance is comparatively slight, 
and that, in the great majority of cases, it diminishes the resis- 
tance, On the other hand the exact details of the pressure varia- 
tion, and the abnormal behaviour of some metals appear to 
permit of no generalization, and the fundamentals are not yet 
understood. 
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4* Effect of Stress and Deformation upon Resistance 

In the work on the effects of pressure upon the resistance of 
pure metals which we have described above, we have l>een dealing 
with metals under a volume compression exerted equally on all 
sides. Under these conditions the metals are perfectly elastic, 
and return to their normal condition when the pressure is with- 
drawn. On the other hand, in the case of simple tensile or com- 
pressive stresses, the range of elasticity is very small, and is 
readily exceeded by the forces which are at our disposal. When 
this happens the great majority of metals and solid solutions 
undergo plastic deformation which is permanent, and remains 
after the stress is withdrawn. Metals in this condition are said 
to be ^worked’, and terms such as ‘cold-worked’, ‘hot-rolled’, 
&c., are used to describe the conditions under which the deforma- 
tion is carried out. In considering the effect of deformation upon 
resistance we have, therefore, to distinguish carefully between 
deformation within the elastic limit, and deformation resulting 
in a permanent change in size. With the softer metals, such as 
copper, the elastic range is so small that it is almost impossible 
to make measurements within the elastic limit. This difficulty is 
particularly marked when we come to deal with single crystals 
of these metals, since in many cases these crystals are so soft 
that mere handling results in a permanent deformation. We may 
consider first the effect upon resistance of a tensile stress within 
the elastic limit. 

Effect of Tension within the Elastic Limit. 

In considering the effect of tension we have to take into 
account the change in resistance in the direction of the? tensile 
stress, and at right angles to it. Of these two, the longitudim'il 
change in resistance is by far the more easy to measure^ and 
determinations of this kind were made by Tomlinson^ as loiig 
ago as 1883. These determinations have recently been repeated 
by Bridgman, 2 and as this investigator used purer materials and 
more refined methods, we may consider his results alone, especially 
as the majority of the earlier workers did not appreciate the 
distinction between elastic and permanent distortion. 
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In the great majority of cases, the eJEfect of a tensile stress 
within the elastic limit is to increase the longitudinal resistance 
of the metal, that is, the resistance in the direction of the tensile 
stress. These effects are comparatively slight, and when the 
stress is expressed in Kg. /cm.^ the instantaneous tension coeffi- 
cient of resistance order 10“®, as can be seen 

from the following table. 

It is naturally a matter of interest to see whether the metals 
which behave abnormally under hydrostatic pressure are also 
abnormal under tension, but it seems that no definite connexion 
exists between the two phenomena. Thus bismuth and strontium 
are abnormal both under pressure and tension, but lithium, cal- 
cium, and antimony, although abnormal as regards the pressure 
effect, are quite normal in tension. These results are collected 
in Table VIII in order that a general idea may be obtained of the 
magnitudes involved. 

Table VIII 

Tension Coefficient of Specific 

MetaL Resistance, , 


Aliinximum 

. 



1-8 X 

10-« at 20° C. ; 

Copper 



+ 

1-6 

„ 

. 99 99 

Silver 



+ 

31 


99 99 

Iron 



4 - 

1*8 


99 99 

Palladium 



4 - 

1-6 


99 99 

Platinum . 



4 - 

1-6 


99 99 

Lithium 



4 - 

11 

f9 

„ 30° C. 

Calcium 



4 - 

0-8 

,, 

at room temperature 

Strontium 



— 

21-2 


99 99 99 

Antimony 



4 - 

30 

99 

99 99 99 

Bismuth . 



_ 

3-65 

99 

99 99 99 

Cobalt 



4 - 

019 

99 

99 99 99 


The high value for lithium is possibly due to the elastic limit 
having been exceeded, since this metal is so soft that great diffi- 
culty was experienced in the manipulation. 

The metal nickel presents a very curious exception to the 
general rule. It is an abnormal metal in the sense that its resis- 
tance decreases under tension, but in contrast to the other metals 
this decrease is not approximately proportional to the tension. 
The resistance in fact passes through a minimum and begins to 
increase again after a certain tension is exceeded. In this case, 
if the elastic limit be not exceeded, measurements made with 
increasing and diminishing tension show open hysteresis loops. 
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These, however, differ from the usual hysteresis loops in that at 
the initial stages of the decreasing limb of the loop the resistance 
may be lower than that corresponding to any value of the tension 
on the increasing loop. Typical results of this nature are shown 
in Fig. 6 and are probably connected with the low temperature 
polymorphic transformation of nickel. 

Whilst the longitudinal effect of ten- 
sion on resistance is fairly easy to 
measure, the transverse coefficient is 
very much more difficult. With speci- 
mens in the form of wires or thin rods 
such as are generally used for con- 
ductivity measurements, it is prac- 
tically impossible to obtain a .simple! 
tensile stress at right angles to the 
axis. On the other hand, if one uses 
a large’ sheet which can be stretched 
in tension, the simple transverse resis- 
tance can only be obtained if the con- 
ditions of flow of the current be known, 
and difficulties arise in. connexion witli 
irregularities in the neighbourhood of 
clamps, fasteners, <fec. 

The method adopted by Bri<lgnian'^ 
was to stretch a sheet of metal as sliown 
diagrammatically in Fig. 7, and tlnui 
to lead a current through the rnetal 
from the contacts a a, and to measure 
the potential difference between the* 
intermediate points BB. These measure- 
ments do not give the actual transverse^ 
resistance, but by a somewhat detailed 
mathematical argument it can be shown that they are coniK^eted 
with the ratio of the longitudinal and transverse resistances, so 
that this ratio can be found, and then a second deterrninatif>n of 
the longitudinal coefficient alone enables the trans verse coeflicictnt 
to be calculated. Table IX shows the results obtained in this 
connexion. 

The slight differences between the values given here for the 
longitudinal coefficients, and those in the previous table, arc dm* 
to the use of different specimens, since the sheets of metal used 
were not always of the same purity as in the other work. 


Increasing 

bension 



Decreasing^^ 

bension 


Tension 
Fig. 6. 
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From these figures it can be seen that the transverse effect is 
usually smaller than the longitudinal, and that the signs of the 
two coefficients may or may not be the same. 

In the case of nickel the results are again very confusing. The 
signs of the two coefficients are different, but the actual values 
show marked hysteresis effects, and depend also on the previous 
treatment of the sheet as regards rolling, annealing, &c. 

Table IX 


Metal. 

Longitudinal Coefficient of 
Specific Resistance. 
Tension in Kg.fcm.^ 

Transverse Coefficient of 
Specific Resistance. 
Tension in Kg.jcm.^ 

Gold 

4* 3-87 

X 10-® 

— 4-9 X 10-' 

Silver 

4 2*86 

j? 

- 0 04 

Copper . 

4 1*75 


- 2*4 

Palladium 

4 1*37 

99 

4 0-51 

Platinum 

4 1*78 

99 

4 0-34 

Iron 

4 1*42 

99 

4 0*54 ,, 


Effect of Permanent Deformation upon Resistance. 

Up to the present we have only been referring to the effect of 
stresses within the elastic limit of the metal, but when this limit 
is exceeded and permanent distortion occurs, the changes become 
more complex. If the metal is deformed by rolling, stretching, 
&c., and the force producing the distortion is then removed, a 
permanent increase in resistance is observed, and may amount 
to as much as 8 to 10% of the total resistance. Thus Beilby^ in 
his book on the Aggregation and Flow of Solids gives the increase 
in resistance as 8, 2*5, and 1*8% respectively for silver, copper, 
and gold, whilst for aluminium of 99-9% purity work by Holborn^ 
gave the specific resistances in the normal and worked states 
as 2*53x10-® and 2*61x10-® respectively. The exact values 
depend on the amount and nature of the deformation, and as 
these are, of course, purely arbitrary, no very definite standard 
of comparison can be obtained. These figures refer to the normal 
material after the withdrawal of the stress, but if a tension be 
again applied within the limits of elasticity of the deformed metal 
the resistance is once more affected by tension as in the case of 
unstrained metals, although these effects have not been studied 
in detail. 

The methods of X-ray crystal analysis have shown that de- 
formation such as occurs in the rolling of a polycrystalline metal 
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results in the elongation of the crystal grains, so that they 
gradually take up a preferred orientation, the relation of which 
to the crystal axes can be calculated if the nature of the deforma- 
tion of a single crystal be known. The increase in resistance of 
a metal after permanent deformation is, however, much greater 
than can be accounted for by changes in orientation, and is 
mainly due to a strained condition existing inside or b(*tween 
crystal grains, or along the planes on which slipping has occurred 
in the individual crystals. The exact nature of wliat is ex>nim(>nl y 
called strained metal’ is, however, little understood. In the case 
of copper it has been shown by Tammann and Straumaris® that 
if annealed copper wire be reduced about B0% by drawing, 
practically all the crystals have rhombic dodecahedral planes in 
the longitudinal section of the wire, and the usual slight increas(i 
in resistance occurs. If now the wire be annealed at 250*^ Cl, only 
2% of the deformed crystals change their orientation, wliilst no 
less than 70% of the increase in resistance which occurred on 
deformation is found to vanish, showing that the straining of the 
metal, and not the preferred orientation, is the cause of the 
change in resistance. 

As is only to be expected, the permanent deformation of metals 
produces slight changes in many of the ekxitrical |)rop(*rties asso- 
ciated with the conductivity. Thus the temperature ccKdlieient 
of resistance of a metal is gexterally lowered by w'orking, tluj 
values given by Holborn for aluminium in the ‘ hard ’ (i.e. worked) 
and soft states being 0-00420 and 0-0044S resp(t(*tivt‘ly. In cases 
of this kind where temperature variations are involved it is ium’c^s- 
sary to distinguish betwxxm changes in the Uunperaturci zone 
where results are reproducible, and those in which tint t«*mpeni- 
ture becomes sufficiently high to relieve the strain or to allow 
the metal to recrystallize. 
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5. Galvano -Magnetic and Thermo -Magnetic Effects 

A. The Effect of a Transverse Magnetic Field, 

The resistance of a metal is also affected by the presence of 
a magnetic field, although the magnitude of this change is com- 
paratively slight in all except a few metals. The action of a 
transverse magnetic field causes a number of small changes, and 
these may conveniently be grouped together although they do 
not refer exclusively to the electrical conductivity. These effects 
may be most simply explained by imagining that an electric 
current flows down a rectangular metal plate, and that a mag- 
netic field is applied at right angles to the direction of the current, 
and at right angles to the plate. Under these conditions a number 




Fig. 8. 

of phenomena are observed and may be described under the 
following headings. 

1. The Transverse Effect (Longitudinal Hall Effect). When a 
magnetic field is applied at right angles to the current, an in- 
crease in the longitudinal resistance of the specimen is produced, 
and is sometimes called the Longitudinal Hall Effect, but more 
generally the Transverse Effect, which is particularly marked in 
the case of bismuth. For the more normal metals the effect is 
much less pronounced, being less than 0*01% for a field of 10,000 
C.GLS. units, and it is only since the recent development of 
methods for producing very strong magnetic fields that the 
process has been examined in detail by Kapitza,^ who has 
investigated the behaviour of a large number of metals at fields 
up to 300 kilogauss. 

The ferro-magnetic metals iron, nickel, and cobalt behave 
abnormally, but, apart from these, the normal metals all show 
the same general behaviour when placed in a transverse mag- 
netic field, the change of resistance being proportional to the 
square of the field strength in weak fields, and directly pro- 
portional to the field strength in strong fields. The general type 
of the curves connecting field strength and change of resistance 
is thus as shown in Fig. 9, the upper portion of the curve being 
a straight line, whilst the lowest portion follows a square law. 
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and the experimental results can I>c expresscHl within the limits 
of accuracy of the measurements, !>y the two equations 


Weak Fields: 


AW 

w 




IP 

stir. 


Strong Fields : = 13 (^IJ —II 


Fig. 0, 


where is the intercept made by the asymptote to tlic linear 
portion of the curve on the axis representing iield strengfli. The 

change from the sqtiarc* to the 
linear law takc‘S place gradually 
after a critical field strengtli 
which may vary from 5 to 250 
kilogaus.s according to the 
metal. 

It was then shown by Ka- 
pitza that the tapper linc‘ar por- 
tions of the curves were in- 
dependent of the exact physical 
stat(i of the metal as regartls 
strains, <Krc., and %vcre also pro- 
bably uitaffccte<l by very small 
amounts of impurity,* but that 
the lower parts of the curves 
were very much affected by the? 
exact condition and purity of the metal. These results have bi?en 
taken to indicate that the actual resistance of the metal is c?om- 
posed of two parts, an ideal resistance which olK?ys the linear 
law, and an additional resistance caused by impurities, intcrnul 
stresses, and similar factors. From this point of view the? important 
constant is the factor ft in the above ec|uations, and this incr<*ases 
very greatly as the temperature is hmered, as can be? se*en from 
Table X which gives some of the rcisuits ohtaineei by Kaj)itza, both 
for the factor ^ and the change in resistance. 

In attempting to compare the results f>!>tained for diff(‘rc*nt 
metals it is very unforttinate that the? work was carried out on 
specimens -which had been strained by winding, siiK*c tins only 
served to introduce an additional cornplic?ation apart from tliat 
due to the variation in purity. It was found by Kaf)itza tliat 
for the metals of any one group of the? periodic tabic?, the? value 
of ^ at a given temperature generally dinunishc^s with increasing 
* With larger percentages of imi>urity the value of ^ is affec?te(L 
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atomic weight, as will readily be seen in Table X. In every case, 
except that of gold and mercury, the value of ^ increases on 
passing from a univalent element to the divalent element which 
follows it, but the values of ^ are so much affected by temperature 
that the true relations are not likely to be discovered until the 
data are sufficient to enable a comparison to be made at corre- 
sponding temperatures. 


Table X. Transverse Effect in the Second Group of Elements. 


Element. 

Room Temperature. 

193° Ahs. 
Temperature of 
CO 2 and Ether. 

85° Ahs. 
Temperature of 
Liquid Nitrogen. 

AW 

at 300 

Wq 

k.gauss 

jSxlO® 

AW 

— «*300 

k.gauss 

j8xl0« 

AW 

at 300 

^0 

k.gauss 

X 10« 

Beryllium 

0-65 

31 

— 

— 

2-3 

10*3 

Magnesium 

0*17 

0-9 

0*32 

1*54 

2-84 

12*3 

Zinc 

0*06 

— 

0-12 

0-56 

0-91 

4*02 

Cadmium 

008 

— 

0-19 

0*73 

0-93 

3*47 

Mercury . 

— 

— 

0*02 

— 

005 

0*5 


shows the relative change in resistance in a transverse field of 

^0 

300 kilogauss, whilst is the constant in the equations on p. 30. 

The ferro-magnetic metals iron and nickel behave quite ab- 
normally, and in each case the change of resistance in a trans- 
verse field is very small, 
the variation with field 
strength being of the kind 
shown in Fig. 10. Nickel 
is remarkable in being the 
only metal in which the 
resistance is diminished 
by a transverse field. 

It is, however, when we 
come to the borderline 
metals antimony and 
bismuth that the greatest 
changes are produced by 
a transverse field, and 
the effect is particularly 
marked in the case of bismuth, for which the phenomenon has 



O. lOO zoo 300 

Field KKifojauss) 


Fig. 10. Iron and Nickel 
Curve 1 — Iron. Temperature of liquid air. 
Curve 2 — Nickel. Temperature of liquid air. 
Curve 3 — Nickel. Room temperature. 
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been investigated by many workers. In this case the change in 
resistance becomes very much greater at low temperatures, as 
can be seen from Table XI, which is taken from the pioneer 
work of Dewar and Fleming.^ The full details of tlm process 
are, however, only apparent when single crystals of bismuth 
are investigated, and the most accurate work is again due to 
Kapitza.^ 

Table XI. Transverse Effect for Bismuth. 

Specific liesistance {C.G.S. radLs). 

Field Strength. Temp. 19'' €. i Temp. — G. 

n6,2(M) j 41,fKK) 

140,200 I 73S,(KK) 

257,fKK) ! 64fWL(KK) 

In this table the specific resistance is expresM*d in CtG.S. units, and the 
figures can be converted into ohms by dividing^ by 10®. 

With single crystals of bismuth the effect of a transverse field 
depends not only upon the temperature and fielcl strength, but 
upon the direction of the current and the magnetic field relative 
to the crystal axes. In all cases, however, tlie change in r<?sistance 
is proportional to the square of the field strengtJi in weak fields, 
and follows a linear law in strong fields, so that the curves arc* 
again of the forms shown in Fig. 9. In agreciment with previous 
workers, Kapitza found that the resistance varied with thc^ 
orientation in agreement with the symmetry relations of Voigt 
(see p. 7), and he then showed that for the change of resistance* 
in a transverse field, the linear portion of the curve was indepen- 
dent of the orientation of the crystal in the magnetic field, hut 
that the orientation affected the constant of the sc|uarc! law repre- 
senting the lower portion of the curve. It "was also found that 
imperfections in the crystal lattice caused by internal strc!ss<*s, 
cracks, &c., had no effect upon the constants of the iinf*ar and 
square laws, but that they affected the value of the critical field 
strength at which the variation changed from the one type! to 
the other. These results were again explained on the assumption 
of an ideal resistance varying linearly with the magnetic field, 
and additional resistances caused by impurities and imperfections 
in the lattice. 

2. The Hall Effect. Referring to the previous figure showing 
the passage of a current along a rectangular conductor, tin* 


0 

8,800 

21,800 
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presence of a transverse magnetic field also causes a difference 
in potential to be generated between the sides of the conducting 
plate. The result of this is that points on the plate which, in the 
absence of a magnetic field, were at the same potential, find them- 
selves at different potentials when the magnetic field is applied, 
so that the lines of flow of the current are altered. This is known 
as the Hall Effect^ and the Hall Coefficient r is defined by the 
relation 


where E is transverse potential difference, d the thickness of the 
plate parallel to the magnetic field of strength H, and I the total 


A z' 'V — E 



Fig. 11. 


current. By convention the coefficient is taken as positive if the 
electric potential is raised on that side of the plate on which 
the Amp^rean current generating the magnetic field has the same 
direction as the current /. 

Thus if A BCD is the plate, and the current flows down the 
plate from BD to AC, then if the dotted circle shows the direction 
of the Amp^rean current generating the magnetic field, the Hall 
coefficient is positive if the potential of the side CD be raised. In 
the case of cubic crystals of copper it has been shown by Wold^ 
that the Hall Coefficient is independent of direction, and this has 
been confirmed by Jones^ for cubic crystals of aluminium, but 
with bismuth the coefficients obey the symmetry relations of 
Voigt (see p. 7). 

As with the Transverse Effect, the magnitude of the Hall 
Effect is usually comparatively slight, the coeflicient being 
positive for the metals shown in the first column of the follow- 
ing table, and negative for those in the second. 


Positive Hall Coefficient, 
Iron 
Cobalt 
Zinc 

Cadmium 

Thallium 


Negative Hall Coefficient, 
Copper 
Silver 
Gold 
Nickel 
Aluminium 


3370 
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Positive Hall Coefficient, Negative Hail Coefficimt, 


Tin 

Indium 

Lead 

lathiuin 

Iridium 

Sodium 

Arsenic 


Antimony 

lUat inum 

Tellurium 

liisinuth 

Molybdenum 

Selenium 

Tantalum 


Tungsten 


Silicon 


Cerium 



Except for the fact that the univalent metals give negative 
coefficients, there does not seem to be any general coniicxion 
between the sign of the effect and the position of tlie element in 
the periodic table. For the majority of the metals th(* values 
of the coefficient are small, and lie between 10 and 10 Tlie 
values vary with the temperature and with the field strength, 
but these variations do not permit of any useful generalization. 
The effect is greater for silicon, tellurium, antimony, and bis- 
muth, and is specially marked for the last named, for which the 
value of the coefficient is under some conditions as large as 
A very great deal of work has been carried otit on tliis metal, 
and with single crystals it has been shown that the <n>effi<uent is 
positive when the axis of the crystal is paralhd to the ficild, arni 
negative when it is at right angles, the effect for the polyc^rystal- 
line metal being due to the combination of the two. The con- 
centration of attention on the Hall Effect in l)ismuth is dist inctly 
unfortunate, as the metal is essentially an abnormal on<*, both 
physically and chemically, and if more of the work had 
confined to the normal metals, it would have been far more likely 
to lead to an understanding of the fundamentals. 

A few typical results are shown in Table XII from wlueli it will 
be seen that for the normal metals the coeflicient is only slightly 
affected by temperature or by the strength of the magindJc field 
up to 12,000 gauss. With the magnetic metals such as nickel 
the results are much more complex, owing presiirnaldy to the 
magnetic and other polymorphic changes which the metals 
undergo. 

This table also shows the relatively enormous magnitude of 
the effect of bismuth, and the peculiar behaviour of the singlt^ 
crystals in which at low temperatures the Hall Coefficient is 
positive in both directions, whilst at ordinary temperatures it 
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is positive when the axis of the crystal is parallel to the magnetic 
field, and negative when at right angles. 

Table XII. Values for the Hall Coefficient. 


Metal. 

Field Strength. 

Temperature. 

Coefficient. 

Silver 

7,260 gauss 

— 258-4° C. 

— 995 X 

10“® 


9,065 

>» 

99 

— 991 

99 


10,270 


99 

- 985 

99 


7,260 


+ 17^ C. 

- 801 

99 


9,065 


99 

— 798 

99 


10,270 


99 

- 795 

99 

Copper . 

7,260 


~ 258-5° C. 

— 660 

99 


9,065 


99 

— 655 

99 


10,270 

j j 

99 

— 654 

99 


7,260 


+ 1*7° C. 

— 495 

99 


9,065 

jj 

99 

— 487 

99 


10,270 

>> 

99 

- 495 

99 

Gold 

7,730 

5J 

— 258-5° C. 

— 978 

99 


9,500 

>> 

99 

- 971 

99 


12,220 

99 

99 

- 982 

99 


7,730 

99 

+ 17° C. 

- 727 

99 


9,500 

99 

99 

— 711 

99 


12,220 

99 

99 

- 725 

99 


4,790 


-f- 840° C. 

— 750 

99 

Bismuth 

2,060 


- 258-4° C. 

- 81-3 X 

: 1-0 


7,160 

55 

,, 

— 71-1 

99 


12,090 

55 

99 

— 67-7 

99 


2,060 

55 

4- 17° C. 

- 9-08 

99 


7,160 

55 

99 

~ 6-44 

,, 

Bismuth 

Single Crystals 

11 to Magnetic 

12,090 

55 

99 

- 5-19 

99 

Field 

5,680 

55 

— 252-7° C. 

4- 2-7 

99 


5,800 

55 

55 

4- 5-79 

99 

il 

5,680 

55 

4- 17° C. 

4- 0-072 

99 


5,870 

55 

4- 17° C. 

— 6-58 

99 


3. The Ettinghausen Effect. At the same time, when a current 
flows down a flat plate, the presence of a transverse magnetic field 
causes a difference of temperature between the edges of the plate, 

D 2 
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this phenomenon, being known as the Ettinghauscn liffect. The 
TTnll and Ettinghausen Effects arc in some ways analogous, the 
one corresponding to a difference in ch^ctrical potential, and the 
other to a difference in thermal potential Ixdween the two sides of 
the plate. The Ettinghausen coefficient p is defined by the relation 

A6d 


where A9 is the temperature difference between the sides of the 
plate, and d, I, and H have their previous meaning. By eonven- 



Fio. 12. 


tion it is again positive if the temperattirc of the plate be raised on 
the side on which the Amp^rean current geneniting the magnetic 
field has the same direction as the electric current flowing down 
the plate. 


Heat ^ 
current^ 


^ U 

Fio. 13. 

The magnitude of this effect is extremely small, and for the 
majority of the metals the coefficient p is of the order 10 to 
The coefficient is sometimes positive, and sometimes nega- 
tive, but no very obvious rule appears to be followed in tins 
respect, the Ettinghausen and Hall Coefficients having the same 
sign for some metals and different signs for others. 

Like the Hall Effect, the Ettinghausen Effect is particularly 
marked in the case of bismuth, and to a lesser extent in antimf>ny, 
tellurium, and silicon. For bismuth the value of p is of the order 
10“^ to and the coefficient is positive. 

The Hall and Ettinghausen Effects are thus produced when 
an electric current flows down a conductor in the presence of a 
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transverse magnetic field, and the effects are produced in a plane 
at right angles to the current and at right angles to the magnetic 
field- Two exactly similar effects are met with if, instead of an 
electric current, a current of heat flows down a metal plate. If we 
again consider a flat plate with a current of heat flowing from BD 
to AC, the presence of a magnetic field causes a difference of elec- 
tric potential between the sides AB and CD. This is known as 
the Nernst Effect, and the Nernst coefficient Q is defined by the 


relation 


^ Ed K 

H \o 


where E, d, and H have their previous meanings, while K is the 
thermal conductivity and o> the total amount of heat flowing 
through the cross-section of the plate per second. The same con- 
vention applies as to the sign of the coefficient. The values of Q 
are usually small, and are of the order 10"'® to 10""® for most 
metals, but are again abnormally high for bismuth, antimony, 
tellurium, and silicon. For bismuth the value of Q is of the order 
1 to 10“^ and is positive, but there seems to be no general relation 
between the sign of the Nernst coefficients and those of the Hall 
and Ettinghausen effects. 


Just as the Nernst Effect is analogous to the Hall Effect, but 
with a current of heat replacing one of electricity, so the Etting- 
hausen phenomenon has a corresponding effect known as the 
Righi-Leduc Effect In this case, when a current of heat flows 
down a plate in the presence of a transverse magnetic field, a 
difference of temperature between the two sides of the plate is 
observed. The Righi-Leduc coefficient S is defined by the relation 

Ad.dK 
^ H w 

where all the symbols have their previous meanings, and where 
the sign of the coefficient is determined as before. The Righi- 
Leduc coefficients are of the order 10“'^ to 10 for most metals, 
and are again higher for the same four abnormal metals, rising 
to about 10 to 10”® for bismuth. The sign of the coefficient is 
different for different metals, but again no generalization appears 
possible in this connexion. 

B. The Effect of a Longitudinal Magnetic Field. 

The phenomena previously described all refer to the effects of 
transverse magnetic fields, but the resistance of a metal is also 
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affected by a longitudinal or parallel magnetic field, i,e. by a field 
which is parallel to the direction of the current. In ail cases the 
resistance is increased, but for nearly all metals the effect of a 
longitudinal field is less than that of a transverse field. The 
phenomenon has only been examined for high field strengths by 
Kapitza,^ who investigated the effect in copper, cadmium, alumi- 
nium, gallium, and molybdenum, and showed that the cliange in 
resistance varies with the field strength in the same way as for 

AW 

the transverse effect, i.e. is proportional to the square of the 

field strength in weak fields, but follo%vs a linear relation in strong 
fields. The linear portion of the curve lias, howevc^r, a smaller 
slope p, and a larger critical field Hj. than for the transverse effect. 

The ferro-magnetic metals iron and nickel again behave ab- 
normally, the resistance increasing in a longitudinal field until 
a practically constant value is reached, 
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1 . General Characteristics 

I N the present chapter we shah, deal with the electrical con- 
ductivity of primary metallic solid solutions, which we have 
already defined as those solid solutions in which the crystal 
structure of the parent metal is retained. For simplicity we shall 
in general confine our attention to binary alloys, since the ternary 
alloys, while naturally giving very much more complex results, 
have contributed but little to our understanding of the funda- 
mental principles involved. 

The outstanding characteristic of the electrical conductivity 
of primary solid solutions is that the conductivity of a pure metal 
is very greatly lowered by the addition of a second metal with 
which it forms a solid solution. As a typical example of this kind 
we may take the case of the alloys of silver and gold in which 
the two metals are completely miscible in the solid state, and 
form a continuous substitutional solid solution from 100% silver 
to 100% gold. The specific conductivities of these alloys are 
plotted graphically in Fig, 14. 

Some little confusion arises in the presentation of results of 
this kind, for the specific conductivity or resistance of an alloy 
refers to the volume of the alloy, whilst the composition of an 
alloy is usually expressed in weight percentages. For some pur- 
poses the relations are shown more clearly if the alloys are dealt 
with in percentages by volume, and this has been done in the 
curve, shown in Fig. 14, which is taken from the pioneer work of 
Matthiessen,^ the values having been recalculated by Guertler. 
This kind of relation is quite typical, and in all cases the first 
small additions of the second metal produce a much greater 
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lowering of the conductivity, or increase in resistance, than later 
additions. 
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Fig. 14. The electricral eomdiictivity of gciId-Hilver alloys. 


Table XIII 


Wi % Zm 

Specific Conductivity 

0 

63*1 

0-71 

54*56 

1-56 

4f$*B8 

3*0T 

42*16 

5-51 

33*22 

9-08 

27-49 

18*02 

21*(K) 

20*29 

19*75 

22*71 

1S*‘44 

28*16 

17*16 

34*28 

15*87 

40*28 

17*27 

42*55 

18*84 

45*19 

21*22 


In the case of alloys in which the primary solid solution is of 
limited extent, the same general type of relation holds. Table X III 
and Fig. 15 illustrate this for the alloys of copper and zinc (the 
a brasses), the values being taken from the work of Haas- recal- 
culated by Guertlcr. In this case, at room temperatures, alloys 
containing up to about 35% of zinc consist of a primary solid 
solution of zinc in copper, the so-called a solid solution, giving 
rise to the a brasses. Beyond about 35% of zinc, a second solid 
solution makes its appearance, and the alloys contain two phases 
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{oL^ brasses). This is shown by the break in the conductivity- 
composition curve, but as in the present book we are dealing only 
with the properties of single phases, we shall not deal with the 
two-phase region. 

Relations of this type are quite general, although in some cases 
the conductivity-composition curves are not as symmetrical as 
those shown in Fig. 14 (p. 40). It is only natural that attempts 
should have been made to see whether the conductivity or resis- 
tance curves of the usual type can be expressed by any general 
formulae, but the equations 
suggested in this connexion are 
purely empirical, although in 
some cases they cover the facts 
fairly satisfactorily. 

We may in the first place 
assume a hypothetical specific 
resistance of an alloy which can 
be calculated from the resis- 
tances of the pure metals by the 
simple law of mixtures, the con- 
stituents being expressed in 
volume percentages. If be 
this hypothetical specific resis- 
tance, then the curve connect- 
ing with the volume per- 
centage composition will be a 
straight line. The actual specific 
resistance {W) of a primary solid solution is of course much 
greater than as can readily be seen from the figures given 
above. We may therefore take {W — W^) as a measure of the 
additional resistance caused by the formation of the primary 
solid solution, and we may denote this by where 

= w-w„. 

The first empirical relation put forward was due to Guertler, 
and may be expressed in the form 

= C(100-C)xA, 

where C and (100— C) are the volume percentages of the two 
constituents, and ^ is a constant. 

This relation does not hold for very dilute solid solutions in 
which only a small amount of a second metal is present, but in 



Fig. 15. 
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some cases it holds approximately for alloys of intermediate 
composition. 

But this relation is of course purely empirical and is not alwa^'-s 
satisfactory, so that others have been suggested. TIkj foIk>wing 
equation was given by Benedicks, and covers the facts fairly well 
in some cases : 

where a and b are constants, and n is the atomic concentration. 

We shall discuss later (p. 48) a possible cause; of tlic unsyrn- 
metrical conductivity-composition curves found with some alloys. 
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2. Relative Effects of Different Metals upon the 
Electrical Resistance of Solid Solutions 

Of much greater interest than tliese att<;inpts to express the 
conductivity or resistance curves by <‘iiij>irieal ndations is tin* 
question of the relative effects produced by difhu-ent medals in 
raising the resistance of a given metal when a primary solid solu- 
tion is formed. Unfortunately very great diiliculty is met wit h in 
approaching this problem owing to the great differencre in tiu; 
purity of the materials usc;d by the different experimenters, and 
in the relative accuracy of their work. The question lias Ix^eii 
discussed by Norbury,^ whose work has led to the discovery of 
some interesting relations. 

To a first approximation, the increase in resistance caused by 
the first small additions of a solute element to a solvent mc;tal 
varies linearly with the volume concentration of the adcit;d (de- 
ment, and this variation is very nearly irKhqiencient of tempera- 
ture. This last fact is very remarkable and is sliown in Fig. 16 , 
the values being taken from the work of Clay.- From tiiis it will 
be seen that at temperatures between O"' and — 253 "' C. the 
resistance-concentration curves are almost exactly |>jirallel for 
these very dilute solid solutions. 

As a standard of comparison Norbury takes the additional 
resistance caused by one atomic per cent, of various metals when 
they form a solid solution with a common solvent, and tyfiical 
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results of this kind are shown in Table XIV, and are plotted 
graphically in Fig. 17, the data referring to solid solutions in 
copper, silver, and gold. The general conclusion drawn from 
these figures is that the additional resistance caused by one 
atomic per cent, of a metal increases with the distance both 
horizontal and vertical which separates the solute and solvent 
in the Periodic Table of the elements. Thus with copper, the least 
additional resistance occurs with the metals silver and gold, 
which are in the same group. Magnesium, zinc, and cadmium in 
Group II come next, aluminium in Group III produces a larger 
effect, whilst with tin and silicon in Group IV, and arsenic and 
antimony in Group V, the increase is even greater. On going 
backwards from copper to the elements of Group VIII, and VII A 



Fig, 1G. Electrical resistivity of dilute solid 
solutions on silver in gold. 


(manganese), and VI A (chromium) the effect is not so clear ex- 
cept that a sudden jump occurs between nickel and cobalt. A 
somewhat similar effect is caused by the vertical distance in 
the Periodic Table. Thus with copper, gold has a greater effect 
than silver, whilst magnesium has a greater effect than zinc. 
Similarly with gold, copper has a greater effect than silver, and 
zinc a greater effect than mercury. There are occasional ex- 
ceptions to these rules, but the general tendency is nevertheless 
clear. 

When iron is used as the solvent metal, the relative effects of 
the metals of its own group, nickel and cobalt, are very much 
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less than those of other metals, but exact data are diflicult to 
obtain here as it is not easy to prepare these alloys in a pure 
condition. 

Table XIV. The Effect of Various Blements on the Electrical 
Resistance of Solid Solutions in Copper, Silver, and Gold, 

pe: 
ml 

COLD, 

0*a5~0-74 
0*2 -o-ao 
0 

O S5 0 
0'4 


7-5 


4 -() 


OS 

.-—Alternative figures are given where the results of different w’orkers 
do not agree. 

There is, however, no doubt that, as far as the data go at 
present, the increase in resistance is very much less when the 
solvent and solute metals are separated only l>y one or two |>laces 
in the Periodic Table, and that in the case of copper, silver, and 
gold these effects are much more clear when one deals with metals 
to the right of the transition elements* than when one goes to 
the left. 

It has been suggested by some writers that since the specific 
resistance involves the volume of the test piece, the above method 
of comparison is not really justified, and that strictly speaking 

We are here assuming the Periodic Table to be in its usual form, and 
that magnesium and aluminium correspond to the B group and not tlie 
A group metals. 


Increase in Resistance {in microhms 
Solute Element, the presence of 1 % solute element in 


COFPEll. 

SILVER. 

Copper . 

0 

0-1 - 0-5 

Silver 

0 - 13 - 0*22 

0 

Gold 

0-5 - 0-65 

0-3 - 0 -e 

Magnesium 

0-8 

0-8 - 1-3 

Zinc 

0 - 20 - 0-31 

0-5 

Cadmium 

— 

0-1 

Mercury 

— 

— 

Aluminium 

0-8 - 1.1 

1-6 - 2.0 

Silicon . 

3-0 - 3-3 

— 

Tin 

2-0 

4-0 - 5-0 

Arsenic , 

. 5-3 - 5-6 

— 

Antimony 

5-5 - 7-5 

— 

Nickel . 

1-1 - 1*2 

— 

Cobalt . 

2-5 - 3-5 

— 

Iron 

— 

— 

Manganese 

2-9 - 3*0 

— 

Chromium 

40 

— 

Palladium 

— 

0-4 

Platinum 

^ — 

0-7 - 1-5 
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the comparison should be between volumes of metals containing 
equal numbers of atoms. With a given solvent, however, the 
densities of very dilute solid solutions are so nearly the same 
that the general conclusions reached above are not invalidated, 
although when one comes to compare the effect of a given solute 
in different solvent metals the point becomes much more im- 
portant. Up to the present, however, no very general relations 
have been discovered as to the relative effect of metals in solid 
solution in different solvents, and in view of the complex nature 
of metallic conduction this is really only to be expected. 
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3. The Effect of Prolonged Annealing on the 
Resistance of some Solid Solutions 

The phenomena which we liave described above, and, in parti- 
cular, the conductivity-composition curves showm in Fig. 14, 
refer to primary metallic solid solutions in the ordinary annealed 
condition, in which the alloys are usually described as ‘homo- 
geneous ’ ; in this state solid solutions sucli as those of copper and 
gold are of the substitutional type, and the two kinds of atoms are 
arranged at random on a common lattice. When, however, such 
alloys are subjected to prolonged annealing it is found that for 
alloys of certain comx)ositions a marked increase in conductivity 
sometimes occurs. These changes have been studied in detail by 
Johansson and Linde, ^ who have shown that this change in con- 
ductivity is accompanied by a rearrangement of the atoms in the 
lattice. For example, in the case of the alloys of copper with 
gold, palladium, or platinum, alloys containing 75 atomic pc^r 
cent, of copper consist, after a short annealing to render tliem 
homogeneous, of the two kinds of atoms arranged at random on 
a face-centred cubic lattice. But after prolonged annealing the 
atoms rearrange themselves so that the atoms at the centres of 
the cube faces are copper, whilst those at the cube corners are 
of the other metal. In the same way with the 50 atomic per cent, 
alloy containing equal numbers of the two kinds of atoms, pro- 
longed annealing causes a rearrangement of the atoms with a 
marked decrease in resistance, although the resulting structures 
are not always the same. The CuAu alloy becomes tetra- 



Primary Metallic Solid Solutions 47 


gonal, and the CuPd alloy trigonal, but in each ease the change 
is essentially one in which the two kinds of atoms take up 
definite positions on the 


original face-centred cubic 
lattice, instead of being 


SpeciT/c Resisbances oF 
Copper -PaLLadium Alloys 


situated at random on this io"®x60 


lattice. On the other hand 


in the case of CuPd the 
change is more drastic, 
and the structure becomes 
body-centred cubic of the 
caesium chloride type. On 
heating at a sufficiently 
high temperature, these 
regular structures are de- 
stroyed, and the alloy again 
becomes a simple solid solu- 
tion with the two kinds of 
atoms arranged at random 
on a common face-centred 



cubic lattice. With suffi- 


Abomic % PaLLadium 


ciently slow heating or 
cooling the change from the 
ordered to the disordered 
state can be detected by the 
ordinary method of thermal 


Fig. it a. 

To illustrate the effect of prolonged anneal- 
ing at a low temperature on the resistance of 
copper-palladium alloys. The points marked 
-{- indicate the specific resistances of speci- 
mens which were annealed for 2-3 hours, just 


arrests (heating or cooling below the melting-point, and then quenched. 

« .Vi V ” ^bis state the two kinds of atoms are ar- 

curvcs), so that we have ranged at random on a face-centred cubic 


what may really be changes 
from one phase to another, 
although marked hysteresis 
effects are shown. Accord- 


lattice. The points marked O and 0 refer to 
specimens after prolonged annealing below 
400° C. In these alloys atomic rearrangement 
has partly or completely taken place, the 
points marked 0 giving evidence of a body- 


ing to Borelius, Johannson, 
and Linde, in the cases of 
CuqAu, CugPd, and CuAu, 


centred cubic structure, whilst in those marked 
O the structure is face-centred cubic, but the 
X-ray diffraction patterns contain additional 
lines indicating that the copper atoms occupy 


the changes from the or- 
dered to the disordered 


the centres, and the palladium atoms the 
corners of the unit cube. 


state can be considered simply as a disturbance of a homogeneous 
equilibrium, in which the atoms rearrange themselves on the 
original lattice, whereas the more drastic change in the case of 
CuPd involves a heterogeneous equilibrium. These effects are 
illustrated diagrammatically in the accompanying figure, and 
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have naturally given rise to the question whether all simple 
solid solutions will undergo similar changes. According to 
Johansson and Linde in the silver-gold alloys, which form 
a complete series of solid solutions, the atoms always maintain 
a haphazard arrangement on a common lattice, and it seems 
probable that the tendency for the atomic reaiTangenicnt to 
take place is increased by increasing differenccj in the sizes of the 
two atoms, since the atomic radii of silver and gold are nearly 
the same, but are greater than that of palladium. Whetlier such 
changes involve the formation of a definite compound or not 
is at present undecided, for, as we have already explained in 
our Introduction, chemical combination in the usually accepted 
sense of the word involves more than a mere symmetrical arrange- 
ment of atoms in a solid, and these interesting phases may be 
what we have defined as symmetrical solid solutions rather than 
true compounds. 

These phenomena should make it apparent that the electrical 
conductivity of a solid solution is in some ways rather a dangerous 
quantity on which to base arguments, unless the structures of the 
alloys are carefully checked by X-ray measurements. For even a 
short annealing at a low temperature, or an insuflicientiy rapid 
quenching from a high temperature, may produce a partial re- 
arrangement, in which case the conductivity has little funda- 
mental value. It will be noticed, for example, that the minimum 
resistance of the copper-palladium alloys shown in the figure does 
not occur at the exact equi-atomic composition, and this may Ixj 
due to insufficient annealing. 

Where two metals form a complete series of solid solutions 
it is probable that there is always a tendency to take up an 
ordered structure on prolonged annealing at a low temperature, 
although if the atomic volumes are nearly the same, the tendency 
may be very slight. But the work of Johansson and Linde 
seems to indicate that a complete rearrangement of atoms only 
occurs at certain simple w'hole-number ratios. At present our 
knowledge of these interesting changes is in its infancy, but 
it may be emphasized that they do not in any way affect the 
general rule that the resistance of a pure metal is greatly in- 
creased by the presence of small quantities of a second metal 
in solid solution. We may, however, suggest that the fact that 
in some cases the conductivity-composition curves do not have 
the typical symmetrical form shown in Fig. 14 (p. 40) may be 
due to changes such as those described by Johansson and Linde 



Primary Metallic Solid Solutions 49 

having taken place to some extent during the annealing of the 
specimens. 
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4. Temperature Effects and the Temperature 
Coefficient of Resistance 

The marked decrease in the conductivity of a pure metal, 
which is observed when a second metal is present in solid solu- 
tion, is accompanied by a corresponding decrease in the tem- 
perature coefficient, and in general it may be said that the 
composition-conductivity, and composition-temperature coeffi- 
cient curves are roughly parallel. In other words, whilst the 
formation of a primary solid solution greatly lowers the con- 
ductivity of a pure metal, it makes the conductivity much less 
dependent upon temperature. It is for this reason that the 
temperature coefficient of a metal is so often a useful indication 
of its purity, for, unlike the specific resistance, the temperature 
coefficient of a given sample of metal is not affected by the 
presence of holes or other internal defects. 

The general type of composition-temperature coefficient curves 
is that shown before in Fig. 14 (p. 40), but the extent to which 
the temperature coefficient is lowered varies greatly from one 
case to another. Thus for copper-cobalt alloys, which form a con- 
tinuous series of solid solutions, the minimum temperature co- 
efficient is about 0*0008 according to the values given in Landolt’s 
tables of Physical Constants, but in the case of the copper-nickel 
alloys, which also form a continuous solid solution, the alloy 
containing 60% of copper and 40% of nickel has a mean tem- 
perature coefficient between 0° and 100°, of only 0*0001, and 
this coefficient becomes practically zero from between 300° and 
400° C. This alloy formed the original ‘Constantan’ which was 
so useful for electrical instruments in order to avoid errors due 
to fluctuations in room temperatures. The old ‘ Constantan ’ alloy 
has, however, been modified by the addition of small amounts of 
manganese and iron, and in this form its temperature coefficient 
changes sign between 0° and 25°, so that it is better suited for 
use at room temperature than the original alloy for which the 
temperature coefficient vanished between 300° and 400° C, 
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At very low temperatures the resistance of solid solutions 
diminishes, but not to the same extent as that of pure metals. 

Wa 

Thus at —189® C. the value of for Constantan is, according 

to Niccolai, 0*9054, whilst the same worker’s values for the pure 
metals copper and nickel were 0*191 and 0*182 respectively, so 
that the change is very much less for the solid solution. Where 
appreciable quantities of one metal are dissolved in another in 
solid solution, supra-conductivity is not shown, ]>ut for very 
dilute solid solutions the position is more obscure. 

Until recently it was always thought that no solid solutions 
could show supra-conductivity, but in the last few years evidence 
has been accumulated that a supra-conducting metal can take; 
up small quantities of a second metal into solid solution and still 
remain supra-conducting. Unfori;unately the alloys examined 
have in several cases been of a very unsuitable nature, so that 
the whole subject is in a most confused state. 

It was found by McLennan, Wilhelm,and Niven^ that additions 
of cadmium to lead in quantities up to 5% do not destroy the 
supra-cond activity, although the exact form of the temperature- 
resistance curves is altered. The equilibrium diagram of the 
system cadmium-lead indicates that slight solid solutions are 
formed, but the specimens used in this work were prepared by 
simply cooling the molten alloy, and no anncialing treatment was 
given. Under these conditions the alloys will have a ‘cored’ 
structure of lead-rich dendrites surrounded by a matrix relati vely 
more rich in cadmium, so that the whole structure is very con- 
fused, and the results lose much of their fundamental significance, 
although they suggest that small quantities of cadmium in solu- 
tion in lead may not destroy the supra-conductivity. 

More recently, de Haas, van Aubel, and Voogd- have examined 
the behaviour of eutectic mixtures of two supra-conducting 
metals which form slight solid solutions in each other, and also 
eutectics of two metals only one of which shows supra-con- 
ductivity. The results obtained are very confusing, and it is 
indeed unfortunate that attention should have l>een conec^ntrated 
on eutectic alloys, since microscopic work shows that th<jse have* 
highly complex micro-structures* which can only serve to eorn- 

* In particular the relative amount of inter-crystaHinc material is 
enormously greater in eutectic structures than in other eases. U<*eent 
work in conraixion with aluminium alloys has also shown that if super- 
cooling occurs during the solidification of a eutectic, the comixisition of 
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plicate the results. The bismuth-tin and cadmium-thallium 
eutectics become supra-conducting at a higher temperature than 
the corresponding pure supra-conductors tin and thallium. This 
appears a very remarkable phenomenon, especially as the supra- 
conductivity still appears sharply. 

On the other hand, in the tin-zinc and tin-cadmium eutectic 
alloys the supra-conductivity appears at a lower temperature 
than with the pure metals, although the change is still sharp. But 
with the gold-thallium eutectic the temperature at which supra- 
conductivity occurs is considerably depressed, and the change 
is much more gradual. Supra-conductivity was also obtained in 
some lead eutectics, so that the general conclusion is that a small 
amount of a second metal in solid solution does not necessarily 
destroy the supra-conductivity. 

The most surprising result obtained by de Haas, van Aubel, 
and Voogd^ was, however, that a eutectic alloy of bismuth and 
gold becomes supra-conducting at 1-915*^ Abs. in spite of the fact 
that neither metal in the pure state is a supra-conductor. By 
working with alloys of different compositions^ they conclude that 
the constituent responsible for the supra-conductivity is a solid 
solution of bismuth in gold which, according to the equilibrium 
diagram, should contain about 4% bismuth. The whole subject 
is thus in a very uncertain condition, and there is much scope 
for further work, but it is to be hoped that this will be carried 
out on well-annealed alloys which consist of simple solid solu- 
tions, for the use of complex eutectic structures can only serve 
to confuse the results. 

Matthiessen^s Rule, 

The general similarity between the composition-conductivity, 
and composition-temperature coefficient curves was summarized 
by Matthiessen as long ago as 1864 in the so-called ‘ Matthiessen’s 
Rule’, which may be described as follows. 

If a is the temperature coefficient of resistance of an alloy and 
is given by 

^ n c ^ W 

100 ” Co W^oo 

where C and W are the specific conductivity and specific resis- 
tance respectively, and if and are the (hypothetical) 
values of the temperature coefficient and conductivity of an alloy 

the two phases may be quite different from that under equilibrium con- 
ditions. 
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calculated by the law of mixtures from the values for the pure 
metals, then 

a C 


In this equation the values of a.^ and are calculated from 
the volume composition of the alloy, and not from the wxught 
composition. Since for most pure metals the temperature coelfi- 
cient is practically constant, and, as defined above,’*' varies from 
about 27 to 81 for most metals, the above relation may be 
expressed in the form 




29 approximately. 


The following figures may be quoted to illustrate the validity 
of this law, and it will be seen that the rule holds in some cases 
not only for alloys consisting of a single solid solution (e.g. silver- 
gold) but also for alloys consisting of two phases, each of which 
is a solid solution, as, for example, the silver-copper alloys of 
intermediate composition. 


Tables XV and XVI 


Gold-Silver Alloys (ccytnplete isomorphism). 


Composition in 
Volume % 

C X 10-*. 

a. 

! ; 

C_ >• 10-*. 1 

. , \ 

20*14 vol. % Ag. 1 

12-78 

10-21 

88*88 j 

47*92 „ 

9-87 

6-71 

41-72 

80*14 

18-25 

8-44 

45*07 1 


Copper-Silver Alloys {limited Holid-solubility) . 


1*65 vol. % Ag. 

44J-88 

26*50 1 

47*10 

4*88 

40*84 

25*57 

47*10 

58*88 

88*60 

22-75 1 

47*11 

98*47 

47*88 

20-51 j 

47*12 


« Cm 
""C * 

ai-D 

20-6 


2H'(> 

20*5 

27-7 

2fM 


The rule, however, is an approximate one only, and fails l>adiy 
with alloys of some of the magnetic metals for which the values 


* Apart from the fectors 100 the temperature coefficient used by Mattides- 
sen, namely is slightly dijEferent from the usual coeOieient 

/IV W \ 

This is because Matthiessen really dealt with the tempera- 
ture coefficient of conductivity instead of the more usual coefficient of 
resistance. 
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of are much too high, whilst the law also breaks down com- 
pletely in the case of those alloys such as Constantan in which 
the temperature coefficient becomes zero or even negative. 
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5. Miscellaneous Effects 

Effect of Pressure. 

Apart from the effects of temperature and composition, very 
little is known of the factors affecting the resistance of primary 
metallic solid solutions. This is partly because the study of alloys 
is a comparatively recent science, and partly owing to the fact 
that the investigators concerned with the electrical measure- 
ments have not paid sufficient attention to the exact condition 
of the alloy specimens with which they have dealt. 

As far as can be judged from the very fragmentary evidence 
available, the general rule is that metallic solid solutions are less 
affected by reversible factors such as temperature, pressure, &c., 
than pure metals. 

In connexion with the effect of pressure upon resistance, it was 
found by Bridgman that with pure metals, in several cases, the 
pressure coefficient increased (numerically) with the purity of the 
specimen, and since the impurities are usually partly, if not com- 
pletely, in solid solution, this may be taken as confirming the 
general principle. 

The effect of pressure upon the resistance of gold-silver alloys 
has been determined by Beckman,^ who found that the pressure 
coefficient varies with composition in much the same way as the 
temperature coefficient, that is to say, a marked fall in the 
numerical value of the pressure coefficient of resistance is caused 
by the first small additions of the solute metal. This is well 
shown in the table and figure on p. 54. 

The pressures used in this work were from 0 to 2,700 atmo- 
spheres and it was found that the pressure coefficient is a linear 
function of the specific conductivity, so that if the specific con- 
ductivity of any alloy be plotted against the pressure coefficient, 
a straight line is obtained. 
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Tables XVII and XVIII 
Pressure Coefficient of Resistance of Gold-Silver Alloys. 


Volume % Au. 

Pressure Coefficient of Resistance ■ 
_ 1 ‘ 
\v dp ‘ 1 

Specific 
(. Conductivity 
C. 

0*0 

3*59 X ! 

0*45 X 10 ^ 

1*9 

2*41 „ i 

4*37 

8*4 

1‘0 

2*33 

20*5 

1*20 „ ; 

1 *31 

38*0 

1-10 i 

0*991 „ 

51-2 

115 „ j 

0*978 „ 

04*2 

1*13 „ ! 

1*01 

76*6 

1*20 „ 1 

1 *25 

89-7 

1*48 „ 1 

2*03 

97*9 

2*22 „ i 

3*03 

100*0 

2*78 

4*81 



Fig, 18 . 

So far as is known this type of variation is cjuite gc*n(*nil and 
the negative pressure caefiicient of a normal metal is lowered 
numerically when a solid solution is formed. This may be <ii*- 
scribed in another way by saying that the formation of a solid 
solution increases the pressure coefficient algebraically, and in 
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some cases the change is so great that the alloys of intermediate 
composition have positive pressure coefficients whilst their parent 
metals have the usual negative coefficients. This effect has been 
observed by Bridgman^ for the alloys of iron with cobalt and 
nickel, but in other cases the change is not so great, and the 
pressure coefficient remains negative throughout when the solid 
solution is formed, although greatly reduced in numerical value. 

Effect of Tension. 

Bridgman^ has also measured the tension coefficient of specific 
resistance of ^manganin’ and ""therlo’ which are essentially 
copper-manganese alloys containing approximately 85% of cop- 
per with small amounts of other metals.* The values found for 
the tension coefficient of specific resistance were — 0-6 X 10”“® for 
‘manganin^ and — 0*73x10“® for Hherlo’, and are thus of the 
same order of magnitude as those of pure metals. But systematic 
work on the relation between the composition and the tension 
coefficient does not seem to have been carried out. 

Effect of Deformation. 

The resistance of a primary solid solution is also affected by 
deformation or ^cold work’, and in some cases at any rate the 
relative change is considerably greater than that occurring in a 
pure metal. Thus Guillet and Ballay^ found the following per- 
centage increases in resistance caused by cold-working a brasses 
and bronzes of compositions stated. The percentage increase is 
that compared with the same wire after annealing at 650^ C., all 
the alloys being simple solid solutions. 


Table XIX 


Alloy, 

Composition. 

Percentage Increase in 
Hesistance on cold-working. 

Pure Copper 

100 % Cu 

+ 20 

Brass 

91-7 % Cu 8-3 % Zn 

+3-6 

,, 

81-8 %Cu 18-2 %Zn 

+ 11-4 

Bronze 

92-5 % Cu 7-3 % Sn 

+ 4*1 


It will be seen that the increase in resistance on cold- working is 
in all cases greater than that for pure copper, which is quite a 

* The ‘therlo’ alloy used by Bridgman contained copper 85%, man- 
ganese 13%, and aluminium 2%. The composition of the ‘manganin’ 
used does not appear to be stated, but these alloys usually contain copper 
82-6 %, manganese 4-15 %, nickel 2-12 %, and traces of iron. 
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typical metal as regards the magnitude of the effect, but it is 
too early yet to be able to say whether this is a general charac- 
teristic of all primary solid solutions. 

Masima and Sachs^ have made a <ictaik*<i study of the effect 
of deformation upon the electrical resistances of single crystals of 
a brass containing about 72% of copptT, when these crystals are 
extended by a simple tensile stress. In tins work measurements 
were made of the change in electrical resistance, and the per- 
centage reduction in cross-sectional area, and it was found that 
the curves divide themselves into three distinct parts. The first 
small extension of the crystal produces a considerable increase 
in the specific resistance of about 1%. Further extension has 
practically no effect upon the specific resistance until the (sross- 
sectional area is reduced by 20 or after which the resist ancte 

again begins to increase with inert^asing deformation. These 
results appear to indicate that when once the (‘Xtension has begun 
the slipping occurs on one set of planes for a considerable time 
so that the resistance is unaffected, after which slipping occurs 
on a further set of planes, and the whole crystal begins to break 
up with increasing resistance. 

From the above description it can Ikj se(m that we have hut 
a very incomplete knowledge of thet relations b{‘tween the com- 
positions of solid solutions on the one hand, and the effects oi 
pressure, tension, deformation, magn(!tic fields, &c., upon their 
electrical conductivities, and there is much scope for further work 
in this connexion. It is, however, essential that this work shall 
be carried out on specimens which have been annealed or other- 
wise treated in such a way that they have reached truc! 
brium. Isolated measurements on ‘cast’ alloys of eonunercial 
purity are of very little value from th<^ point of view of finding 
out the fundamental principles involvc^d, and every effort shouki 
be made to use pure alloys which have received a suita!>le 
treatment. 
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1. Introductory 

I N the Introduction we defined secondary solid solutions as 
those solid solutions in which the crystal structures differed 
from those of the parent metals, but in which chemical combina- 
tion, in the sense of electron transference or sharing, did not 
take place, whilst intermetallic compounds of fixed or variable 
composition were defined as phases in which definite chemical 
combination had occurred. As we explained before, the evidence 
at present is often insufficient to enable us to decide conclusively 
to which class a given phase belongs, and for this reason it is 
advisable to consider the two together. 

The experimental evidence as to the electrical conductivity of 
such phases is unfortunately not always reliable. In the first 
place, the great majority of these substances are brittle, and this 
prevents their being drawn down to wire for the measurement 
of the resistance. The result of this is that the greater part of 
the work has had to be carried out on cast material, or on thin 
rods prepared by sucking the molten alloy up a glass or metal 
tube. Owing to the contraction occurring on sohdification, speci- 
mens prepared in these ways are always liable to contain small 
holes or cracks, which make the measured specific resistances 
higher than the true values, A further difficulty is that in many 
cases the compounds have little or no solid solubility range, and 
the preparation of an alloy of the exact composition is by no 
means easy. This, however, is not so very serious because the 
conductivity of a two-phase alloy is almost a linear function of 
the composition, expressed in volume percentages of the consti- 
tuents, and consequently a small amount of a second constituent 
does not cause much difference in the conductivity, and this 
source of error can, to a great extent, be avoided by working 
with a series of alloys on either side of the compound, and then 
interpolating to the exact composition. An additional source of 
error is that many of the electrical measurements were made 
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before it was recognized that alloys often require long annealing 
or other suitable treatment before they reach true equilibrium. 

The measurements of the temperature coefficient of resistance 
are not affected by the presence of flaws in the specimen, and 
this is one of the great advantages of such measurements, but 
they are of course still affected by errors in composition, or lack 
of true equilibrium. 

2. Intermetallic Compounds of Fixed Composition, 
or of very slight solid solubility range 

Taken as a whole, the intermediate phases met with in binary 
alloys divide themselves up into those in which the compositions 
are fixed, or do not vary by more than one or two atomic p(ir 
cent., and those in which a considerable range of solid solubility 
is shown. There arc occasional exceptions to this rule, and the 
experimental evidence is at present incomplete, but taken as a 
whole this distinction seems to be fairly general. The substances 
in the first class are usually referred to as compounds, but opinion 
is at present divided as to whether all intermediate solid solutions 
involve chemical combination or not. We nuty tluirefore deal first 
with those interxnetallie compounds of fixed or of very slightly 
variable composition, in which there is general agreement tliat 
a true compound is formed- In such cases the general rule 
appears to be that the resistance of a l)inary interrnetallie com- 
pound of fixed composition is always greater than that of one of 
its constituent elements, and is nearly always greater tlian tint 
resistance of either constituent element. In other words, no inter- 
metallic compound has a higher conductivity than tlie Ixetter 
conducting of the two metals from which it is formed, but in 
a few cases the compound may have a higher conduetivif y than 
one of its constituent elements, particularly when one of these is 
a border-line metal such as antimony which is not exerting its 
full valency, as for example in the compound Cu.^Sb. As 
examples of these general rules the figures given in Table XX 
may be consulted. 

In general it will be noticed that the specific resistance of a 
compound is greater when it is formed by the union of an electro- 
positive metal with one of the 'borderline’ rnetals such as anti- 
mony, bismuth — or even tin and lead — which show botli metallic 
and non-metallic properties, than when the compound is formc^d 
from two electro-positive elements. But no very gcmeral relations 
have been traced in this connexion. Tims thc^ resistance of the 
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compound Mg 2 Sn is about eight times that of MgaPb, and nearly 
twenty times that of CugAs. But apart from this no very general 
relations appear to have been traced between the conductivity 
of a compound and its chemical formula. In some ways this is 
only to be expected, since a satisfactory comparison can hardly be 
made until there is some knowledge of the density of the com- 
pounds, and of their molecular weights, and at present evidence 
on these points is generally lacking. 


Table XX 


Compound, 

Specific 

Resistance. 

xlO® 

Specific 
Resistance of 
Constituent 
Elements. 

X 10^ 

Temperature 
Coefficient of 
Resistance. 

MgjPb 

148*0 

Mg 4-4 ;Pb 21-1 

0*0025 

Mga Sn 

1096*0 

Mg 4*4; Snll*6 

0*0045 

MgCua 

5*5 

Mg 4*4; Cul*r 

0*0081 

MgaCu 

11*9 

»> 9i 

0*0037 

MgZna 

15*9 

Mg 4-4 ; Zn 6-4 

0*0029 

Mgg Big 

c. 130*0 

Mg 4-4; Bi 114 

0*0037 

Mgg Ag 

16*0 

Mg 4-6; Agl-6 

0*0031 

Cug Sn 

11*12 

Cul-r; Snll-6 

00035 

Cug Sb 

8*3 

Cul-7;Sb39 


CUg As 

59*0 

Cu 1-5 ; As 35 

00027 


In contrast to the actual specific resistances, the temperature 
coefficients of resistance of intermetallic compounds at ordinary 
temperatures are often very much the same as those of pure 
metals. This is shown in the last column of Table XX, from 
which it can be seen that the temperature coefficients of the 
various compounds vary from 0*0025 to 0*0045, the correspond- 
ing values for pure metals varying from about 0*003 to 0*006. In 
some ways this is very remarkable, and it shows that the general 
correspondence between conductivity and temperature coeffi- 
cient, which holds for primary solid solutions, breaks down 
entirely when a definite compound is formed. The above remarks 
refer to the ordinary temperature coefficients between 0° C. and 
100"^ C., and at present little is known of the behaviour at low 
temperatures. As will be appreciated later (p. 309), theoretical 
considerations suggest that true metallic compounds will retain 
positive temperature coefficients of resistance down to very low 
temperatures, whilst the phenomenon of minimum resistance 
may be expected in those compounds which are essentially ionic 
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or co-valent structuxcws, but in which electrons may be set free 
as the temperature is raised. 

De Haas, van Aubel, and Voogd^ have investigated the be- 
haviour of some alloys at very low tcmiperatures, and claim to 
have discovered supra-conductivity in the case of the compounds 
BigTlg, SbSn, SbgSn^, PbgAu, and Sb^TI^, but unfort-unately the 
evidence is not always conclusive. The compound Bi/flg forms 
slight solid solutions but melts at constant temperature, so that 
a homogeneous alloy can readily be obtained, and in this ease the 
supra-conductivity appears to he conclusively established, and 
is of great interest. But the remaining eoinpounds melt with 
decomposition, and are formed on cooling from tlic‘ liquid by 
peritectic reactions, wdiich, even with very slow cooling, do not 
proceed to cornpietion, so that the solid alloy has a very confused 
structure. Theoretically such alloys shoxild become homogeneous 
on long annealing, but owing to the low melting tem{)eratures 
true equilibrium can scarcely ever }>e obtained, and as no details 
are given in this connexion it is doubtful whether the s|xi;cimens 
examined consisted of the pure compounds. 
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3. Secondary Solid Solutions and Intermetallic 
Compounds of Variable Composition 

We have already indicated that the experime‘ntal evi<ience 
does not always enable us at present to distinguish between 
secondary solid solutions and intermetallic compounds of variable 
composition, and for this reason we may consider undc^r one 
heading all intermediate phases of variable composition, without 
committing ourselves on the question of the existence of dehnite 
chemical combination. 

As typical examples of these phenomena we may consider in 
some detail the work of Soldau on gold-zinc alloys, and that of 
various workers on the ^ phase of the copper-zinc alloys. 

The alloys of gold and zinc are very complex, and the accepted 
equilibrium diagram is showm in Fig. 19. The exact details of 
this diagram need not concern us here, but the essential points 
are that, in addition to the primary solid solutions in gold and 
zinc, there is an intermediate solid solution denoted ft, which 
ranges round the equi-atomic composition, the limits of solid 
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Fig. 19. Equilibrium diagram of gold-zinc alloys 
oc. Primary solid solution of Zn in Au 
€. Primary solid solution of Au in Zn 
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solubility being from approximatc^ly 68 to 57 atomic per cent. 
Besides this there is an intermediate phase ranging round the 
composition 25 atomic per cent, zinc, the limits l)eing from 18 to 
32 atomic per cent, zinc; above about 200° C. this undergoes 
some kind of a phase change into a new solid solution denoted 
oil, but of much the same solid solubility limits. In addition to 
these intermediate solid solutions, there are three others denoted 
y, yj, and y^, of which y^ and range round the csoinposition 
75 atomic per cent, zinc, the exact limits of solid solubility l>eing 
as shown in the diagram. 

We have thus a system in which there are sc*vc‘ral internutdiate 
phases of distinctly variable composition, as well as thcf simple 
primary solid solutions, in the parent metals gold and zinc. The 
electrical conductivity of these alloys at different tern{)(*rat ur<;s 
has been investigated l)y Soldau^ in some detail, jind tlie results 
of the conductivity measurements ar<^ surnmarizetd in Fig. 20. 
The specimens were pre|)ai'ed by sucking the alloy into a narrow 
tube and were annealed for six days at 650° C. and then very 
slowly cooled to room temperature. For the conductivity 
measurements the specimens were then gradually lieatcd and 
cooled, the conductivity being measured at intervals of 25° 
during both heating and cooling. 

We may consider first the phase which ranges round tiie 
equi-atomic composition, and here it will be scren that the con- 
ductivity-composition curves rise to a maximum jit 50 atomic 
per cent. zinc. The maximum is less sharply mark(r<i as tlie 
temperature rises, but at all tempt^ratures it occurs at <txac:tly the* 
same composition. At 25° C. the equi-atomic alkw has a specific 
conductivity of 12 -92x1 O'* as compared with •k'kSt XlO'* and 
16*67 X lO'^ for pure gold and pure zinc; n^speetively. 

Concurrently with this maximum conductivity, the ttunpera- 
ture coeflicient of resistance — this was estimatc*d from iiutasure- 
ments at 0° C. and 25° C.— rises to a sharp muxhmmi at the 
equi-atomic composition at wdiich it e<|uals ()*0066-1* as cornpartHi 
with 0*0068 and 0*001*1 for the ptire metals gold and zinc. Th(* 
temperature coeflicient of the cqui-atonac alloy is thus nuieh 
nearer to that of a pure metal than is the conduc^tivity. 

In exactly the same way in the case* of thf‘ y, yj, and yo |)Iias<*s, 
the conductivity and temperature coeflicrient curves rise to wcdl- 
defined maxima at the exact composition AuZn^. Iii tliis ease 
reference must be made to the diagram to see wliicli phase is 
referred to at each different temperature. 
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Fk;. 20. Electrical Conductivities and Temperature Coefficients of gold-zinc alloys. 
The lower curves show the specific conductivities of the alloys at the tempera- 
tures specified. The upper curve shows the temperature coeflicient determined 
from measurements at 25® and 100® C. 
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In the case of the phase exactly the same phenomenon is 
met with and the conductivity and temperature coefficient curves 
rise to a maximum at the composition Au^Zn. On the other hand, 
with the 0^2 phase, which is stable at the lower temperature, the 
maximum points on the conductivity curves are at about 2S 
atomic per cent, zinc, although on the temperature coefficient 
curve the maximum is at 25 atomic per cent. 

These results were taken by Soldau as indicating that the y, 
p, and oc^ phases were solid solutions in stable compounds AuZr^, 
AuZn, and AugZn, but that the oc^ phase was a solid solution in 
a low-temperature form of AugZn which decomposed on heating. 
This last conclusion was based on the fact that with the phase 
the maximum on the conductivity curves was not exactly at 
25 atomic per cent, zinc, but that, by drawing rather arbitrary 
smooth curves through the few points obtained, it appeared to 
approach the composition AuZug as the temperature was lowered. 
The evidence on this point was, however, very incomplete, as 
sufficient measurements were not made to determine the position 
of the maximum with accuracy, and the conductivity values were 
not in exact agreement with those for the tempi^raturc coefficients. 

Relations of this kind appear to be quite general. Thus in the 
case of the ^ phase in the copper-zinc alloys (the constituent of 
the so-called jS brasses), the conductivity curves again rise to a 
maximum near the equi-atomic compositions. The conducti vities 
of these alloys have been determined by Fuschin and Rjaschsky,*'^ 
Matsuda,® and by Haughton and Griffiths.^ In this case the ^ 
phase has a wide range of solid solubility at high temperatures, 
but at low temperatures the solid solution is of limited extent, 
the limits, according to the most recent determinations, l>eing 
from about 58*5 to 50-0% copper according to the microscopic 
work of Gayler, and the conductivity work of Haughton and 
Griffiths, but from 54*5 to 49% copper according to Soldau. The 
equi-atomic alloy (CuZn) here contains 49*8% Cu, hut the mini- 
mum on the resistance curves is reached at about 50 51 % copper. 

These most interesting results may be summarized by saying 
that in the case of these intermediate phases of variable com- 
position, the conductivity and temperature-coefficient curves visit 
to maxima at or near to some simple atomic ratio, but at present 
it does not seem justifiable to say more than this. In the pre- 
ceding chapter we described in detail the interesting phenomena 
met with if copper-gold alloys were submitted to prolonged an- 
nealings, when the atoms, which were at first arranged at random 



Solid Solutions and Intermetallic Compounds 65 

on a common lattice, gradually rearranged themselves in a 
definite pattern, and it is extremely probable that the same kind 
of change may take place in secondary solid solutions, in which 
case conductivity measurements, unchecked by X-ray crystal 
analysis, may easily lead to wrong conclusions, for the alloy may 
appear quite homogeneous under the microscope before the com- 
plete atomic rearrangement has taken place. The crystal struc- 
tures of some of these intermediate phases have in fact been 
determined — ^thus the ^ phases of the copper-zinc and gold-zinc 
alloys possess the body-centred cubic type of structure, and the 
equi-atomic alloy on prolonged annealing has the caesium chloride 
type of structure, with one kind of atom in the centre of the unit 
cube, and the other kind of atom at the corners. But in general 
these determinations have been carried out independently of the 
electrical work, so that the exact state of the specimens used for 
the conductivity measurements is unknown. It is in fact quite 
possible that phases such as the and phases of the gold-zinc 
alloys which we have just described are formed by processes 
similar to those which take place on the prolonged annealing of 
the copper-gold alloys dealt with in the previous chapter, but 
whether these are to be looked upon as definite compounds or 
as symmetrical solid solutions is a question which the con- 
ductivity measurements alone cannot answer. 

It seems, however, to be established quite definitely that, using 
specimens annealed for a time sufficient to make them homo- 
geneous when examined under the microscope, the maxima on the 
conductivity curves do not always occur exactly at a simple 
atomic ratio. But Soldau’s conclusion that in such cases the 
phase consists of a solid solution in a partly decomposed com- 
pound, does not appear to be established. For, in some cases at 
any rate, the maxima on the conductivity and temperature- 
coefficient curves do not occur at the same composition, whilst 
the conclusion that the position of the maximum approached the 
simple atomic ratio as the temperature was lowered, was in 
reality based on drawing smooth curves in a very arbitrary way 
through a comparatively small number of points. 

In contrast to the secondary solid solutions just described, 
there are others in which the conductivity diminishes as we pro- 
ceed from some simple atomic ratio. An example of this kind is 
the so-called V’ solid solution in copper-zinc alloys (‘y’ brass), the 
composition of which extends from about 62 to 70 per cent, of 
zinc. The X-ray investigation of Bradley and Thewlis shows that 
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this solid solution is formed by substituting zinc atoms in the 
compound CugZng (= 62 % Zn), so that there is practically no 
solubility on the copper side of the compound. In this case the 
work of Puschin and Rjaschsky shows that the conductivity in- 
creases continuously as we pass from the copper-rich to the zinc- 
rich side of the solid solution. As we shall see later (p. 3t35), such 
phases are probably co-valcnt structures in which the funda- 
mental formula, in this case Cu^Ziig, gives just the number of 
valency electrons required to form the co-valcnt bonds, so that 
on substituting divalent zinc atoms for univalent CD}>per atoms, 
free electrons are introduced with an increase in conductivity. 
At a sufficiently low temperature it is probal>le that this distinc- 
tion between the two classes of solid solutions will be general, 
unless the formation of the solid solution involves a very great 
distortion of the lattice of the parent compound, but experi- 
mental data are at present lacking. 

Very little systematic work has been carried out on the effect 
of conditions other than temperature upon the resistance of inter- 
metallic compounds and secondary solid solutions. It has been 
shown by Ufford^' that alloys of compositions near to those of the 
compounds Li 3 Sn 2 , PbCag, and PbCa have pressim^ coeflicients 
intermediate between those of their component elements, but 
otherwise there is little knowledge of the effect of pressure, and 
some of the experimental results are of practically no value, owing 
to the fact that the alloys were not annealed to equilibrium. 

Kapitza investigated the effect of a transverse magnetic field 
upon the resistance of the compound Cu^As, and found that, 
unlike a solid solution, it underwent a definite increase in resis- 
tance, and behaved like a pure metal. 

The problem of the factors affecting the conductivities of the 
intermediate phases of alloys is thus far from being solved, and 
much interesting work remains to be done, but it is essential that 
in futxire work in this connexion, great attention shall be givcm 
to the metallurgical treatment of the spc^cimens, and that X-ray 
crystal analysis shall be used whenever solid solutions arc sub- 
jected to prolonged annealing. 
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1. General 

O NE of the great characteristics of metals is that they are, 
in general, very good conductors of heat, and at ordinary 
temperatures are much better conductors than non-metallic sub- 
stances. This characteristic is closely connected with the ultimate 
structure of metals, and the thermal conductivity is thus of great 
theoretical interest. But apart from this, the high thermal con- 
ductivity is of practical importance in the everyday uses of 
metals and alloys, and many of the more recent developments 
in high-speed machinery, internal-combustion engines, &c., are 
really only possible because the thermal conductivity of metals 
is great enough to enable the heat generated in the machine to 
be withdrawn sufficiently rapidly. 

In spite of this double importance, however, our knowledge of 
thermal conductivity and the factors which affect it is very much 
less than our corresponding knowledge of electrical conductivity. 
This is largely owing to the fact that the electrical measurements 
are very much more easy to carry out than the corresponding 
thermal measurements. For in the case of electrical conduction, 
using ordinary voltages and current-densities, a metal is almost 
completely insulated by the usual surrounding media, such as 
air, oil, &c., and the whole of the electricity passing through the 
conductor can be controlled and measured. On the other hand, 
in the case of thermal conduction, heat is continually being 
transferred to or from the surrounding medium, so that any 
absolute determination of the flow of heat in the metal is made 
more difficult, whilst even a comparative measurement is subject 
to considerable error. 

For convenience we deal with the specific thermal conductivity, 
K, which is defined as the amount of heat which passes across 
unit area in unit time under unit temperature gradient, or 

F 2 
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more generally if heat is flowing down a bar of metal, then at 
any point 

dQ 

specific thermal conductivity ; 
cross-sectional area of the bar ; 

temperature gradient along thc^ bar at tlie point con- 
sidered ; 

amount of heat which f!o%vs through the. !>ar at this 
point in time dt. 

The accurate methods for the determination of K will not be 
considered in detail here, but will l)e found in the pafxirs given 
in the list of references. These methods involve many details and 
minor corrections, and great care is ne<;dcd in comparing numeri- 
cal values obtained by diffenmt m(‘thods. 

The values of K can be expressed in different tinits wiiich may 
at first cause some confusion. Referring the above e<|uation to 

do 

unit-temperature gradient, it will be sf‘en that K - . If the 

heat be measured iri calories, then K is <‘xj>ressed in calori<\s/cm.“ 
sec. Since, howx^ver, many of the experimental methods involve 
electrical methods, the hc‘at energy may also hc^ <, expressed in 
watts, in which case K is expressed in wiitts/mn.-, the tw’o units 
being connected by the relation 

Unit of iiC=-l w^att /cm .“=0*2389 cal. /em.“ vrgs^ert)^ see. 

In order to give a general idea of the? niagnitud<'S invoIve<i, 
Table XXI has been includ(?d, and from this it will fa; .s(;en 
that, at ordinary temperature's, tlu* spc'cific; th<*rinal conduc- 
tivities are of the order OT. to 1 (;al./cm.- sec., but that some of 
the border-line metals such as antimony and bismuth show lf>wer 
values. 

The accuracy of the experimental metliods does not at present 
enable us to decide w'hether the thermal conductivity is rc-ally 
independent of the temperature gradient, as is usually assuinecL 
In the case of the electrical conductivity, the sp<;eific (iondueti- 
vity, in agreement with Ohm’s Law, is indepencient of tlie a{>piied 
electromotive force, but W'hether the same relation bolds fx'tween 
thermal conductivity and temperature gradient csaniiot be 
regarded as established to any high degree of accuracy. 


where K = 
A = 

dx 

dQ = 
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Table XXI. The Thermal Conductivities {K),and the Wiedemann- 
Franz Ratios (Z) for pure metals. Unless otherwise stated 
the figures refer to 0°C. 


Name of Metal. 

Thermal Conductivity 
K in cal.jcm. sec. ®C. 

Wiedemann-Franz 
Ratio of Thermal to 
Electrical Conductivity 

X 10®. 

Lithium 

0*155 

134 

Sodium 

0*32 

138 

Magnesium . 

0-37 

153 

Aluminium . 

0*485 

136 

Potassium 

0*238 

155 

Iron 

0*147 

194 

Cobalt . 

0*165 (impure) 

149 

Nickel . 

0*14 

169 

Copper 

0*926 

150 

Zinc 

0*27 

160 

Molybdenum 

0*35 

201 

Rhodium 

0*214 

101 

Palladium 

0*161 

142 

Silver . 

1*0 

152 

Cadmium 

0*228 

157 

Tin 

0*157 

163 

Antimony 

0*044 

145 

Tantalum 

0*13 

188 

Tungsten 

0*382 

195 

Iridium 

0-14 

116 . 

Platinum 

0*167 

161 

Gold . 

0-71 

160 

Mercury 

0-066 (-44°) 

— 

Thallium 

0-093 

157 

Lead . 

0-083 

165 

Bismuth 

0*02 

214 


2. Thermal Conductivities and Wiedemann -Franz Ratios 
for Single Crystals and Polycrystalline Metals 

When Table XXI is compared with the previous Table II for 
the electrical conductivities, it will at once be seen that those 
metals which are good conductors of electricity are also good 
conductors of heat. This is in fact one of the great characteristics 
of pure metals, and is summarized in the well-known Wiedemann- 
Franz Law, which states that at ordinary temperatures the ratio 
of the thermal and electrical conductivities is approximately con- 
stant for all metals, and, at 0° C., equals about 140 X where 
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K is expressed in calorics.’*' The constancy of this ratio, which is 
known as the Wiedemann-Franz ratio, is shown in the third 
column of Table XXI, and we shall denote the ratio by the 

symbol Z = but it will be seen that the constancy of the ratio 

is far from exact. 

The above data all refer to metals in the normal poly crystalline 
condition, but, as with the electrical conductivity, the results are 
slightly different in the case of single crystals. Our knowledge of 
these phenomena is at present very scanty, but Bridgman^ has 
investigated the thermal conductivity of the non~ciil:)ic metals 
zinc, bismuth, cadmium, and tin, and the results obtained are of 
great interest. The crystals of these metals have rotational sym- 
metry, and the thermal conductivity, like the electrical conduc- 
tivity, can be expressed in terms of two constants, namely, tlie 
conductivities parallel and perpendicular to the axis of symmetry. 
We may denote these conductivities by the symbols and , 
and for convenience may use terms and to denote the recip- 
rocals of the two conductivities or the thermic resistances, where 

y,= i,and 7^ - ^ - 

The results at ordinary temperatures are then in agreement with 
the symmetry relations of Voigt expressed in the form 

Ye = r±+(rii— y.!-) cohW, 

where means the thermic resistance in any direction inclined 
at an angle of 6 with the axis of symmetry. 

In the case of some of these non-cubic metals the thermal con- 
ductivity varies very greatly with the grain size. Thus, according 
to Bridgman,^ the thermal conductivities of single crystals of 
cadmium, zinc, and tin were about 20% greater than the normal 
polycrystalline metal, whilst for bismuth the difference was as 
much as 200%. A large difference for bismuth, and also for anti- 
mony, was confirmed by Eucken,® although according to Kaye 
and Roberts^^ the difference for bismuth is only about 20%. Ihd- 
welland Lewis'^ found a difference of 18% between single crystal 
and polycrystalline zinc, although for cadmium a much smaller 
variation was reported by Eucken.^ It seems, however, to be 
quite clear that for the non-cubic metals in Groups II B and 
V B, the thermal conductivity is considerably affected by grain 

In absolute units the value of the Wiedemann-Franz Ratio is about 
^ X 10^° E.M.U. 
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size at ordinary temperatures, and that this difference increases 
at low temperatures. 

On the other hand, in the case of metals crystallizing in the 
cubic system the effect of grain size is very much less pronounced 
at ordinary temperatures. Thus E. Griffiths^ found very little 
difference between the thermal conductivities of a single crystal 
of aluminium and the normal polycrystalline metal, and this was 
confirmed by an isolated value given by Calthrop.^ Griineisen and 
Goens^ found that for the cubic metals gold, copper, and alumi- 
nium, the conductivity was but little affected by the grain size, 
and according to Kannuluik and Laby® the di:Kerence between 
the thermal conductivity of single crystal and polycrystalline 
copper is only about 4 %, and these general results were confirmed 
by Eucken and Dittrich.^® At low temperatures Griineisen and 
Goens found no marked increase in the effect of grain size, in 
contrast to the non-cubic metals, but in the case of electrolytic iron 
Eucken and Dittrich^® found the difference to increase slightly. 
It seems, however, to be quite well established that for cubic 
metals the effect of grain size upon thermal conductivity is much 
less pronounced than in many of the non-cubic metals. 

In the case of the non-cubic metals referred to above, the 
thermal conductivity varies with the orientation, and according 
to Kaye and Roberts the thermal conductivity of bismuth 
parallel to the trigonal axis is 0*0159, and at right angles to the 
trigonal axis is 0*0221. Bridgman stated that for all the above 
metals the thermal conductivity varied with the orientation so 
as to satisfy the symmetry relations of Voigt, but the exact 
figures were not published. It was, however, considered of great 
interest to see whether the Wiedemann-Franz ratio was constant 
in different directions in the crystals or not, and for this purpose 
the electrical and thermal conductivities were measured on the 
same set of specimens. 

According to the symmetry relations described above, the 
thermal resistance in the direction making an angle of B with the 
axis of symmetry is given by the expression 

78 = yj.+(ri|— 7x) cos^e. 

The electrical resistance W is given by an expression of the same 

type, namely, Wg = Wj. + ( W",, — VFj, ) cosW. 

Eliminating 6 between these expressions, we obtain 

.. _ ^0(yii~r-L)+^ii7j- “"^-1-711 
76 
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so that yQj the thermal resistance in a direction 6^ is a linear 
function of Wq, the electrical resistance, and the graph between 
the two should be a straight line. If, however, the Wiedemaim- 
Franz Law holds in every direction, then yq must not merely be 
a linear function of but the two must b(^ direcitly propor- 
tional, and the straight line must pass througli the origin. 

The actual values obtained by Bridgman wc^re sul>ject to con- 
siderable experimental error, and in the case of tin the results 
were inconclusive. For bismuth the position was douI>tful, l)ut 
the difference was in the same direction as tliat gi vcui by the 
independent work of Kaye and Roberts. For zinc and ca<imium, 
however, it was considered by Bridgman that there was ‘no r<K>ni 
for doubt that the experimental points do not li<t witliin the?: 
experimental error on the line through the origin, so that for 
these metals the Wiedemann-Franz proportionality does not hold 
for different directions in the crystal’. 

It may therefore be taken as conclusi\'ely established tliat the 
thermal conductivity varies with the direction in a ncm-cuhie 
crystal, and as probable tliat the Wicdiunann-Franz ratio is not 
the same in all directions in crystals of Insmuth, zinc, and cad- 
mium, although the experimental accuiracy is here rather low. 

HKFEHKXCKS 

Experimental Methods, 

General articles on the experimental metlxods for determining thermal 
conductivity will be found in the Eneifclopaedia Britmmieay and in 71ie 
Dictioriary of Applied Physics^ voL i (eciited by Sir Itiehard Cilazebrook). 

See also: Jaegar and Die.sscihorst, Ahh, der Phys, 'Fech, UeiehanstaU^ 
1900, 3, 282; Meissner, Deuisch, Phys, (Jen. J'erh. 191 16, 202 ; Lees, Phil. 

Trans. 1908, a, 208, 381 ; Angel, Phys. t{n\ V.n 1 , 33, 421 ; (irifht hs. Advisory 
Committee for AeronautieSy Idglit Alloys Suh-Coiiunittee Report, Xo. 7 
(1S>17); Schofield, Proc. Roy. Soc. 192i5,‘A, 107, 208. 

Single Crystal Data. 

1. Bridgman. Proc. Amer. Acad. Arts Sci. 61, 101. 

2. GriOiths. Proc. Roy. Soc. 1927, 115, a, 280 (Alj. 

8. Calthrop. Proc. Phys. Sac. London, 1925 G, 38, 207. 

4. Griineisen and Goens. Z. Physik. 1927, 44, 015. 

5. Kaye and Roberts. Proc. Roy. Soc. 1928, 104, 98 (Hi). 

6. Kiicken. Zjeii. Phys. Chein. 1924, 111, 481. 

7. Bidwell and Lewis. Phys. Rev. 1929,33, 219. 

8. Kannuluik and I.aby. Proc. Roy. Soc. 1928, 121, OW). 

9. Eucken. Z. Jnslrumentkunde, 1920, 46, 104. 

10. Eucken and Dittrich. Z. Phys. Cdtern. 1927, 125, 211. 

Data for Normal Polycrystalline Metals. 

International Critical Tables, vol. 5. References to original sources are 
given here. See also Landolt's Taldes. 
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3. The Effect of Temperature upon Thermal Conductivity 

One of the great differences between the electrical and thermal 
conductivities of metals is that the thermal conductivities at 
ordinary or high temperatures are almost independent of the 
temperature. This is well shown in Table XXII, in which the 
figures are taken from the work of Schofield.^ The approximate 
constancy of the thermal conductivity is in marked contrast to 
the rapid decrease in electrical conductivity which takes place 
when the temperature is raised. The general tendency is for the 
thermal conductivity to decrease slightly as the temperature is 
raised, but there are exceptions such as aluminium, although com- 
parison is not always justified on account of the varying degrees 
of purity of the samples used. 

Table XXII 


Metal, 

Temperature. 

Thermal Conductivity K 
in c.g.s. units. 

Aluminium 



99-7 % A1 

130° C. 

0*528 

150° C. 

0*527 


253° C. 

0*536 


370° C. 

0*542 

Copper 



99-9 % Cu 

95° C. 

0*901 


178° C. 

0*893 


266° C. 

0*888 


473° C. 

0*858 


625° C. 

0*842 

Zinc 



99-8 % Zn 

25° C. 

0*258 


54° C. 

0*246 


80° C. 

0*241 


103° C. 

0*238 


As regards the thermal conductivity at temperatures below 
the normal, an extensive series of measurements was carried out 
by Lees^ over the range — 170"^ C. to +30® C. (i.e. 103° Abs. to 
303° Abs.), and the general conclusion reached was that the 
thermal conductivity varied but slightly over this range of tem- 
perature, the general tendency being for the conductivity to 
increase as the temperature was lowered. This work was carried 
down to the lowest temperatures obtainable by means of liquid 
air, and some typical results are shown in Table XXIII. 
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Tablk XXIII 


Metal. \ 

1 Temperature. 

Thermal Condue.tknty i 

Copper . 

\ +20'^ C. 

(>•910 



14 05 

Silver . . , 

: -\~ntr c. 

0-901 


i -KUrC. 

0-9«J2 

Zinc 

: 4-24” c. 

0-202 


i -174” C. 

0-2H8 

Cadmium 

+ C. 

(r2I0 


-177“ C. 

0-285 

Aluminium 

-fl0“C. 

0-5(K) 


-KiO^C. 

ihrrM 

Lead . . ; 

-h2;r'C 

O-0H2H 


-104.“ C. 

0-0920 

Iron 

-,'-13'’ C. 

0-140 

99-4 % Fc ; 

-100“ C. 

0-150 

Nickel . 

-! 28"' (’. 

0-1 8K 


-15!)'’ C. 

0-129 


The work has been carried down to the still lower tc^rnperatiires 
obtainable by means of liquid hydrogen, iuul rc*sults for co|>|x;r 
have been published by Meissner,'* and for aluniiniuni, cadinium, 
lead, and copper by Schott,^ whilst Onnes and Ilolst'"* !ia\T de;ter- 
mined the thermal conductivity of mercury at tiuiqxjratures as 
low as 4® Abs. 

Taken as a whole, these results show that tlie thermal con- 
ductivity is almost irKiep(*nd<‘nt of tenij>eratiirf* down to about 
180° Abs. (i.c. — 98° €.), but then b<‘gins to increase, at first 
sliglitly, and then more rapidly. The r<:‘sults of Meissner for 
copper agreed v<*ry wcdl with tlK>se of Lees in Ihct region in which 
the two series of determinations overIa|)ped, and tliese values are 

showui in Fig. 21 in which the one curve sliows y tlu! recip- 

rocal of the thermal conductivity, plotted against t lu; absolut.e tem- 
perature, and this kind of relation may he tukcm as t ypical. In tlie 
case of mercury the thermal conductivity has been nK*asured by 
Onnes and Holst at temperatures as low as 8 -7 " Abs. The mean value 
of ^between 4*5° and 5*1° was 0*27, aiul betwe{*n 8*7 and 8*tL" was 
0*40, so that the thermal conductivity in<‘r<*ases (!oniparativ<‘ly 
rapidly at these low temperatures, aiui it seems likely that in the 
case of pure metals it will become infinite at the absolute zero. 
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It is, however, particularly to be noted that there is no dis- 
continuity in the thermal conductivity at the temperature at 
which the electrical supra- conductivity appears. 

We have already shown that at ordinary temperatures the 
ratio of the thermal conductivity to the electrical conductivity 
is approximately constant for all metals in accordance with the 
well-known Wiedemann-Franz Law. Since the thermal conducti- 
vity is practically independent of temperature above 180° Abs., 



lOO* 200* 300“ 350* 


1 K 

Fig. 21. Curves showing the thermic resistance and the Lorentz factor 

K Cd 

for copper at different temperatures. 


whilst the electrical conductivity is roughly inversely propor- 
tional to the temperature, it follows that the Wiedemann-Franz 

K 

ratio varies approximately as 6, and that the expression is 

a constant for any one metal, and is very nearly the same for all 

K 

metals. This expression is known as the Lorentz Constant, and 

K Z 

we shall denote this by L, where L — where Z is the 

Cc7 0 

Wiedemann-Franz ratio. 

Table XXIV will give some idea of the variations which are 
found at temperatures above about — 100° C. 

From this it will be seen that the Lorentz constant is more 
nearly an exact constant for any one metal over a range of 
temperatures than it is from one metal to another at the same 
temperature. Owing to the difference in purity of the different 
metals it is not possible to generalize the variations of the factor 
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L = K jCd, for it seems to be a gen€‘ral rule tliat the variations 
are greater as the samples arc less purt‘. 

Table XXIV 


Metal. 

i Purity. 1 

Ob^eri'er. 


(A' in uattHiem. 




- 100 'I 


18' (’. i(>o a' 

Aluminium 

i 

LceH 1 
Schofi(‘I(l; 

J'Sl 

j 

2-12 ; -- 
-- 2*2:j 

Copper 

PSM) 

Lees 

ScholieM' 

2-17 


‘2-32 

Zinc 

j 

i Been j 

2-ao 

i 

j 2*4;i 

1 2-20 2*20 

Nickel 

: DO* 2 






Value of Lorentz Funrtian K'fS) > 

(A' in uattH em.; in reriproral Ohma em,), 


•Kii 




At lower temperatures, Ixowever, the direct eorrc;spondence 
between thermal and electrical coiuhicitivity no longiT holds, and 
the term K jCd becomes increasingly smaller. This is sliown for 
copper in Fig. 21, in which the second curve r(*pr(*scnts the values 
of the Lorentz factor — no longer a constant~at various tem- 
peratures. 

As we shall see later, the question of this varijition of the 
Wiedernann-Franz ratio at low temperaturc^s is of gn*at theoreti- 
cal importance, and rnuch work has been done in this coniu^xion. 
Gruneisen and Gexms^* invcstigat(»d thv th<trrna! conductivities of 
the metals gold, platinum, copper, tungsten, rhodium, alumi- 
nium, and iron, all of which crystallize hi the cubic system. The 
thermal conductivities of different samples were nu*asured at 
temperatures down to that of liquid hydrogen, and it was found 
that the values wetre* greatly aff<*(*t<*d by the jxurity and exact 
condition as regards working, intctrnal stress, &c. Wlicm, how- 
ever, the thermic rctsistances y (thf* rf-eiproeals of tin* tfuTmal 
conductivities) for different samples of the same rnetal at a par- 
ticular temperature were piott(‘d against tli<! s|>eeifK! electric‘al 
resistances at the same temperature, it was found that approxi- 
mate straight lines W'ere obtained. Tht slopes of thf‘s<* lines went 
almost the same for different metals at different tcmiperatures, 
but the lines did not pass equally near the origin. 

This fact was considered by Ciri'meisc*n and Cioens to indic-ate 
that, just as the specific electrical resistance of a metal can be* 
regarded as composed of two factors, the rc'sistanee [ of tlie 
pure metal, and the resistance caus(*d by impurities, strains, 
&c., so the thermic resistance can be regarded as composed of 
a metallic and a non-metallic part, of wiiich the metallic part 
varies directly as the electrical resistance, in accordance witli the 
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Wiedemann-Franz Law, whilst the non-metallie part is regarded 
as approximately constant. They therefore wrote 

, 1 IF , 

y = ym+yi ‘ T' 

where and y^ are the metallic and non-metallic parts of the 
thermic resistance, and W is the specific electrical resistance. 

This point of view, however, leads to many difficulties which 
have been discussed by Eucken,'^ and later by Griineisen. In the 
first place the comparison with electrical resistance is not really 
justified. In the case of electrical conductivity we deal with the 
flow of electrons through the metal, and it is quite reasonable to 
suppose that the resistance to this flow may be split up into two 
parts, one characteristic of the metal, and the other due to im- 
purities. In the case of thermal conductivity, however, we deal 
with the transference of heat by two processes, the one similar 
to that taking place in non-metallic solids, and the other, in some 
way connected with the electrical conductivity, as is shown by 
the approximate constancy of the Wiedemann-Franz ratio, at a 
given temperature. It is therefore the thermal conductivity, K, 
and not the thermic resistance, which should be the sum of two 
factors. Eucken therefore adopts the policy of writing the ther- 
mal conductivity as the sum of two terms, one metallic {K^, 
and the other non-metallic {K^, so that 

K = (2) 

According to Eucken’ s experiments on non-metallic sub- 
stances, such as salts, the thermal conductivity may be expressed 
in the form 


where A corresponds to the pure substance, and the term 
to the effect of impurities, the factor being almost indepen- 
dent of temperature, although A varies with the temperature 
particularly as the absolute zero is approached.* 

We have therefore 

A = == ’ 

* In his original paper Eucken wrote the expression in the form 

hut he later (see p. 78) assumes that the A term measures the same 
deformation of the lattice as that which creates the additional electrical 
resistance (see p. 10), and therefore now writes where is a dimension 
factor, and ^ the additional electrical resistance. 



T8 The Thermal Conductivity of Pure Metals 

and if we assume that the metallic part of the thermal con- 
ductivity obeys the Wiedemann-Franz Law we may put this in 
the form 


K 


- ^ A +M 


( 3 ) 


Eucken then assumed that the term ^ in his expression for the 
thermal conductivity of non-metallic substances corresponded to 
the additional electrical resistance caused by impurities, &c., in 
the metal. If this is so we may write C ™ [IK]— [ W^] where [Ilo] 
is the specific resistance of the absolutely pure metal, and in this 

111 

case, if we write y, and y; for-^, , -rr' respectively, the 
expression may be written in the form 


A-IWqW ^ \W]B 
ym ym 


(4) 


In this case, since A, and B are constants at a given 

temperature, the linear relation between y and [ IK] will only hold 


if — is constant for specimens of different purity, and this is 

ym 

contrary to the facts. 

Eucken then investigated whether an expression such as (3) 
could be made to fit the experimental facts, and found that if 
L^, at a given temperature, be assumed independent of the 
purity, deformation, &c., of the specimen, a fairly good agree- 
ment can be obtained at this one temperature, but that then 
varies with the temperature, so that the Wiedemann-Franz- 
Lorentz Law breaks down not merely when applied to the total 
thermal conductivity, but also when confined to the metallic part 
of the thermal conductivity alone. 

It must be admitted that the treatment of Eucken involves 
the assumption that the behaviour of the non-metallic part of 
the thermal conductivity of a metal will be the; same as that 
of a salt, and for this reason the argument cannot l)c rc‘garded 
as completely satisfactory, since the mechanical properties, inter- 
atomic distances, &c., are quite different in the two classes of 
bodies. It seems, however, to be quite certain that if the con- 
ception that the heat is carried by two processes, one resembling 
that of non-metallic substances, and the other peculiar to metals. 
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be correct, it is the conductivity and not the thermic resistance 
which should be the sum of two factors. The linear relation 
between the thermic and electrical resistances is in fact only an 
approximate one, and begins to break down in cases where, owing 
to impurities or excessive strain, &c., the non-metallic part of 
the thermal conductivity is no longer very small compared with 
the metallic part. In some cases, at any rate, almost as good 
a straight line is obtained if one plots the thermal conductivity 
against the electrical conductivity, instead of plotting the resis- 
tances, and the truth appears to be that in both cases the linear 
relation is only approximate, and holds merely for those speci- 
mens in which the non-metallic part of the thermal conductivity 
is small relative to the metallic part. It is for this reason that 
in the conductivity curves the departure from linearity is most 
obvious for those points lying near the origin, whilst in the 
resistance curves it is those points far from the origin which show 
the greatest deviation. 

The question whether the metallic part of the thermal 
conductivity obeys the Wiedemann-Franz-Lorentz Law at low 
temperatures is thus not completely solved, although if the argu- 
ments of Eucken be accepted the Law must be looked upon as 
breaking down. 

It will be noted that so far we have made no assumptions as 
to the mechanism by which heat is transferred. This can only 
be done by introducing the various electronic theories which will 
be considered later. 

The Equations of BidwelL 

It has recently been shown by Bidwell® that a comparatively 
simple relation exists between the thermal conductivity, specific 
heat, and absolute temperature. This relation may be written 
in the form 

K A 

where K is the thermal conductivity, the atomic heat, and 
A and B are constants. For lithium the law holds as far down 
as — 200° C., and for sodium, lead, and zinc the agreement holds 
to even lower temperatures. This expression again suggests that 
the thermal conductivity is the sum of two terms, but it does 
not seem possible to identify it with the equation of Euckcn by 
means of the equation of Griineisen (p. 16) connecting the electri- 
cal resistance with the atomic heat. For if = LCO as the 
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Wiedemann-Franz-Lorentz Law requires, and if IF = x SC^ 
according to the Griineisen relation, we should expect 

_ „ Constant 

c 


for the metallic part of the conductivity, so that the significance 
of the relation found by Bidwell is not yet clear. 
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4. The Effect of Pressure upon Thermal Conductivity 

Very little information is available on the* {*fh*ct of pi'cssure 
upon the thermal conductivity of pure metals, Init work in tliis 
connexion has been carried out by Imsana^ and by I^ridgrnan." 
The results of these two workers arc not in agre(*nient. Aceoixling 
to Lusana, the the*rinal conductivity of the eight metals investi- 
gated increased under pressure in much the same way as the 
electrical conductivit}^ so that the Wicdc-mann-Franz I'atio re*- 
mained constant, wiiilst according to Bridgman the effect of 
pressure upon thermal conductivity was sometimes positive and 
sometimes negative, and only in the case of zinc did tlu! diff(*rcnt 
investigations agree as to the sign of tlie c*ffec!t. These tw'o 
workers arc* not in agreement as to the r<*Iative ac*euraey of their 
respective* in(‘thods, but on the whole it \vouifl s(‘eni that the 
work of Bridgman \vas carried ont with greater aecniraey and 
more attention to detail than that of laisana; in particular, the 
work of Lusana involved a much largc'r correction for the effc?ct 
of pressure upon the transmitting medium, the; magnitude of this 
correction being as much as 80% p(‘r 1,()0() kg., wherc*as tlie 
changes in thermal conductivity are at tlie most iFJf, so that the 
effect of pressure on the transmitting medium must be known 
very accurately if the method is to be justified. It seems there- 
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fore probable that the results of Bridgman are to be relied upon 
as regards the sign of the effect, although, as pointed out by Bridg- 
man himself, the accuracy of the method does not enable the 
pressure coefficient to be given to more than two significant 
figures. In general the work of Bridgman has been accepted in 
preference to that of Lusana, and we adopt this policy here since 
in a later note Lusana, whilst still preferring his results to those 
of Bridgman, admits that they are not really inconsistent with 
a variation of the Wiedemann-Franz ratio of the order found by 
Bridgman. It must, however, be admitted that an independent 
series of determinations by some other method would make the 
position much more satisfactory. 

The results obtained by Bridgman are summarized in Table 
XXV, in which the mean values (from 0 to 12,000 kg./cm.^) of 
the pressure coefficients of the thermal conductivities and of the 
Wiedemann-Franz ratios are included. From this it can be seen 
that the thermal conductivity may either decrease or increase 
under pressure. There is no correspondence between the effect 
of pressure upon electrical conductivity and upon thermal con- 
ductivity ; thus the electrical conductivities of copper and silver 
increase under pressure in the normal way, but their thermal con- 
ductivities diminish, whilst with tin and lead both conductivities 
increase. It can at once be seen that the Wiedemann-Franz ratio 
is not constant under pressure, a fact of great theoretical interest 
since the difference is greater than can be ascribed to the non- 
metallic part of the thermal conductivity. 


Table XXV 


Metal. 

Pressure Coefficient of 
Thermal Conductivity. 

Pressure Coefficient of 
Wiedemann-Franz Patio. 

Lead 

+ 17-3 xl0-« 

+ 6-0 xl0“6 

Tin 


+ 3-0 ,, 

Cadmium 


-17 „ 

Zinc 

+ 2-1 „ 

-2-5 „ 

Iron 

+ 3*0 ,, 

-2-6 „ 

Copper . 

-7-5 „ 

-9-3 „ 

Silver 

-3*7 „ 

-7-0 

Nickel . 

-12-0 „ 

— 130 

I*latinum 

-1*0 » 

— 

Antimony 

-21-0 

-10-0 

Bismuth 

-31-0 „ 

— 100 


In the case of lead and tin, the thermal conductivity-pressure 
curves were not exactly linear, but flattened off, so that later 



82 The Thermal Conductivity of Pure Metals 

additions of pressure had relatively less effect. This deviation 
from linearity was comparatively slight, and was within the limits 
of error of the method in the case of the otlier metals. 
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2. Bridgman. Proc, Amer, Acad, Arts Set, 1922, 57, 80. 

5. The Effect of Deformation upon Thermal Conductivity 

The thermal conductivity, like the electrical conductivity, is 
affected by tension or othcT forces causing deformation, and we 
have again to distinguish between forces acting witliin the elastic 
limit of the material, and forces which produce permanent de- 
formation. Unfortunatctly the existing data are very scanty, and 
are not always in good agnxTuent. 

The early work of A. Johnstone^ and of N. F. Smith- indicated 
that thermal conductivity is increased by tension, htit tlii.s was 
not confirmed l>y thc^ later and more a<*c*.ural(‘ work of I^ridg- 
man,* ^ who measured the effect of tension u|)on tlu* t liermal and 
electrical conductivities of the* same set of specinuuis. According 
to these results, both the tlK^rmal and elect rical conciiud ivities are 
diminished by tension in all the* nudials cxiinmied <‘xc*<*pt nickel, 
which shows the opposite effect. The two coiKiucdivities arc*, 
however, not affcicted to the same degree* by tin? ap|>Iication of 
tension, so that the Wiedcunann-Franz ratio is not constant. In 
this work it was consich^red that tlu* forces a|)piie<i were within 
the elastic limit in all cases except for aluminium, with which 
permanent deformation occurred. 

Some typical results an* s}}own in Tahh* from wliicli it 

can be seen that sometimes the thernuil c*ondu(*tivity is affected 
more than the electrical conductivity, wiuist sonu*times tint 
reverse is the case. Tlie probability that Bridgman’s work is 
correct as regards the geru'ral (*ffeet of t(*nsion on tliermal con- 
ductivity is strengthened by tlu? fact that Lees and ('altiirop^ 
found that the tliermal conductivity is slightly diuu'easeci hy 
torsion. These workers investigated the <‘ffec*t of torsion on l>oth 
elcctricial and thermal conductivities of (top|)er, aluminium, and 
lead, and found that the relative effect of torsion on tlH!rinal C!on- 
ductivity was greater than that on electrical cionduetivit y. The 
decrease in thermal conductivity was of the order of a few tenths 

* B'or a discussion of the relative accuracy of the methods see Bridgman, 
Proc, Amer, Acad. 1928, 59, 119. 
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Table XXVI 


Metal, 

Proportional Change of Specific 
Conductivity per kg.fcm,^ 

JLoad 

in 

kg.fcm.^ 

Thermal x 10®. 

Electrical x 10®. 

Aluminium 

-3-8 

— 1-8 

* 

Copper 

— 2-1 

—1-7 

1080 

Iron . 

— 1-90 

-1-82 

2050 


-2-37 

-1-80 

1025 

Palladium . 

— 0-20 

-1-52 

770 

Nickel 

-f 0-48 

4-3-3 

1900 


per cent., and was roughly proportional to the square of the twist 
for the small twists employed; these were from 0 to 1-84° twist 
per centimetre length of the test wire. These results are in agree- 
ment with those of Smith, but are not quite conclusive as to the 
effect in normal metals since the specimens were not annealed. 
They do, however, show that the Wiedemann-Franz ratio is not 
a constant under torsion. 

Measurements on single crystals of aluminium under torsion 
have been made by Calthrop,® but were inconclusive, the effect 
of torsion being sometimes positive and sometimes negative, 
and always very small and indistinguishable from that of pure 
annealed poly crystalline metal. In view of the fact that the very 
accurate work of Hanson and Gough showed that the single crystals 
of aluminium had no detectable primitive elasticity, it seems prob- 
able that the elastic limit was exceeded in the torsion experiments, 
and that the observed results were a combination of plastic defor- 
mation on the one hand, and of true elastic torsion on the other. 

As regards the effect of plastic deformation (cold-rolling, wire- 
drawing, &c.) the varying purity of the samples used by different 
workers, and also the comparative inaccuracy of thermal con- 
ductivity measurements, make it difficult to generalize, and the 
data are in some cases contradictory. According to Griineisen 
and Goens® the thermal conductivities of gold, platinum, copper, 
tungsten, and aluminium at — 190° C. are always greater for 
annealed material than for specimens of the same metals after 
hammering, drawing, or other permanent deformation. Thus a 
sample of technically pure gold, hammered and unannealed, had 
a thermal conductivity of 2*90 at — 190° C., and after annealing 
for three hours at 890° C. the thermal conductivity (at —190° C.) 

* Mean value at loads of 545 and 393 Kg./cna.^ 
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rose to 2‘93. The corresponding values at —252° C. were 3'53 
and 4-17, so that the effect is relatively greater as the tempera- 
ture is lowered. 

On the other hand, at ordinary temperatures the work of some 
investigators appears to indicate that permanent deformation 
increases the thermal conductivity of metals, and it has some- 
times been concluded that this is the general rule. Thus Calthrop 
found that the thermal conductivity of hard-drawn aluminium 
wire of 99-6% purity was 0-495, whilst the conductivity of the 
same sample of wire in the annealed state was 0-490. The posi- 
tion is thus inconclusive, and it is possible that deformation may 
increase the thermal conductivity at normal or high temperatures, 
and diminish it at low temperatures, although with some metals 
such as aluminium it is more probable that the conflicting results 
arc due to the fact that the annealing process may send impurities 
into solid solution. Thus most specimens of mmnnealed alu- 
minium, even of 99-8% purity, contain small particles of silicon, 
and of a compound FeAL, which can be detected microscopically. 
On prolonged annealing, the silicon may pass into solid solution 
with a slight decrease in ek^ctrical, and hence presumal)ly also 
in thermal conductivity. This effect w'as noticed in the work of 
Fraser described on p. 6. 

It will be noticed that all these experiments on the effect of 
pressure, tension, &c., upon the Wicdcmiann-Franz ratio have 
dealt only with the ratio as determined from the total th(‘rmal 
conductivity, and there is thus much scope for further derailed 
work in which both the metallic and non-mctallic parts of the 
thermal conductivity are considered. 
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THE THERMAL CONDUCTIVITY OF ALLOYS 


1. Primary Solid Solutions ..... 85 

2. Secondary Solid Solutions and Intermetallic Compounds . 91 

1* Primary Solid Solutions 

AS in the case of the electrical conductivity, it is convenient 
to divide the intermediate phases met with in alloy systems 
into the three classes — ^primary metallic solid solutions, secondary 
solid solutions, and intermetallic compounds. But as the avail- 
able data for thermal conductivity are so very scanty, we may 
consider all three types in one chapter, although dealing with 
each in turn. Very great care is necessary in dealing with the 
experimental results because of the varying purity of the metals 
used, and the comparatively inaccurate nature of the thermal 
conductivity measurements. In general it may be said that it is 
inadvisable to compare to more than one or two figures the abso- 
lute values obtained by different workers unless there is very 
definite evidence that their experimental methods would give the 
same results on identical specimens. On the other hand the general 
nature of the results obtained by one worker may be compared 
with those of another to a much higher degree of accuracy, since 
here any error due to one method will be the same throughout. 

In the case of primary solid solutions, the general form of the 
thermal conductivity-composition curve is the same as that of 
electrical conductivity. That is to say, the thermal conductivity 
of a metal is greatly lowered by the presence of a second metal 
in solid solution, and if the two metals be completely miscible so 
that a continuous series of solid solutions is formed, the con- 
ductivity-composition curve has the typical U-shaped form. 
Examples of this type are the gold-silver, copper-nickel, palla- 
dium-gold, palladium-silver, and palladium-copper alloys which 
have been investigated by Sedstrom’*' in 1924,^ whilst earlier work 
on these and other alloys was carried out by Schulze in 1911.^ 

* It should be noted that Sedstrom’s figures for thermal conductivity 
were not obtained by direct measurement but were calculated from thermo- 
electric measurements by a method due to Borelius {Ann. d. Physik. 1917, 
52, 308). In the case of palladium-gold and palladium-silver alloys the 
figures obtained by Sedstrom and direct measurements by Schulze agree 
as to the type of variation but differ in absolute value by as much as 30% 
in some cases. Borelius considered the method satisfactorily established. 
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As typical of these we may describe thct results for copper- 
nickel alloys shown in B'ig. 22 and Table XXVII, in which the 
values for the thermal conductivity and Wiedernann-Franz ratio 
are given. 

Tablk XXVII 


Thermal CoriductivUy and Wiedemann- Franz Ratio 
of Copper-Nickel Alloys {Sedstrom). 
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Conductivity 
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These results may he taken as typical of those found by Sed- 
strom and by Schulze for non-ferrous alloys h>rining a complete 
series of solid solutions, and tliey k^ad cjuitc* definitely' to the 
conclusion that, although both conducti\'itii‘s wluui plotted 
against the composition of the alloys show th(‘ same general 
U type of curve, the two conductivitic^s are not lowered proj[>or- 
tionally, so that the Wiedemanii-Franz ratio is not a constant, 
but rises to a maximum value. 

In the case of primary solid solutions of limited extcmt, the 
German workers have been led to the same general crirudusion — 
that is to say, the thermal conductivity^ diminishes rapidly when 
one metal dissolves in another in the solid state. As long as the 
solid-solubility limits are not exceeded, the curve connecting 
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the composition of the alloy and its thermal conductivity is of 
the same general type as that met with in the case of alloys 
forming a continuous solid solution. If the solid solution has 
only a narrow range of composition the thermal conductivity 
curves fall sharply as shown in the left-hand diagram of Fig. 23 , 
whilst if the solid solution extends farther, the characteristic 
flattening is shown as in the right-hand part of Fig. 23 . These 
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Fig. 22. Graphs showing the thermal conductivity iiC, and the Wiedemann- 

K 

Franz ratio Z = 0^ for copper-nickel alloys. 

curves may in fact he regarded simply as the end sections of the 
typical U-shaped curve found for cases of complete miscibility. 
As soon as the limit of solid solubility is reached, the alloys be- 
come heterogeneous and behave as a mixture of two phases, but 
as we are dealing here with single phases only, we shall not follow 
the complex alloys into their polyphase regions. 

While, however, the results of different workers are in agree- 
ment as to the general form of these curves, there is an apparent 
contradiction between the results for the Wiedemann-Franz 
ratio. According to the German workers, the Wiedemann-Franz 
ratio, in the case of primary solid solutions of limited extent, 
increases in much the same way as in the cases of complete 
miscibility which we have described above. Numerous examples 
of this type are given by A. Schulze in the volume of Guertler’s 
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Metallographie dealing with the thermal conductivities of alloys, 
and although there are occasional exceptions, the work leads 
unmistakably to tlie conclusion that the typical primary solid 
solution shows a Wiedemann-Franz ratio increasing with the 
percentage of the solute metaL In a ft^w cases tlie increase is 
probal)ly within the ol)vious experiiuental error of tlie methods, 
but usually this is not so, and the increase in tlie Wiedemann- 
Franz ratio is described as tlie general rule. 



Fig. 2a. Showing the of jvity eurveH found for primary 

solid fioliitions of limited extent. In ea<'h eawe the ('om’po.Hitirjn A iniirkfi the limit 

of solid s<jluhility. 

On the other hand, in a ree(nit paper l)y E. (irillitlis-' values 
are given for the thermal and electrical (conductivities of some 
non-ferrous alloys, and the conclusion is readied that the Wiede- 
mann-Franz ratio is constant within the limits of aeeuracy of the 
methods used. The majority of the alloys examined were poly- 
l)hase, hut among the results fpioted were some for primary solid 
solutions of zinc and tin in cojiper (tirasses and bronzes), and for 
various ternary alloys of eoi>pcr. From the values (ietennined 
it was concluded that for the six bronze* alloys invest igat(*d (some* 

of which were two-phase alloys) th<* Lorentz constant was 

constant to within ±‘2-5% over the range 75'' to ‘250'' t’., the 
variation being probably within the experimental error, 'rhese 
results were in agreement with one isolated determination t>y 
Lees in 1907, in which the Lorentz constant was determined a*s 
approximately 5-7j;XlO® for pun; metals, and 5*83xl0'* for a 
60; 40 brass, and also with a determination of (Irossman’s* for 
a 10% tin, 90% copper alloy. 
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It is unfortunately not possible to make a direct comparison 
between the values found by Griffiths, and those obtained by 
the German workers, since the alloys investigated were not the 
same, but the two series of experiments seem at first sight to be 
contradictory, for some of the alloys investigated by Griffiths 
contained solid solutions, and it would be a very remarkable 
coincidence if the different factors cancelled out so as to give 



Thermal conductivity K 

Fig. 24. The figures by each point give the atomic 
% nickel of the alloy concerned. 


a constant Wiedemann-Franz ratio, if the ratio for a simple solid 
solution were a variable. 

It is possible, however, that some of the apparent contradiction 
may be due to a phenomenon similar to that found by Eucken, 
and by Griineisen and Goens. If the thermal conductivity be 
composed of two factors, one of which obeys the Wiedemann- 
Franz-Lorentz Law, whilst the other is relatively small and varies 
comparatively slightly, the maxima on the curves connecting the 
compositions and the Wiedemann-Franz ratios (calculated from 
the total thermal conductivities) will be accounted for, as may 
be shown in the following way. 

Let the total thermal conductivity K be composed of a metallic 
part obeying the Wiedemann-Franz Law, and a non-metallic 
part Ki. 
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Then, the apparent Wiedeinanu-Franz; ratio based on measiire- 

K 

ments of the total thermal conductivity will be and may be 


written 


K 
C ' 


I 

-■^1 ■ 


Z+ 


C ’ 


where Z is the true Wiedemann-Franz ratio for the metallic part 
of the conductivity. 


Hence 


C 


^dll be a maximum when ^ is greatest, i.e. when 


Cis least, as in the alloys of intermediate composition. As long 
as Ki does not vary much with composition an approximately 
straight line should be obtained if the thermal and cdectrical con- 
ductivities be plotted against one another, and, as can be seen 
from Fig. 24, this is approximately the eas(‘ for th(‘ co|>per-nickel 
alloys at ordinary tc‘mj)(‘ratur(‘S. In this ease*, if the straight line 
be extra-polated it cuts th(‘ K axis at al>(>ut O-Oh, which is about 
1*7% of the total thermal conductivity of eo|>per, so that the 
non-metallic part of the thermal conductivity is comparatively 
small. 

To a liigher degree of accuracy th(‘ points do not all lie on one 
straight line, the copper-rich and nick<‘l-rich alloys forming two 
curves of slightly different slopes which coinende* for the alloys of 
intermediate composition. This indi<jates tiiat th<‘ non-metallic 
part of the thermal conductivity is not exactly (‘onstant, and 
this is only to he c‘Xp(‘cted since the work of Kuckc‘ii ({>. 77) 
showed that the thermal conductivities of pun* salts w(‘r(* lowered 
by the formation of solid solutions. Tins effec!!, may l>e exf>ected 
to become much more important at low temperatur{‘s, and a 
series of measurenumts lient would be of great interest. Ihit at 
ordinary temperatures tlie rc*sults of tlie (ierman workers are in 
general agr<‘ement witli the* eoiureption of a thermal (‘onduetivity 
composed of two parts, one obeying the \Vi(‘demann’-Franz- 
Lorent/. Law, the other part Ijeiiig comparatively small and 
appre >xi rn a tel y eon s t i in t . 

The non-metallic part of the con(lu(*tivity is tlius comparative*!}' 
unimportant in alloys which have a high th<‘rmal eondue^tivity, 
but in poor conducting alloys— such as the intermediate eoppe*!'- 
nickel alloys des(*ribed above — the non-metallic part of the* 
thermal eondiietivity is relatively much grc'ater, so that tlu* 
Wiedemann-Franz ratio rises consid<‘rahly. It is probably this 
which accounts for the apparent discrepancy !K*tw<*t*n the results 
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of Griffiths, and those of the German workers. For the alloys 
examined by Griffiths were all comparatively good conductors, 
for which the non-metallic part of the conductivity was relatively 
unimportant, and the Wiedemann-Franz ratio was thus little 
affected. It must be admitted, however, that some redetermina- 
tions of the thermal conductivities of complete series of solid 
solutions would make the position very much more satisfactory, 
but the investigation should extend over a range of temperatures. 

As in the case of the electrical conductivity, it seems probable 
that prolonged annealing may cause a change in the thermal 
conductivity of some primary solid solutions, either owing to the 
formation of definite intermetallic compounds, or to an atomic 
rearrangement giving rise to what we have defined as a sym- 
metrical solid solution. Thus in the case of the copper-gold alloys 
which are described in connexion with the electrical conductivity, 
it has been found by Sedstrom^ that annealed alloys show a 
maximum thermal conductivity at the equi-atomic composition. 
But no maxima, either for electrical or thermal conductivities, 
were observed at 25 atomic per cent, gold, suggesting that the 
annealing was insufficient to cause the full changes found by 
Johannson and Linde in their work on electrical conductivity. 

2. Secondary Solid Solutions and Intermetallic 
Compounds 

In the case of secondary solid solutions and intermetallic com- 
pounds the available data are so scanty that any generalization 
is difficult. As for the electrical conductivity, it seems to be a 
general rule that the thermal conductivity of a definite inter- 
metallic compound is always less than that of the better con- 
ducting of its two component elements, and is usually less than 
that of either element. On the other hand the Wiedemann-Franz 
ratios of intermetallic compounds appear quite indefinite, which 
is readily understood if the thermal conductivity is really com- 
posed of a metallic and a non-metallic part. Thus in the system 
antimony-cadmium, according to Eucken and Gehloff,^ the 
Wiedemann-Franz ratio for the compound SbCd is as large as 
660x10“^ whilst the ratios for the component elements are 
7*9x10“^ for cadmium and 6*2x10“® for antimony. But this is 
exceptional, and in some cases the differences between the ratio 
for the compound, and those for its constituent elements arc 
within the limits of error. It seems probable, however, that it is 
a general rule that the Wiedemann-Franz ratio is higher, the 
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lower the electrical conductivity of the cornpouncL This of course 
is at once understood, for the non-metal lie part of the thermal 
conductivity becomes relatively more important as tlie metallic 
part, and hence also the electrical conductivity, l^eeonies smaller, 
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1. General 

T he term ‘ thermo-electric properties ’ is used to cover a num- 
ber of phenomena, and in its broadest sense it may be said 
to include any thermal effect produced when an electric current 
is passed through a metal or across the junction between two 
metals, and, conversely, any electrical effect caused by the passage 
of a current of heat. The first and most characteristic effect is 
thus the Joule Heating Effect^ which is produced when a current 
is passed through a conductor, and, as is well known, the amount 
of heat produced in this case in 
unit time is equal to where 

C is the current strength, and g 
CO the actual resistance of the 
conductor. The remaining 
effects are best understood by 
considering the case of a 
simple thermo-electric circuit, consisting of two wires of dif- 
ferent metals A and B, with junctions at two different tem- 
peratures and ^ 2 * the general case, if two metals are 
joined in this way, an electromotive force is produced, and a 
current flows through the circuit. Wc shall denote the thermo- 
electromotive force of such a circuit by the symbol E, With two 
given metals at different temperatures, E is an additive quantity, 
so that the thermo-clcctromotive force with the junctions at 
and 9.^^ is the algebraic sum of the thcTmo-electromotive forces 
between and 9^, 9^ and 9^, , . . and 6.^^, In practice therefore 
we usually keep one junction at a constant temperature, generally 
0° C., and measure the thermo-elcctromotivc forces when the 
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temperature of tlie other junction is varied. In this way -we 

dE 

obtain the variation of E with 0, and tlic value of , wliicli is 

known as the thermo-electric power^ can be dc‘tcrrniiu*d either by 
drawing tangents to the curves connecting E and 0, or }>y ex- 
pr(‘ssirig the relation between E and 0 by scani-ernpirical equa- 
tions which can be differentiated. In some easels the curves 
connecting E and 6 for a particular pair of metals rise to a maxi- 
mum at a certain temperature, which is called tlie uiversion pointy 

dE 


and at this temperature 


dd 


0, and tlK^ thermo-electric |>ower, 


which wx* shall denote hy the symbol F, cihanges its sign. 

dE 

The thermo-electric power P ^ represents thc‘ rate at which 

the thermo-electromoti ve force varies witli tlie t(unj>(*rature, and 
is thtis a measure of tint sensitivity of a tlK‘rmo-eoupk* eonqjosed 
of the two metals concerned. If the th(‘rmo-ele(!tric powers of 
a metal A against two metals B and C he known, tin* tiiermo- 
clectric power of B against C is cajual to tlu^ algelvraic difference 
of that b(;tw(*cn A and //, and A aitd (\ Thus tlie thermo-ek*etnc 
power of copper against lead is f a- 1 niierovolfs i " Ch, and of 
copper against platiimm is (-T'o microvolts, so t hat tlie \'aiue for 
platinum against lead is — I'-Jif microvolts/ ' (!., since tlu‘ t wo values 
against copper show that tlie platintnn is less pcjsitive than I h(* l<*ad. 

In onier to facilitate comparison th(? values ant therefont 
generally reduced to a standard metal, and the most c^ominon 
metals used for this purpose are copper, platinum, and I<-ad. By 
convention the sign is taken as |)ositive if tiu* <turn*nt flows from 
tint given medal A to thf‘ standard nu-tal at the cold jiinetio!i. 

Tint thc‘rmo-electric foreet of a circuit, is not affoetc'd hy the 
introduction of a third medal, ]>rovid<td that the jumd ions of tliis 
metal with the otluT two metals are at the saim* temperature. 
Thus in Fig. 2Ga the thermo-electric f<aee (d the sinqile circuit 

of two metals r(‘presentc‘d and x,:.- ^ r: witli jumd ions at 

and 9.^, is the same as that of the more! complex circuit of tliree 
metals shown in Fig. 2V>h, provided tliat tie* points of contact 
A and B arc at the same tempfrratnrc*. It is for this reasoii tliat 
thermo-c<>upk*s can be connected to the terminals of galvano- 
meters witliout introducing additional elcctn>inoti\*(* forc<:‘s, 
although for really accurate work the two jumdions may have 
to be in a thermostat in order to ensure tliat thc‘y are at the 
same temperature. FTom this point of view, the advantage of 
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‘ Manganin ’ over ‘ Constantan ’ for the construction of resistance 
boxes, <&c., is that the former has a much lower thermo-electric 
power against copper than the latter. 



2. The Seeheck, Peltier, and Thomson Effects 

In the above description we have simply accepted the fact that 
an electromotive force is produced in a circuit of two metals in 
which the junctions are at different temperatures, but actually 
the process is complex, and several phenomena are superimposed. 
At present it is universally recognized that two distinct pheno- 
mena take place in a thermo-electric circuit, and it is claimed by 
some workers that two additional processes are also concerned, 
although this is disputed by others. We shall therefore adopt 
the policy of describing first the effects about which there is 
general agreement, and later those which are uncertain. 

The Seeheck and Peltier Effects. 

The discovery that an electromotive force is produced in a cir- 
cuit of two metals with the junctions at different temperatures 
was made by Seebeck in 1822, and in 1834 it was shown by 
Peltier that when an electric current is passed across the junction 
between two metals, heat is absorbed when the current is passed 
in one direction, and evolved when the current flows in the 
opposite direction. This reversal of the heat change with the 
direction of the current enables the so-called Peltier Effect to be 
distinguished from the ordinary Joule Heating Effect. The heat 
evolved or absorbed by the Peltier Effect varies directly with the 
current strength, and the Peltier Constant IJ is defined by the 
equation q ^ 

where Q is the heat evolved or absorbed by the passage of a 
current I for a time t. 

Expressed in milli-calories /coulombs, the value of U is usually 
of the order OT to 3*0 for combinations of pure metals, but may 
be greater when one of the borderline metals such as antimony, 
bismuth, or silicon is involved, whilst when alloys containing 
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solid solutions or intermetallic compounds are used the values 
may be still higher. 

The Peltier Constant varies greatly with the temperature, and 
except at very low temperatures 77 generally increases with rise 
of temperature (sec p. 90). 

The Thomson Effect. 

The Seel)cck and Peltier Effects refer exclusivelv to junctions 
between two metals, l)ut in 185-t it was shown by Thomson that 
when a current of electricity flows down an um*c|ually heated 
wire, a transference of heat takes place. In some metals, such as 
copper, when the current is pass(‘d from a hot to a cold part, 
heat is evolved just as though the eli‘ctri(!:ity possc‘ssed a positive 
specific heat, l)ut in other metals, such as iron, the effect is in the 
opposite direcition, and heat is al>sorbed when the current passes 
from hot to cold. This phc*nom<‘non is known as tlict Thomson 
Effect^ and tlie Thomson Coefliciient a is defined by the relation 

dO 


Q- 




where Q is the heat carri(‘d by a currcuit /, in time along a wire 

of temperature gradient a may he mf‘asurc*d in micro- 

calories /coulomb C., or alternatively, if tin* energy is (*xj>ressed 
in electrical units, fx may be measur(‘<i in micro-volts/"'' ('. 

Confusion may, however, be eauscKl l)y tli(‘ sign of t lie c<H‘flicient. 
In the majority of tin* ohhT tables a positi ve '’Fliomson eoeliieient 
means that hc*at is evolved wlien lh<* current flows from hot to 
cold, so tliat an electrics current flowing witii the hc*at current 
may b<‘ said to assist the* transpf)rt of heat. SinfM*, howevf*r, th(‘ 
negative? ek'ctrons which carry the* f*le*f*trieity nK>ve* in the* e)ppo- 
site dir(*ction to the eurre/nt, some writers j)refe*r to give* a |)ositive* 
Thomson coeflicie^nt te> those? nu‘tals in whi(‘h the passage* of 
electrons from hot tej eolei eaust*s }ie*at (*volution, but we shall not 
use this (?onvention here* unle‘ss it is expr{*ssl\' sfatc*d.’*‘ 

For nK>st normal metals the* effect is small, and a is of the ord(*r 
OT to 10*0 rnicre>-volts C., i>ut tliere is no obvious relation 
between the |>osition of the m(?tal in the* Pe*riodic? Tiihle and the* 
positive or negative? sign ol the* c*o<*fhci<*nt, ex(‘e*|)t t hat tin* border- 

* Tliis c?(>iivc*ntJe)n has been adopted l>y the c-oiiipilers of the International 
Critical Tables, with the? restdt tiiat the sijjrns jiiven for Uie* ''rhonisoii eo- 
eiheients arc the opposite ed’ those in the earli<‘r Laneioli's Tai>les, and most 
of the literature. 
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line metals such as arsenic, antimony, and bismuth all show 
abnormally large effects. Unlike the Peltier coefficient the Thom- 
son coefficient at ordinary temperatures is but little affected by 
temperature, although at lower temperatures changes occur. 
For metals with positive coefficients, according to Borelius and 
Gunneson,^ the Thomson coefficient tends to become smaller at 
low temperatures ( — 100° C. to — 150° C.) and may sometimes 
change sign. 

As will be seen from the description on p. 102, the thermo- 
electric measurements at very low temperatures indicate that the 
effects are complex in this region. 

The coefficient a is sometimes called the 'Specific Heat of 
Electricity’ in the metal concerned, since it indicates the heat 
change involved when the current of electricity flows from one 
temperature to another. 


Relations between the Peltier and Thomson Effects and the Thermo- 
Electromotive Force, 

The thermo-electromotive force E, the thermo-electric power 
P, and the Peltier and Thomson coefficients II and a can be 
related by arguments based on the first and second laws of 
thermo-dynamics. For this purpose we consider a thermo-electric 
circuit composed of two metals A and B, with junctions at tem- 
peratures S and 0-{-dd, the corresponding Peltier coefficients being 
n and n+dn, and the Thomson coefficients of the two metals 
and Then since, according to the first law of thermo- 
dynamics, energy cannot be destroyed or created, the electrical 
energy generated in the circuit must be equal to the heat ab- 
sorbed, so that dE = dn+{a^—as)d9 (1) 

If now we consider the circuit as a reversible engine, we have 

dO 

according to the second law of thermo-dyiiamics = 9, so 

that 

n n+dn 

e ' e' dd 

Hence, by combining (1) and (2), 


( 2 ) 


de 

where P is the thermo-electric power, and also 

AP 


A 


dd 


(3) 


(4) 


S3 70 


H 
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Consequently, if we can express the relation between E and B 
by some empirical equation, such as E — then tlie 

first differential of this will enable us to obtain /I by means of 
equation (3), w-hilst the second differential will, by means of 
equation (4), enable us to obtain the difference; l>ctween the 
Thomson coefficients for the two metals. The above line of 
reasoning involves the assumption that the reversible thermo- 
electric effects can be considered independently of the; ordinary 
thermal condtiction and Joule Heating Effect, and is tlierefore not 
entirely satisfactory,* but equations (3) and (4) have been shown 
to hold true within the limits of accuracy of the expc^rimental 
methods, the chief work in this connexion being <lue to Jahri,- 
Battelli,^ lieck,^ Caswellf and Boreiius.^^ From the; al)ove equa- 
tions it will be seen that the Peltier heat becomes zero at the 

inversion -point at which 0. 

dO 
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General Effect of Temperature 

At normal or high teunpe^ratures the relations between the 
th<;rmo-(;lectrornotivc force of a thermo-couple and the difference 
lK‘tw(‘C‘n tin* t(‘rnpcraturc‘S of the hot and cold junetionsj cannot 
he expr(*ss{;d by any gen(*ral law or cqtiation. In many cases, to 
a first apf)rf)ximation E may be r(‘gard(‘d as varying linearh^ with 
0 ov(‘r small temiperature ranges, whilst to a higher degree of 
ac;cura.ey a |)aniboIic law is in better agrenunent with the facts. 
Of these scmii-cunpirical e(piations, one of the }>(‘st known is that 
due to AvenariusJ which may be written in tlie form 

E — - at~\~btr 

where t is ilK‘ temp(*rature in degrees C(‘ntigrade. But this is to 

* This point is discussed later; see pa^^e 202. 

t The paper Ijy (’aswell {Phys. Rev, 1911, 33, 379) contains an interesting 
summary <jf mueli work in this connexion. 

i In what follows we shall assume tlie cold junction to be at 0° C. unless 
stated otherwise. 
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be looked upon as purely empirical, and other equations have 
been suggested, although all are empirical in nature. Examples 

= E = a-\-ht+ct^+dfi. 

h 

log E = a-f- - +c log t. 

% 


As regards the magnitude of the effect with pure metals, 
Pelahon^ has investigated thermo-couples of many metals against 
platinum, and finds that the results can be expressed by relations 
of the type 


E = 


2) X 10-8 


where t is the temperature in degrees centigrade, and the con- 
stants a and h for the different metals are of the order a = 10^- 
108, whilst h is of the order unity. The thermo-electric power is 
thus of the order lO-^-io-®, so that a thermo-couple of two 
normal metals gives an electromotive force of from 10 “^ to 10-8 
milli-volts (or 1-10 micro-volts), for a difference of 1° C. 

If the thermo-electric powers of the different metals against 
some standard metal be plotted against the atomic numbers, no 
very definite periodic or other relationships appear to exist. 
Abnormally large values are shown by the borderline metals 
silicon, antimony, and bismuth, although the direction of the 
abnormality appears indefinite. With platinum as the standard 
metal the thermo-electric powers of silicon,* antimony, and bis- 
muth at 0° C. are of the order -4-450, +50, and — 70 micro- 
volts /° C. The alkali metals lithium, sodium, potassium, and 
rubidium, and also the magnetic metals iron, nickel, and cobalt, 
show abnormal values, although not to such a marked extent 
as in the case of the silicon or antimony, but again there 
appears to be no definite connexion between the abnormality and 
the Periodic Table. Thus with platinum as the standard metal, 
the thermo-electric powers of iron, cobalt, and nickel are of the 
order +20, — 15, and — 15 micro-volts C., whilst for the alkali 
metals the values are Li +14, Na— 2, K — 9, Rb — 3, Cs+3. 
Taking the results as a whole one can only say that, at ordinary 
temperatures, the thermo-electric power between two pure metals 
very seldom exceeds 10 micro-volts /° C., but that marked excep- 
tions are shown by the borderline metals silicon, antimony, and 
bismuth, and, to a lesser extent, by the alkali metals and by iron, 


* The results for silicon are greatly affected by the exact purity of the 
specimen, and both highly positive and negative varieties can be prepared. 
(Fischer and Baerwind, Z. Anorg, Chem. 1913, 81, 243; 1916, 97, 56.) 

H 2 



100 Thermo-Electric Pf'operties of Metals and Alloys 

nickel, and cobalt. It seems to be quite certain that no simple 
connexion exists between the valency and the thermo-electric 
power of a metal at ordinary temperatures. Thus the thermo- 
electric powers of copper and zinc against platinum are almost 
identical, whilst cadmium is slightly more positi\'e than silver, 
and mercury considerably less positive than gold. 


Abnormalities in the Neighbourhood of the Melting-Point. 

In most cases the semi-empirical formulae to whieli we have 



Fic;. 27. Thermo-electric power of alkali metals against p>latiniirn. 

referred cover the experimental data satisfactorily at ordinary 
or high temperatures, l)ut with some metals an al)normal in- 
crease in the thermo-electric power is (>bserv(*d as the melting- 
point of the metal is approached. This phenomenon is par- 
ticularly marked in the case of the alkali metals whic*h have been 
investigated by Bidwell,^ whose results are shown in Fig. 27. 

In this case the thermo-electric power eurve^s for the solid 
metals show slight changes of direction at certain temperatures 
well below the melting-point, ancl this was taken l)y Bidwcll as 
an indication of the existence of polymorphic transformations 
in these metals. Of much greater interest, however, is the fact 
that an abnormal increase in the thermo-electric power begins 
to occur about 10"^ below the melting-point, as can readily be 
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seen from Fig. 27. This abnormal increase in the thermo- 
electric power is accompanied by an increase in the resistance, 
and by a fading out of the X-ray diffraction patterns, although 
these are sharp at low temperatures. If the metals are pure, the 
melting-point is quite sharp, and the actual fusion takes place at 
constant temperature, but the changes in the electrical pro- 
perties and X-ray diffraction patterns appear to indicate that a 
general loosening of the lattice occurs at least 10° C. below the 
melting-points . 

With the alkali metals it will be seen that a distinct change 
in the direction of the thermo-electric power curves takes place 
at the melting-point. With other metals this change in direction 
is less marked although it is still observed. A point which may, 
however, at first seem puzzling is that if the thermo-electric 
force of a thermo-couple be measured with the hot- junction at 
increasing temperatures, no sharp break or discontinuity is ob- 
served when one metal melts. If, for example, one determines 
the electromotive force of a thermo-couple of platinum and lead 
with the cold junction at 0® C. and the hot junction at increasing 
temperatures, one obtains what is practically a smooth curve 
with a slight inflexion, but no sharp break or discontinuity when 
the hot junction reaches the melting-point of lead (327°), This, 
however, is due to the fact that in any such thermo-couple with 
junctions at two temperatures, there are two places where solid 
and liquid join. Thus if the lead wire be contained in a narrow 
glass tube with the platinum wire making contact at either end, 
and if the hot junction be above the melting-point of lead, there 
is not merely a junction of solid platinum— liquid lead, but also 
at some point in the tube containing the lead, there is a junction 
solid lead-liquid lead. As long as the hot junction is at the melt- 
ing-point of lead, the presence of molten lead can have no effect 
on the thermo-electric force because it is simply equivalent to 
placing a new metal in the circuit, both junctions of the new 
metal being at the same temperature. By increasing the tem- 
perature of the hot junction above that of the melting-point of 
lead, we can obtain an indication of the difference in thermo- 
electric properties of solid and liquid lead, but, as we have 
already indicated, these differences are slight for most metals. 
Exceptions are, however, shown in the case of bismuth, where the 
thermo-electric power changes sign at the melting-point, so that 
there is a sharp break in the thermo-electric power curves. With 
accurate work there is always a break in the thermo-electric 
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power curve at the melting-point, although, as in Fig. 27, this 
may often appear to be smoothed out if tlie observations are not 
made at sufficiently close intervals. But in tlic general case the 
break is slight, and it is one of the characteristics of the pheno- 
menon that the thermo-electric powers of solid and liquid are 
nearly the same. 

Effects at Low Temperatures. 

In general very little systematic work appears to have been 
carried out on thermo-electric properties at low temperatures, 
and most experiments have been made in order to test conclu- 
sions based on the heat theorem of Nernst. According to this 

dE 

theorem, the thermo-electric power, should vanish at the 

absolute zero of temperature, so that the curves connecting E 
and 6 should become horizontal at very low temperatures. 

According to Onnes and Holst'* many disturbing effects are 
present when wires are used at the very low temperatures of 
liquid helium, but from measurements of the thermo-electric 
force of various metals against platinum th(‘y conclude that in 
the general case the E, 0 curves become horizontal, so that the 
thermo-electric power vanishes, as the absolute zero is ap- 
proached. An exception was shown by a thermo-couple of 
platinum and gold for which the thermo-electric power retained 
a finite value at 2*26'^ Abs., althoxigh a slight flattening of the 
curve was apparent. The more usual fall in the thermo-electric 
power in the region of the absolute zero naturally means that 
most thermo-couples are unsuitable for measuring the lower 
temperatures ol)tained by means of liquid helium. 

At the slightly higher temperatures of liquid hydrogen (and 
also at the higher helium temperatures) the thermo-electric pro- 
perties become considerably modified, and the exact relations 
between temperature and thermo-electromotive force ]>ecome 
complex. In the case of the metals such as nickel and iron for 
which the thermo-electric power against the normal medals at 
ordinary temperatures is unusually high, the tendc^ncy, according 
to Wietzel,*"' is for the thermo-electric power to diminish steadily 
as the temperature fails, and the same applies to thermo-couples 
of alloys, such as copper-constantan, which at ordinary tem- 
peratures have high thermo-electric powers. The exact relations 
are, however, complex and prevent many of these thermo- 
couples from being suitable at low temperatures. Thus Onnes 



Thermo-Electric Properties of Metals and Alloys 103 

and Clay® found it necessary to use a formula involving five 
constants in order to express temperatures in terms of the 
thermo-electromotive force of a copper-constantan couple, and 
even so the agreement was not always very good, although this 
thermo-couple, and also one of manganin-constantan, retained a 
sufficient thermo-electric power for them to be used at very low 
temperatures. A thermo-couple of silver and gold, on the other 
hand, although suitable at the higher temperatures obtained 
with liquid helium, could not be used at the lower helium tem- 
peratures. 

Borelius, Keesom, and Johansson’^ have investigated the 
Thomson effect in copper at temperatures down to —206° C. 
In this case the Thomson coefficient, which is positive at room 
temperatures, becomes zero in the neighbourhood of —140° C., 
and then reaches a minimum value at about —180° C. As the 
temperature is lowered further, the curve for the Thomson co- 
efficient rises steeply, the effect becoming zero again at about 
— 195° C., and then acquiring a large positive value at still lower 
temperatures. The same kind of variation was found in the case 
of silver alloyed with small amounts of gold, but in the case of an 
alloy of copper with a little gold the variation was more com- 
plex; the coefficient remained positive throughout, but first 
diminished to a flat minimum at about —140° C., and then rose 
steeply to a sharp maximum in the region —230° to —240° C., 
after which it fell rapidly to an almost zero value at — 255° C. 
All these effects are thus very complex, and, as yet, compara- 
tively little understood. 
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4. The Effect of Pressure upon Thermo-Electric Properties 

The thermo-electric properties of metals are affected by 
pressure although the underlying principles of the variation are 
not yet understood. The first work in this connexion is due to 
Wagner/ who used pressures up to 300 kg./cm.^ at temperatures 
from 0° C. to 100° C., and concluded that the effect was a linear 
function of the pressure within the limits 
of accuracy of the methods used. A more 
detailed investigation up to 12,000 kg, /cm.- 
was made by Bridgman, and, as this work 
confirmed the results of Wagner for low 
pressures, we shall refer only to these 
experiments. 

In this work the method used is to take 
a thermo-couple with wires made of the 
same metal, and then to compress one 
limb. The apparatus consists of two heavy 
cylinders A and B connected by a heavy 
tube, the two cylinders being kept at dif- 
ferent temperatures and by means 
of thermostats, the lower temperature 
being 0° C. The wire to be examined 
runs through the tube but insulated from 
it. The wire is metallically connected to 
the inside of the upper cylinder, but passes 
out of the lower cylinder by means of an 
insulating plug of which a length of nickel 
steel B C forms the stem. The circuit out- 
side the cylinder is completed by a wire of 
the same metal making connexion through 
the insulating plug at the lower end, and directly with the 
steel cylinder at the upper end at jP. The galvanometer (G) 
and potentiometer (P) are then joined by copper leads making 
contact at E and D which are kept at the constant temperature 
Ti. The hollow cylinders and tube are then connected to the 
pressure apparatus. In this way the two places where there are 
stress changes, namely between A and P, and between B and C, 
are each in a thermostat, and thermo-dynamic reasoning shows 
that under these conditions the stress gradients can produce no 
electromotive force, so that the circuit simply gives the electro- 
motive force of the uncompressed metal against the compressed. 
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In expressing the results, the following conventions are used. 
The thermal electromotive force of the circuit is called positive 
if the current flows from uncompressed to compressed metal at 
the hot junction, and the Peltier Heat is considered positive if 
heat is absorbed by the current on flowing from uncompressed 


to compressed metal. 


A positive ^ 


means a larger Thomson 


Heat in the compressed than in the uncompressed metal, and as 
before the Thomson Heat is called positive if heat is evolved 
when the current flows from hot to cold. 



The general nature of the results obtained for most metals 
will be understood from Fig. 29, which shows the results obtained 
for lead. In the majority of cases the effect of pressure is positive, 
using the conventions as to sign described above. Exceptions are 
shown by magnesium and cobalt for which the effect is negative 
at all pressures up to 12,000 kg. /cm.^, and by iron, aluminium, 
and tin for which the results are much more complex. 

The normal effect of pressure upon the Peltier Heat is also 
positive, that is to say heat is evolved by the current in flowing 
from compressed to uncompressed metal. This can be seen from 
the shapes of the lines in Fig. 29, but exceptions are shown by 
tin, magnesium, and cobalt. 

The effect of pressure on the Thomson Heat is also generally 
positive, but exceptions are shown by cobalt, iron, and bismuth. 
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The shapes of the curves connecting the Peltier and Thomson 
Heats at different temperatures and pressures are, however, very 
complicated and irregular, and it does not seem possible to 
express these variations in any general way. 

As regards the magnitude of the effect, a pressure of 10,000 
kg,/cm.^ produces a thermo-electromotive force of from 1 to 20 
micro-volts for a difference of 100® C. between the hot and cold 
junctions, so that the change in thermo-electric power is about 
0-01 to 0*2 micro-volts/® C. for 10,000 kg./cm.^ or from 1 X 10""® 
to 20x10“® micro-volts /°C. 1 kg./cm.^, but abnormally large 
values are found for bismuth. 

In the case of the normal metals, the slope of the E.M.F. 
temperature curves at any given pressure increases with the 

d^E 

temperature giving a positive value of , and hence a positive 

Thomson coefficient. At any given temperature of the hot junc- 
tion the slopes of the E.M.F. pressure curves diminish with 
increasing pressure, so that the effect is not really a linear func- 
tion of the pressure as was assumed by Wagner, the higher 
increments in pressure producing relatively less change. In the 
case of iron, aluminium, and tin, the temperature-pressure 
E.M.F. relations are however much more complicated. 

Bridgman was unable to find any correlation between the 
effect of pressure upon the electrical resistance and thermo- 
electric properties of the different metals, and concluded that 
the thermo-electric effects were quite irregular and very com- 
plicated. 
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5. The Effect of Deformation 

The thermo-electric properties of metals are affected by de- 
formation, and although the changes are small, they are relatively 
very much greater than those which deformation produces in tlie 
resistance. These changes arc met with by many workers who 
use thermo-couples for accurate purposes, because the mere 
bending of the thermo-couple junction may alter the exact 
calibration. According to Neumann^ the thermo-electric power 
may be as high as 2*6 micro-volts per ® C. for a thermo-couple of 
which the wires are of the same metal, but in which one wire is 
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rolled, and the other annealed. This figure is as high as the 
thermo-electric powers between many normal metals, and may 
serve to illustrate the danger from spurious effects which may 
arise in really accurate work unless the utmost precautions are 
taken. The sign of the thermo-electric power of the deformed 
against the undeformed metal is not always the same, showing 
that the effect is highly complex, and this was confirmed by 
Bridgman, 2 who investigated the electromotive force of thermo- 
couples of which the wires were of the same metal, but in which 
one wire was under tension, and the other not. In this case the 
effect of tension was to create an electromotive force between the 
stretched and unstretched wires, but the results were complex, 
and differed from one metal to another. 

In general it may be said that the effects of deformation upon 
thermo-electric properties are but little understood, although 
the available data seem to make it clear that the conductivity 
and thermo-electric properties are affected quite differently. 
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6. The (so-called) Homogeneous Thermo-Electric 
and Electro -Thermic Effects 

In the preceding sections we have seen that when temperature 
differences exist at the junctions of a circuit of two metals, the 
Seebeck or Peltier electromotive forces are produced, and we 
may now consider whether any corresponding electromotive 
force can be obtained by temperature differences in a homogeneous 
circuit, made entirely of the same metal in the same condition. 
Unfortunately the experimental evidence on this point is very 
conflicting, and the different investigators are not in agreement. 
For many years the existence of such forces was considered to 
be impossible, and this conclusion was summarized in the Law 
of Magnus, according to which no thermo-electric currents can 
exist in a circuit of perfectly homogeneous metal, whatever may 
be the temperature distribution. In the course of the last 
fifteen years, however, it has been claimed by Benedicks,^ that 
when a markedly unsymmetrical temperature gradient exists in 
a homogeneous circuit, a thermo-electric current is produced, as 
the result of the so-called homogeneous thermo-electric effect. 

The experimental methods used in order to detect these effects 
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are unfortunately open to considerable criticism. The general 
method employed in order to obtain a highly unsymmetrical 
temperature gradient is to heat bars or rods of metals in which 
one part is locally constricted as in Fig. 30. 

In this case if the metal on one side of the constriction be 
heated, and that on the other be cooled, a very high temperature 
gradient must be produced in the narrow portion. An alternative 
method is simply to take two wires, and to lay the one across the 
other, forming the so-called ‘thermo-electric cross’ (‘Drossel- 
Icreuz’) in which the narrow point of contact gives a high tem- 
perature gradient when one of the wires is heated. Under these 
conditions Benedicks has shown that a difference of potential is 
produced, and may in some cases be as great as that of an 
ordinary thermo-couple. Thus with a thermo-electric cross of 


Fig. 30. 

tungsten wire with one limb near the junction heated to 900® C., 
an electromotive force of the order 20 milli-volts could be 
obtained, and it was considered that the low conductivity of 
tungsten oxide made it improbable that an oxide film was 
responsible for the effect, although whether this conclusion is 
justifiable for a film of which the thickness is of the order of a 
few atoms is distinctly questionable.* Benedicks showed further 
that similar effects could be obtained with a platinum cross in 
which the wires were welded instead of merely being laid upon 
one another, and also by liquid mercury in a tube with a con- 
striction. 

Benedicks found that in all cases the sign of the homogeneous 
thermo-electric effect is the same as that of the Thomson co- 
efficient of the metal concerned, positive Thomson coefficients 
in the case of copper and lead being accompanied by a positive 
thermo-electric effect; i.e. the hot wire of the thermo-electric 
cross acts as the positive pole if the two wires are joined to 
a galvanometer. This means that negative electrons flow from 
hot to cold across the steep thermal gradient at the cross. 

The Homogeneous Electro-Thermic Effect. If the homf)geneous 
thermo-electric effect really exists, it implies that a temperature 

* It is to be noted that Bidwell has shown that some metallic oxides 
have remarkably high thermo-electric powers. 
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gradient in a homogeneous metal produces an electro-motive force 
just as an electro-motive force is created when the two junctions 
of a thermo-electric circuit are at different temperatures. In 
this case we may describe the thermo-electric effects by means of 
the following table : 


Effects, 

Thermo-Electric Effects, 

Heat Current Causes Electric 
Current 


The Metallic Circuit is 
Homogeneous Heterogeneous 

(1 substance), (2 substances). 


Benedicks (1916) Seebeck (1821) 


Electro-Thermic Effects, 

Electric Current Causes Heat Thonason (1856) Peltier (1834) 
Current 


This scheme is not, however, entirely satisfactory, for the 
following reason. The Peltier Heat produced by the passage of 
a current across the junction of two metals is observed whether 
the circuit is initially at the same temperature or not, but, on 
the other hand, the Thomson Heat is only shown when there is 
initially a temperature difference in the conducting wire. Bene- 
dicks considered this to be anomalous, and therefore argued that 
just as the Peltier Effect takes place when the circuit is initially 
at constant temperature, so there should be a homogeneous 
electro-thermic effect as the result of which a current of 
electricity flowing down a conductor at uniform temperature 
should produce a transference of heat. This conclusion is in 
many ways rather striking, for it implies that if we take a per- 
fectly homogeneous wire at constant temperature, and under 
absolutely uniform external conditions of cooling, &c., the 
passage of a current of electricity will not create a uniform rise 
in temperature owing to the Joule Heating Effect, but will pro- 
duce a temperature gradient along the length of the conducting 
wire. In other words we can only have a steady state in which 
an electric current flows down a wire at constant temperature if 
we deliberately cool the wire in such a way that more heat is 
removed from some parts than from others. 

The first experiments of Benedicks were carried out with a 
strangulated wire of the type shown in Fig. 31, thermo-couples 
being placed on opposite sides of the constriction. Under these 
conditions a temperature difference was observed which was 
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proportional to the current density in the narrow portion (i.e. 
the current per unit cross-section), and proportional to the length 
of the constriction. In the same way when a current was sent 
through a thermo-electric cross with thermo-couples in thermal 
(but not electrical) contact with the ends (Fig. 32), a difference 
in temperature was observed which, as in the first experiment, 
was in the opposite direction to any effect to be expected from 
a spontaneous Thomson Effect due to the Joule Heating of the 
narrow portion. 

All these methods were, however, clearly unsatisfactory, for if 

the homogeneous electro - 
thermic effect really exists 

wire of uniform section, 
and the use of constric- 
tions or crosses only serves 
to add an unnecessary 
complication. In a later 

X Galvanometer P^-per Bencdicks claimed 

to have confirmed the 
effect by an experiment 
in which a long length 
(500 cm.) of constantan 
wire was bent into a U- 
shape, and connected to 
copper leads, and the two 
junctions of a thermo- 
Fig. 32. couple were placed in ther- 

mal contact with the ends, 
but were insulated electrically. A current of 0*25 amperes was then 
passed through the long wire, and a difference in temperature 
between the ends was recorded, and was due chiefly to the Peltier 
effects between the copper and constantan, which served to pro- 
duce heat at one junction, and to absorb it at the other. According 
to Benedicks, if the Peltier Effect were the only one acting, this 
effect must continually decrease as the thermo-couple junctions 
are moved uniformly towards one another from the ends of the long 
wire, and the effect should vanish asymptotically as the thermo- 
couple junctions approach one another at the middle of the wire. 
Actually, however, Benedicks found that the temperature differ- 
ence vanished when the thermo-couple junctions were 380 cm. 
apart, the sign of the temperature difference then changing, 
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rising to a flat maximum, and sinking rapidly to zero as the 
thermo-couples approached one another in the middle of the 
wire. It was claimed that in this last case the temperature 
difference represented the pure electro-thermic effect and was 
proportional to the distance between the thermo-couple junc- 
tions, but this last conclusion was based on only a few observa- 
tions, and appears distinctly questionable. It is to be noted that 
Benedicks’s assumption of the temperature distribution if no 
homogeneous electro-thermic effect existed is not really justified, 
for, in the first place, the Peltier Effect itself depends upon the 
temperature, so that the heating and cooling effects at the two 
ends of the wire will be unequal as soon as the experiment has 
proceeded for a definite time, whilst apart from this the tem- 
perature gradient due to the Peltier effects at the two ends will 
make the resistance, and hence the Joule Heating Effect, vary 
along the length of the wire, although in the case of constantan 
this particular effect is probably negligible. 

The Genuine Nature of the Homogeneous Thermo-Electric and 
Electro-Thermic Effects, 

In the preceding pages we have described the claims of 
Benedicks that these so-called homogeneous effects are genuine, 
but it must be admitted frankly that many scientists consider 
that all of the phenomena are due to other causes such as strains 
in the wires, oxide films, &c. As regards the homogeneous thermo- 
electric effect there seems to be little doubt that the methods 
involving thermo-electric crosses, or locally constricted wires, are 
bad in principle, since the constrictions can only serve to intro- 
duce secondary effects. In this connexion a very interesting 
paper has appeared by Terada, Tsutsui, and Tamano,^ who 
deliberately avoided the constriction principle, and used wires 
of uniform cross-section in which either a symmetrical or an un- 
symmetrical temperature gradient could be produced by means 
of suitable heaters. It was then shown that when wires of 
different metals were heated so as to produce an unsymmetrical 
temperature gradient, thermo-electromotive forces were pro- 
duced, but that these underwent a periodic fluctuation as the 
position of the heater was moved along the wire. They then 
investigated the effect of symmetrical heating, and found that, 
as the heater was moved along the wire, a periodically fluctuating 
electromotive force was again obtained with copper, silver, and 
tungsten, although with aluminium this effect was smaller. 
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This ‘ symmetrical effect ’ was larger than any possible Benedicks 
Effect even if the latter did also occur with unsymmetrical heat- 
ing. After discussing and examining various possible causes of 
the periodic symmetrical effect, the authors concluded that it 
must be due to the manufacturing process having produced a 
quasi-periodic fluctuation in the average orientation of the 
crystals along the wire, some preferred orientation remaining 
even after re-crystallization by annealing, since the symmetrical 
effect was found in annealed as well as in hard-drawn wire. In 
a iater paper^“ it was considered that in some cases (e.g. 
nickel) the drawing process affected the surface of the wire, and 
that this was the cause of the effect. Whatever may be the 
correct explanation, these experiments are of great interest as 
showing the way in which spurious electromotive forces can be 
produced in what may appear to be entirely homogeneous wire 
heated perfectly symmetrically. They certainly throw great doubt 
as to the value of results obtained with constricted specimens. 

As regards the possible effect of oxide films in connexion with 
the thermo-electric cross, Benedicks^ has examined the pheno- 
menon in a high vacuum, and claims that the magnitude of the 
electromotive force is but little affected. Unfortunately the test 
was made with graphite, and not with a normal metal, and the 
readings themselves varied considerably with rising and falling 
temperature, so that the experiment is hardly conclusive for 
ordinary metals. The experiments with welded crosses are also 
unsatisfactory, since it is very seldom that welded metal has 
the same properties as the metal to which it is joined. 

As regards the effect with liquid mercury it is to be noted that 
Benade^ could not detect a thermo-electromotive force in an 
experiment in which a temperature gradient of at least 600° C. 
per mm. was produced by means of an apparatus in which threads 
of mercury in hot and cold tubes were joined by a pin-hole in 
a sheet of mica. This investigator considered that the results of 
Benedicks were probably due to an ordinary thermo-electric 
effect between the mercury and the slate container. Tsutsui''' 
has obtained conflicting results with mercury in glass tubes, and 
also suggests that electromotive forces exist between the glass 
and the mercury. It is generally accepted that the presence or 
absence of the effect in a liquid metal is a crucial test, but it 
seems doubtful whether this is really so when constrictions 
and high-temperature gradients are involved, since convection 
currents and capillary phenomena may play a part. 
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On the whole, therefore, it can only be concluded that, con- 
sidered purely from the experimental point of view, and neglect- 
ing theoretical considerations, the genuine existence of a homo- 
geneous thermo-electric effect is at present ‘not proven’. The 
strongest evidence in favour of the genuine nature of the 
phenomenon is the correspondence between the sign of the 
effect with that of the Thomson coefficient, although this has 
not really been tested for a large number of metals. But apart 
from this the position is very unsatisfactory, since the smallness 
of the electromotive forces makes it possible that they may be 
due entirely to secondary effects which have in all too many 
cases not been tested for critically. 

For some curious reason, the so-called homogeneous electro- 
thermic effect has not aroused so much interest, although it is 
really just as fundamental as the homogeneous thermo-electric 
effect, since the electro-thermic effect implies that an electric 
current cannot flow down a wire without transporting heat. 
The first experiments of Benedicks with constricted specimens 
are clearly open to objection. In the case of the homogeneous 
thermo-electric effect, there was at least some justification for 
using constricted specimens in order to secure the necessary 
steep temperature gradient. But in the homogeneous electro- 
thermic effect, no initial temperature gradient is required, and 
the use of a constriction can only serve to introduce secondary 
phenomena. The later experiments with the long wire are of 
much greater interest, but, as we have already shown, the 
method is open to objection from one or two points, and as 
Bridgman® has failed to confirm the experiment, a repetition 
with full testing for all possible secondary effects is much to be 
desired. 

There is thus much scope for further examination of these 
most interesting effects, and it is to be hoped that a complete re- 
investigation will be made, since, from many points of view the 
phenomena are of fundamental importance. It is, however, 
essential that such an investigation shall be made with full 
attention to the numerous possible secondary effects, and that 
normal metals shall be investigated as well as the borderline 
metals such as bismuth or graphite. The work of Tcrada, 
Tsutsui, and Tamano, in which an investigation of unsymmetrical 
heating was accompanied by one of symmetrical heating, is a 
most excellent example of the way in which the problem should 
be attacked if the true answer is to be obtained* 


3370 
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7. Results for Single Crystals 


In the preceding sections we have referred only to the metals in 
their normal polycrystalline condition, but some thermo-electric 
properties of single crystals have now been investigated, and 
the results are of great interest. The first detailed work was due 
to Bridgman,^ who examined the thermo-electromotive force 
against copper of single crystals of bismuth, zinc, cadmium, and 
tin. These experiments were, however, confined to a small 
temperature range, and a much more detailed investigation for 
zinc and cadmium was made later by Gruneisen and Goens,^ 
whose results confirmed the general conclusions of Bridgman, 
although not the exact numerical values. The work of Gruneisen 
and Goens was carried out between the temperature limits 
—253° C. and +100° C., and their results at the higher tempera- 
tures agreed with some measurements on zinc crystals made by 
Linder^ at temperatures from 0° C. to 300° C. Gruneisen and 
Goens measured the thermo-electromotive force of copper against 
single crystals of different orientation, and then assumed that the 


thermo-electric power 
of Voigt so that 



obeyed the symmetry relations 


= Fj, cos^ <j>+P_^ sin^ <!> 


where Fjj and are the thermo-electric powers parallel and 
perpendicular to the axis of symmetry, and the power in a 
direction making an angle ^ with the principal axis. In this way 
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they calculated the thermo-electromotive force, the thermo- 
electric power, the Peltier Heat, and the difference between the 
Thomson heats for the two directions parallel and perpendicular 
to the principal axis in the single crystals of zinc and cadmium. 

Fig. 33 shows the thermo -electromotive forces between the two 
principal crystallographic directions in this case, a positive sign 



-273° -lOO® ■ lOO^^C 

Fig. 33. Thermo-Electric Force between the two 
principal crystallographic directions in single crystals of 
zinc and cadmium. A positive sign means that the 
current goes from the parallel to the perpendicular 
direction at the hot junction. 


meaning that the current goes from the parallel to the per- 
pendicular direction at the hot junction. By drawing tangents to 
these curves, the corresponding curves for the thermo-electric 
powers can be obtained, and these are shown in Fig. 34, whilst 
Figs. 35 and 36 show the curves for the Peltier coefficient, and 
the difference between the Thomson coefficients. All these 
curves are characterized by marked fluctuations in the neigh- 
bourhood of — ^220° C., which is the region where the atomic 
heats begin to decrease rapidly, and is also the temperature at 


W, 


which the ratios of the specific resistances rise to a maximum 


In a later paper, Bridgman^ has investigated in great detail 
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the applicability of the Kelvin- Voigt symmetry law to the 
thermo-electric phenomena. If the relation were fulhlled, the 
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Fig. 34 . Thermo-Electric Power P — — between the two principal 
directions in single crystals of zinc and cadmium. 
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Fig. 35 . Peltier coefficient between the two principal diret^tions 
in single crystals of zinc and cadmium. 

thermo-electromotive force of a single crystal against some 
standard metal should be a linear function of cos“ 6>, where d 
is the angle between the axis of the specimen and the crystal 
axis. Using specimens of widely differing orientation, the linear 
relation was confirmed in the case of zinc, cadmium, and 
antimony, but with bismuth and tin there were deviations 
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greater than the probable error, so that the Kelvin- Voigt Law 
may really be an approximation only. But, on the other hand, 
in the case of bismuth, although the Kelvin- Voigt Law does not 
hold, the thermo-electromotive force still has rotational sym- 
metry about the crystal axis. This point was not tested in detail 
for the other metals, but it is probably true for all crystals which 
have rotational symmetry. It was shown that within the ex- 
perimental error of the methods, the Peltier Coefficient does not 
always obey the Kelvin- Voigt Law, and this was confirmed by the 
work of Fagan and Collins® for single crystals of bismuth. For 



Fig. 36. Difference of Thomson coefficients o-x — o^n 
for single crystals of zinc and cadmium. 

the Thomson Effect the possible error is greater since the second 
differential coefficient is involved, but it was concluded by Ware® 
that for single crystals of zinc the Thomson Heat satisfied the 
Kelvin -Voigt Law, and this was in agreement with the work of 
Bridgman, although Fagan and Collins considered that a devia- 
tion might exist within the limits of accuracy of the experiments, 
but for the present this is unproved. 

In crystals of this type, the two directions are thus profoundly 
different in thermo-electric properties, and if a thermo-couple 
were made with single crystal wires of one metal but of 
different orientations relative to the axis of the wire, the 
thermo-electric power would, in the case of zinc, cadmium, and 
tin, be of the same order as that between two different metals 
in the normal polycrystalline condition, whilst with single 
crystals of bismuth and antimony the effects are even more 




Fig. 37. 
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striking. In the case of zinc and cadmium when the current 
passes from the perpendicular to the parallel direction heat is 
evolved, and the Peltier coefficient 11 is positive. By a simple 
argument, Bridgman, and also Griineisen and Goens, have shown 
that this must apply both when the change in direction of the 
current relative to the crystal axes takes place by a junction be- 
tween two crystals of different orientation as in Fig. 37, and 
when there is a single crystal of such a shape that the direction 
of the current must change inside the single crystal as in Fig. 38. 

In other words, in these 

^ non-cubic crystals there is 

an internal Peltier Heat 
which is evolved (or ab- 
sorbed) when the current 
changes its direction of 
flow relative to the crystal 
axes. In the case of anti- 
mony and bismuth these 
effects are remarkably 
large. Thus with antimony 
the Peltier heat 
is 0-0078 volts at 20® C., 
which means that one cou- 
lomb absorbs 0*0078 joules 
(7*8X10^ ergs) in flowing 
from the parallel to the per- 
pendicular direction. The 
amount absorbed by one electron is therefore — -1*24 x ergs, 

whilst the energy of a gas molecule at 20® C. is 6*05 x ergs, 

so that, in antimony, one electron in flowing from a direction 
parallel to the crystal axis to that at right angles to it evolves 
about one-fifth of the energy which it would have if it behaved 
as a gas molecule. In the case of bismuth the effect is about 
twice as great. 

A further example of the differences between the thermo- 
electric properties in different directions in non-cubic metals is 
the so-called transverse thermo-electric effect predicted by Lord 
Kelvin as long ago as 1851,'^ and lately confirmed experimentally 
by Borelius and Lindh,^ and by Bridgman.® According to Lord 
Kelvin, ‘if a bar of crystalline substance possessing an axis of 
thermo-electx’ic symmetry has its length oblique to this axis, a 
current of electricity sustained in it longitudinally will cause 



Fig. 38. 
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evolution of heat at one side, and absorption of heat at the 
opposite side, all along the bar, when the whole substance is 
kept at one temperature’. In the case of bismuth the effect is 
sufficiently large to be detected by quite simple experimental 
methods. In the work of Bridgman, a single crystal rod, of 
suitable orientation relative to the crystal axes, was set up so 
that a current could be passed through it, and temperature 
differences between the two sides of the bar were measured by 
a copper-constantan thermo-element with two junctions pressed 
by springs against opposite sides of the rod, but insulated from 
it by thin paper. Under these conditions a temperature difference 
of about 0*4® C. was observed with a current of 1 ampere in a 
rod of 10 mm. diameter. The effect was proportional to the 
current strength, and changed its sign when the current was 
reversed. The difference in temperature was a maximum at the 
two ends of the diameter lying in the plane perpendicular to the 
basal plane, and passing through the axis of the rod ; the tem- 
perature difference reversed sign on rotating the rod through 
180°, and vanished half way between the two orientations of 
maximum effect. The observations were independent of the 
longitudinal position of the thermo-couple relative to the rod, 
indicating that the whole of one side of the bar was warmed and 
the other cooled. 

The same phenomenon was also detected in the case of single 
crystal rods of zinc, cadmium, and tin, but here the effect was 
very much less, being only about 1 /500th of that for bismuth. 
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8. Thermo-Electric Properties of Alloys 

As in the previous chapters, we shall deal here with single- 
phase alloys only, and we shall consider primary and secondary 
solutions, and intermetallic compounds in one section because 
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the available data are very slight. In the case of primary solid 
solutions the experimental methods consist in measuring the 
thermo-electromotive force of a scries of alloys against a 
standard metal. For accurate work the measurements are made 
at small temperature intervals, and the E.M.F. temperature 
relation is plotted for each alloy against the standard metal, 
so that the thermo-electric power can be obtained as a function 
of composition. A more simple method is to measure the thermo- 
electromotive force of the alloys against the standard metal 
with hot and cold junctions at 0° C. and lOO'^ C., and then to 
plot the E.M.F. against the composition of the alloy. In most 
cases the E.M.F. is almost a linear function of the temperature 
over small ranges, so that the simple method with junctions at 
0° C. and 100® C. gives curves closely resembling those involving 
the true thermo-electric power, except that the unit is one 
hundred times greater. 

In the case of primary solid solutions, when two metals are 
completely miscible in the solid state the relation between the 
composition and the thermo-electric power is expressed by a 
U-shaped curve. This is well shown in Figs. 39-40 which give the 
thermo-electromotive force of gold-silver alloys against nickel and 
copper, with hot juirctions at 100® and 150® C., the cold junction 

being at 0® C. The true thermo-electric power curves are 


of the same general form since the E.M.F. temperature relations 
are nearly linear. These curves in some ways resemble those 
connecting conductivity and composition, but the resemblance 
is not exact, and, in general, the conductivity curves tend to have 
more steeply falling sides and flatter bases than the thermo- 
electric power curves. In other words, the first small amounts of 
a second metal in solid solution tend to affect the conductivity 
much more than the thermo-electric power. 

Whether the solid solution alloy will l)e more useful for a 
thermo-couple than the constituent elements, depends entirely 
on the relative position of the metal which is to form the second 
wire of the couple. Thus, as can be seen from Figs. 39-40, if nickel 
be the second metal, the thermo-electric powers of both gold 
and silver are comparatively large and positive, and the alloys 
have smaller thermo-electric powers than their component 
elements. On the other hand with copper as the second metal, 
the thermo-electric powers of both silver and gold are compara- 
tively small, and the alloys being negative w^ould therefore form 
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more sensitive thermo-couples. But, at present, knowledge of 
this kind is empirical and cannot be predicted from the position 
of the elements in the Periodic Table. 

The fact that there is no exact correspondence between the 
curves connecting the composition with the thermo-electric power, 
and with the electrical conductivity, is well shown by the work 



Figs. 39-40. Thermo-electric force of gold-silver alloys against 
copper and nickel (cold junction 0° C. ; hot junction 100° and 
150° C.), from the work of Rudolfi.^ 


of Norbury^ who investigated the electromotive forces of thermo- 
couples in which one wire was of pure gold, silver, or copper, 
whilst the other was an alloy of the same metal with some other 
element in solid solution. From these results Norbury calculated 
the relative effect of one atomic per cent, of different elements 
in solid solution, but found that the order was quite different 
from the effect on the conductivity (see chapter II, page 44). 
With copper as the solvent metal, nickel caused a comparatively 
large negative effect to be set up by the alloy against pure copper, 
and the other metals followed in the order tin, aluminium, zinc, 
gold, and silver, the silver having a very small effect. Norbury 




122 Thermo-Electric Properties of Metals and Alloys 

pointed out that this order was that of the groups in the Periodic 
Table, VIII (M), IV (Sn), III (Al), II (Zn), and I (Au and Ag), 
but it is probable that this is rather a coincidence since the 
metals are from different periods. It seems, however, to be a 
regular rule that the three elements nickel, palladium, and 
platinum which immediately precede the univalent noble 
metals copper, silver, and gold have abnormal negative effects. 
But the chief value of this work is that it shows that there 
is no correspondence between thermo-electricity and conduc- 
tivity. 

In more complex alloy systems, the relations between thermo- 
electric properties and composition are at present little under- 
stood. According to Pelabon, when two metals form a simple 
eutectic series with no solid solutions, the thermo-electric power 
of the alloys against some standard metal is not a linear function 
of the composition, so that it is only natural that in more com- 
plex systems the results tend to become confused. In general 
the thermo-electric power-composition curves change direction 
at the composition at which a solid-solubility limit is reached, 
and we pass from a homogeneous to a two-phase alloy. As in the 
case of the liquid-solid change it is probable that there is a break 
or discontinuity in the thermo-electric power curve at trans- 
formation points, but in general the measurements have not 
been made at sufficiently close intervals for the break to be 
detected, and a change in direction is all that is observed. The 
thermo-electric power curves can thus be used for determining 
the phase-boundaries in an alloy system, although in many 
cases this method is not so suitable or sensitive as the more 
usual thermal, microscopic, or conductivity methods. Thus in 
the case of the ^ brass transformation, it has been shown by 
Matsuda that the change in thermo-electric power, although 
definite, is very slight indeed. But in some cases where the heat 
of transformation is small, and the conductivity method cannot 
be used, the thermo-electric methods arc of value since, unlike 
the conductivity determinations, they arc not seriously affected 
by flaws in the specimen. 

Where intermctaliic compounds are formed, the composition- 
thermo-electric power curves usually show slight cusps, but the 
factors affecting the actual values arc little understood. Hakcn 
measured the thermo-electric power of many alloys against 
copper, and concluded that generally speaking compounds with 
low conductivities had high thermo-electric powers, but as many 
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of these were compounds of the borderline metals, bismuth, 
antimony, and tellurium, it is too early to say whether this is a 
general rule for all compounds of normal metals. 
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1. General 

U NDER the heading of emission phenomena we shall include 
the various conditions under which metals can be made to 
emit electrons. Since most of the early work in this connexion 
has been described in other books, we shall not deal with the 
phenomena in detail, but as they have played an important part 
in testing the various theories of the metallic state, we shall give 
an outline of the subject for the benefit of those readers who may 
not be acquainted with the facts. 

Broadly speaking, it may be said that a metal can be made to 
give off electrons by three methods which are generally suffi- 
ciently distinct for them to be considered separately, although 
under some conditions the processes may take place together. 

In the first place, a metal will emit electrons if it be illuminated 
by light of a sufficiently short wave-length. This process is 
known as Photo-Electric Emission^ and the general phenomenon 
is called Photo-Electricity, 

Secondly, a metal will emit electrons spontaneously if it be 
heated to a sufficiently high temperature. This process is known 
as Thermionic Emission, and it is this which forms the basis of 
the thermionic valves used in wireless and other amplifying 
instruments. 
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Thirdly, a metal can be made to emit electrons if it be placed 
in a sufficiently strong electric field, and we may call this process 
the Extraction of Electrons by Intense Fields, or Strong Field 
Emission, 

All these types of emission involve the escape of electrons 
through the surface of the metal, with the result that precise 
measurements are greatly influenced by numerous secondary 
effects due to variations in the exact surface conditions caused 
by surface films, adsorbed and absorbed gases, and other similar 
factors. Since in the present book we are concerned with the 
properties of metals themselves, we shall as far as possible omit 
the complications caused by secondary factors, and concentrate 
upon the results obtained with pure metals in high vacua. 

Apart from their obvious practical value, these emission 
phenomena are of great interest in connexion with the ultimate 
structure of metals, because they give us some indication of the 
state in which the free electrons exist inside the metal, and thus 
enable us to test some of the theories which have been developed 
from other points of view. 

General, Photo-Electric Emission 

When a piece of metal is illuminated by light of sufficiently 
short wave-length, it begins to emit electrons, and the chief 
points of interest are the relations between the intensity and 
frequency of the incident light on the one hand, and the number 
and velocity of the emitted electrons on the other. The principle 
underlying the experimental methods is comparatively simple, 
although the actual arrangements naturally involve many com- 
plicated details both as regards the electrical measurements, and 
the preparation of clean surfaces. The original method first 
introduced by Lenard consisted in placing the metallic specimen 
in a highly evacuated glass tube provided with a quartz window 
through which a beam of light could be thrown on to the metal. 
Opposite to the specimen was a small metal target, both specimen 
and target being soldered to platinum wires which were fused 
through the bulb. Let us now suppose that the metal is illumi- 
nated with light of sufficiently short wave-length to cause photo- 
electric emission. Electrons will then begin to escape from the 
metal specimen, and some of these will hit the target, and by 
suitable means we can measure the quantity of electricity, and 
hence the number of electrons which leave the specimen, and of 
those which hit the target. We may now apply a potential dif- 
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ference between the specimen and the target in such a direction 
that it tends to attract the photo-electrons back to the metal. 
If this potential difference be made sufficiently great, electrons 
will be unable to escape from the metal, and if no secondary 
phenomena are present to complicate matters, no electricity 
will pass from the specimen to the target. If the applied poten- 
tial be gradually reduced, a point will be reached at which the 
photo-electrons with the highest emission velocities will just 
be able to reach the target, and the quantity of electricity passing 
in this way can be measured. If the potential difference be re- 
duced to zero, and then applied in the opposite direction so as 
to help the electrons to escape, the number of electrons received 
by the target in unit time increases until a limiting value is 
reached, and the so-called saturation current ’ remains constant 
until very high potential differences are reached. This indicates 
that the actual emission process is practically unaffected by the 
small potential differences applied, and that the saturation cur- 
rent is attained when the potential is sufficiently great to over- 
come secondary effects such as collision with gas molecules, and 
so to enable all the emitted electrons to reach the target. This 
original simple apparatus has naturally been modified in many 
ways; thus in some cases the target is made of metal gauze, 
whilst in others the target is a silvered glass globe which com- 
pletely surrounds the specimen except for the small hole ad- 
mitting the light. But for these details reference should be made 
to the original papers. 

In all these methods the results may be expressed in two 
different ways which may at first cause some confusion. In the 
first place we may describe a photo-electron in terms of its 
velocity, or by the corresponding kinetic energy, which, if we 
neglect the relativity correction, is given by | mv^ if v is the 
velocity. Alternatively we may describe the electron in terms 
of the potential difference which must be applied in order to 
counteract the kinetic energy, and if Fis this potential difference, 
the electron may be described in terms of ‘equivalent volts’ 
where Ve — ^ mv^. For electrons with very high velocities this 
simple expression requires correcting in accordance with the 
principle of relativity. 

Detailed tables connecting the velocity with the potential 
difference have been given by Fournier;’^ and the following 
examples may be quoted in order to give an idea of the relative 
magnitudes involved. 
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Electron Velocity Kinetic Energy Potential Difference 
in cm, per sec. in Ergs. in Volts. 

3 X 10 ® 0*04 X 10 -® 25-44 

9 X 10 ® 0-36 X 10 -® 229 

6 X 10 ® 16-69 X 10 -® 10,490 

There is, however, one further point which must be mentioned 
in order to avoid confusion when considering the experimental 
results. In the general type of apparatus to which we have re- 
ferred, the measured potential difference is that between the 
metal specimen and the receiving target, and this potential 
represents the work which must be done on the emitted electron 
in order to prevent it from crossing the space between the speci- 
men and the target, and from being received by the target. Con- 
sequently unless the specimen and the target are of the same 
metal, the observed potential differences require displacing by 
an amount equal to the contact difference of potential between 
the two metals, in order that the true potential corresponding to 
the velocity of the electrons may be obtained. In what follows 
we shall always assume that this correction has been made, im- 
less it is expressly stated to the contrary. 

The Photo-Electric Threshold Frequency. 

One of the most striking facts in connexion with .photo- 
electricity is that electron emission only takes place to an appre- 
ciable extent if the frequency of the incident light be greater 
than a certain limiting value, the so-called threshold frequency , 
the corresponding wave-length being called the limiting wave- 
length. If the frequency of the light be less than this limiting 
value, no emission will take place however great the intensity of 
the incident beam. In terms of the quantum theory this means 
that a definite minimum amount of energy must be given to the 
electrons in the metal before they are able to escape, and that 
the energy corresponding to the threshold frequency x/q, 
represents this minimum energy, h being Planck’s constant. It 
is naturally a matter of interest to see whether the threshold 
frequencies of the different metals can be connected with their 
positions in the Periodic Table, or with any other physical or 
chemical properties, but unfortunately the results of different 
workers are frequently so much at variance that comparisons 
are very dangerous, since the relative orders can often be altered 
by picking and choosing results from different sources. Apart 
from this difficulty, it has been shown by Richardsoffi^ that in 



128 Emission Phenomena 

some cases at any rate, there appears to be more than one 
threshold frequency, a result ascribed to the existence of patches 
of the metal surface in different states. 

In all cases, however, the threshold frequency of an alkali 
metal is less than that of the alkaline earth metal which follows 
it directly in the Periodic Table, and when the threshold fre- 
quencies are plotted against the atomic voluxnes, the two groups 
of metals appear to separate themselves into two curves as will 
be seen from the following figure. In this case, where results 
differ, we have adopted the policy of taking the lowest value of 
the threshold frequency, or the largest value of the limiting 
wave-length, since it seems to be generally recognized that with 
reactive metals such as these, the presence of surface films pre- 
vents the escape of electrons, and so tends to make the apparent 
threshold frequency too great. 

In view of the later theories of the structure of metals it is 
naturally tempting to see whether this method can be used to 
determine the number of free electrons per atom which are 
present in the different metals, since it is very probable that the 
atoms are definitely ionized, and in this case w'c may expect the 
ease with which an electron can escape from the metal to depend 
chiefly on the volume and the degree of ionization, so that if the 
threshold frequency be plotted against the atomic volume, the 
points may be expected to separate themselves into groups 
corresponding to the different degrees of ionization, variations 
caused by factors such as the crystal structure }>eing supposed 
comparatively slight. In the case of the alkali and alkaline 
earth metals this separation into groups is confirmed, and it is 
interesting to note that aluminium seems to fit on to the curve 
of the univalent alkali metals, a fact which may be in agreement 
with the now generally accepted theory of atomic structure, 
according to which the three valency electrons of the normal 
aluminium atom are not equivalent, but consist of two electrons 
in (2, 1, I) orbits and one single electron in a (2, 2, 1) orbit.* 

But in other cases the results of different workers are frequently 
so much at variance that comparisons of this kind cannot be 
made, especially where the atomic volumes are small, so that the 
points lie near the origin. It seems, however, to be clear that, in 
contrast to the change on passing from alkalies to the alkaline 

* As we shall see later (p. ;52n), the evidence from t.he ciry'stal structures 
and melting-points supports the view that in solid aluminium the atoms are 
not fully ionized to the 3 -valency limit. 
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earth metals there is no marked fall in the long wave-limit on 
passing from the univalent metals copper and silver to the fol- 
lowing divalent metals zinc and cadmium [Cu, 3000 A®, Zn 



Fig. 41. Showing the Photo-Electric Long Wave-Limit plotted against the 
Atomic Volume. Note. The value for calcium is uncertain, as the specimen was 
cleaned in air and the metal is very reactive. The values for potassium obtained 
by different workers also vary greatly, possibly owing to the presence of multiple 
thresholds. These variations do not, however, affect the general rule that the 
long wave-limit is much greater for an alkali metal than for the alkaline earth 
metal which follows it directly in the Periodic Table. 

3000-3700 A° ; Ag 3390 A°, Cd 3140 A°] ; the theoretical signifi- 
cance of this will be discussed later. In some cases doubt exists 
as to whether the threshold frequency of a metal is really a 
characteristic of the metal, or whether it varies so much with 
the exact conditions as to make the actual numerical values of 
little or no value. There is no doubt that in the earlier work the 
apparent variations in threshold frequency were due to chemical 
action and surface contamination, but in the much more accurate 
work of Millikan,^ in which fresh surfaces of the alkali metals were 

3370 V- 
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cut in a vacuum, it was found that the sensitivity and threshold 
frequency changed considerably with time, and that the direc- 
tion of the change varied with the wave-length of the incident 
light. Variations with time were also found by Welch, in whose 
work fresh surfaces of different metals were prepared in a 
vacuum by a magnetic filing device. Up to the present these 
changes have been considered as entirely due to chemical action 
between the freshly cut surface and the traces of gas remaining 
in the vacuum tube, but it is also possible that physical changes 
may affect the results, since the cutting of a metal produces ab- 
normal conditions at the surface, and although the exact nature 
of strained metal is still obscure, there is no doubt that wdth 
soft metals of low melting-point spontaneous recrystallization 
takes place at room temperatures, so that a gradual change in 
the properties of a freshly cut section is only to be expected. 
At present therefore, the numerical values of the threshold fre- 
quencies have seldom much significance as exact characteristics 
of the metals, although the wide differences between certain 
metals, such as for example the alkali and alkaline earth groups, 
may be considered as quite definitely established. 

The Effect of Wave-Length upon Photo-Electric Emission, 

In the preceding section we have seen that photo-electric 
emission only takes place if the frequency of the incident light 
exceeds a certain limiting value, but if once this value be ex- 
ceeded there is a comparatively simple relation between the 
frequency of the light and the maximum velocity of the photo- 
electrons. This relation is given by the well-known equation of 
Einstein, which may be written in the form 

0 

or alternatively 

^ mv^ ~ hv — P 

where v is the frequency of the incident light, and is the 
threshold frequency. The validity of this equation was tested 
by Richardson and Compton,^^ and by Hughes,^® and also in 
great detail by Millikan, who prepared freshly ciit surfaces in 
a vacuum for specimens of the alkali metals, and it was shown 
that the equation held with such accuracy that the method could 
be used for the determination of Planck’s constant h. Expressed 
in terms of most of the modern theories, the factor P (or hvf^ 
represents the least amount of energy which must be given to 
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the electrons which are most ready to escape, in order that they 
may break through the surface of the metal. It should be noted 
that the Einstein equation applies not only to radiation of which 
the frequency is within the visible or ultra-violet region, but also 
to radiation of much higher frequencies, such as X-rays or the 
y-rays from radioactive substances. 

In general therefore the energy of the photo-electrons of maxi- 
mum velocity varies linearly with the frequency of the incident 
light, and if the straight line thus obtained be extrapolated it cuts 
the frequency axis at a value Vq equal to the threshold frequency. 

The above remarks refer to the photo-electrons of maximum 
velocity, but the velocities are really distributed over the whole 
range from zero to the maximum value, and we have therefore 
to consider this nature of the velocity distribution. This problem 
was investigated in detail by Richardson and Compton, and 
their results in the case of platinum are shown in Fig. 42. In 
this figure the abscissae represent the electron velocities in 
equivalent volts, whilst the ordinates give the distribution. 
Thus for the curve corresponding to light of wave-length 28A,*** 
the number of electrons with velocities 0*2 equivalent volts is 
to the number with velocities 0*7 equivalent volts, as the 
ordinate at 0*2 is to the ordinate at 0*7, i.e. as 3 : 2. These 
curves are almost symmetrical, and consequently, since the 
maximum energy varies linearly with the frequency, the average 
energy, which is also the most probable energy, must vary 
linearly with the frequency. The same general types of distribu- 
tion curves were shown to hold for all metals. 

We have next to consider the effect of frequency upon the 
total photo-electric emission, that is to say the total number of 
photo-electrons which are emitted irrespective of their velocities. 
The first work in this connexion, except for some experiments 
by Pohl and Pringsheim on the so-called selective effect referred 
to below, was carried out by Richardson and Compton, who 
showed that the same general relations held for most metals, 
and that when the total photo-electric current was plotted against 
the frequency, the curves rose to a maximum at a particular 
frequency which was connected with the threshold fre- 

quency Vq by the simple relation = i ^o* These same general 
conclusions have been confirmed in later work by Richardson 
and Young, Dopel,^^ and Roy , 2 ® all of whom obtain the same 
general types of frequency-emission curves, although for some 
* The unit of wave-length A is here 10"® cm. 

K 2 
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metals the values of Vj^ax. the ultra-violet for 

measurements to be made. For some of the alkali metals the 
frequency-emission curves rise to two maxima, corresponding to 
two values of consequently indicating two values of 

a result which, as we have already seen, is ascribed by Richardson 



Fig. 42. 

to the existence of the metal in two distinct states. For the 
general case in which the frequency-emission curves show one 
maximum only, we have the simple relation 

If, therefore, represents the number of electrons emitted by 
the absorption of unit quantity of radiation of frequency v the 
above relation is satisfied if be of the form 
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since this rises to a maximum when v ~ | An expression 
of this kind represents most of the main features of the relations 
between emission and frequency, although the shape of the 
theoretical curve does not always agree exactly with that 
determined experimentally, but at present satisfactory data on 
metals completely free from gas are very scanty. 

The above results refer exclusively to normal polycrystalline 
metals, and at present there is little evidence as to the effect of 
crystal structure upon the photo-electric emission. According to 
Parnley,^'^ the emission from a single crystal of bismuth on which 
a fresh face was cut in vacuo, was indistinguishable from that of 
a polycrystalline specimen prepared in the same way, in spite of 
the fact that the crystal structure is not cubic, and that the 
electrical conductivity varies with the orientation. On the other 
hand, according to Linder,^® a single crystal of zinc showed 
distinct variations in the photo-electric emission as the crystal 
was rotated, the current when the illuminated surface was 
normal to the hexagonal axis being about twice that when it 
was parallel. In this case, however, the surface was cleaned by 
evaporation, and consisted of a number of microscopic crystal 
facets, so that a secondary factor may have been introduced, 
and further work on the properties of single crystals is un- 
doubtedly called for. 

The Effect of Intensity of Illumination upon Photo-Electric 
Emission, 

In the preceding sections we have seen that, however powerful 
the light, no photo-electric emission takes place if the frequency 
of the incident light be less than the threshold value, but, once 
this limit is reached, there is a very simple connexion between 
the intensity of the light and the number and velocity of the 
emitted electrons. This relation may be summarized by saying 
that for light of a given wave-length, the number of emitted 
electrons is directly proportional to the intensity of the light, 
but their velocities are quite independent of the intensity. This 
very remarkable result was first obtained by Lenard,^and has since 
been confirmed by many investigators, but as this work has been 
described fully elsewhere we shall not deal with it further here. 

The Effect of Temperature upon Photo-Electric Emission, 

The large amount of work which has been carried out on the 
effect of temperature upon photo-electric emission may be sum- 
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marized in one sentence by saying that when secondary effects 
due to absorption of gases, formation of surface films, &;c. are 
eliminated, the photo-electric process is practically unaffected 
by temperature up to the point at which thermionic emission 
begins, when the two processes take place together. 

This comparatively simple conclusion was only reached after 
much work, and many apparently contradictory results. The 
reason for this was that most of the earlier investigators did not 
carry out their experiments in a high vacuum, and consequently 
their results were complicated by a number of secondary pro- 
cesses affecting the exact condition of the surface. The earliest 
really satisfactory work in this connexion was due to Millikan 
and Winchester,^® who first showed that, when aluminium in a 
high vacuum was exposed to ultra-violet light from zinc elec- 
trodes, the photo-electric emission and potential difference ac- 
quired were independent of temperature within the range 50° C. 
to 343° C. These investigators also examined ten other metals in 
the range 25° C. to 125° C. and were led to the same conclusion, 
and identical results were obtained independently at about the 
same time by Ladenburg,-*^ who examined the photo-electric 
effect in gold, platirmm, and iridium at temperatures from 20° C. 
to about 800° C., and concluded that when secondary effects due 
to the occlusion of gases and water-vapour were avoided, the 
process was quite unaffected by temperature up to the point at 
which the metals begin to emit electrons spontaneously (ther- 
mionic emission), when further measurements became impossible. 
In general these conclusions have been confirmed by later 
workers for both high and low temperatures, although there is 
some slight confusion as to whether prolonged heat treatment at 
very high temperatures may not reduce the photo-electric effect 
very greatly in the case of some metals such as platinum. Ac- 
cording to Wiedemann and Hallwachs,-^^ and other investigators, 
whilst adsorbed surface films of gases hinder the process of photo- 
electric emission, the presence of small quantities of absorbed 
gases within the metal may greatly increase the emission, and 
their removal by prolonged heating at very high temperatures 
may render the metal almost inactive, but later work by Tucker,^'^ 
Woodruff, Velo,^^ and DuBridge^® has shown that the effect 
is due to a shift of the threshold frequency towards the ultra- 
violet, to a value below the shortest line furnished by the usual 
quartz mercury arc, and that if shorter wave-lengths arc used, 
the metal retains a definite activity. 
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In the general case, therefore, the process of photo-electric 
emission is to be looked upon as independent of temperature, 
provided that the metal does not undergo a transition in the 
temperature range considered. But in the case of iron, where 
transitions occur as the temperature is raised, it has been shown 
by CardwelP"^ that there is an abrupt decrease in the photo- 
electric current when the iron changes from the a, body-centred 
cubic form, to the y or face-centred cubic variety. 

It has been shown by Ives^® that in the case of the alkali 
metals a slight shift in the threshold frequency occurs at the 
low temperatures which can be reached by means of liquid air 
( — 180"^), but it is not yet known whether this is the case for all 
metals. 

Miscellaneous Effects, 

In the preceding sections we have only described the simplest 
forms of photo-electric emission, and there are also additional 
and more complicated details, but since these have so far con- 
tributed little or nothing to our knowledge of the ultimate struc- 
ture of metals, we shall only refer to them briefly. The first of 
these complications is the so-called ‘selective photo-electric 
effect’, which becomes apparent when some metals are exposed 
to the action of polarized light. We have already seen that when 
ordinary unpolarized light falls upon a metallic surface, the 
photo-electric emission rises to a maximum at a particular 
frequency which is connected with the threshold frequency 

by the relation = i whilst in the great majority 

of cases the emission is independent of the state of polarization 
of the light, there are some metals, such as those of the alkali 
group, in which the emission over a certain range of wave-lengths 
is many times greater when the light is polarized so that the 
electric vector has a component parallel to the plane of incidence, 
although the maximum velocity of the emitted electrons is inde- 
pendent of the orientation of the plane of polarization. This effect 
is confined to a certain range of wave-lengths, and rises to a fairly 
sharp maximum at a particular frequency, the so-called ‘ charac- 
teristic frequency of the selective effect’, but the Einstein rela- 
tion between the frequency of the light and the velocity of the 
emitted electrons is still obeyed. The cause of this effect is 
obscure, and it is usually regarded as due to the coincidence of 
the particular frequency of the light with some characteristic 
frequency of the metal. 
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An interesting phenomenon in connexion with photo-electricity 
was discovered by Shenstone,^® who found that the photo-electric 
emission was increased if an electric current were passed through 
the emitting metal. In the case of bismuth if the current through 
the specimen be gradually increased, the photo-electric emission 
passes through a maximum, and finally falls below its initial 
value, and if the current be then stopped, the emission slowly 
retraces the original curve, rising to a maximum and then sink- 
ing to the initial value. In the case of copper, however, the 
emission increases continuously with the current, and when the 
latter is stopped the emission slowly returns to the original value. 
Careful experiment showed that the small heating effect of the 
current could not be responsible for this phenomenon, the cause 
of which is unknown. 
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^ y 3. Thermionic Emission 

General. 

The second method by which metals can be made to emit elec- 
trons is by heating to a sufficiently high temperature, and it is 
this process which forms the basis of the various thermionic 
valves which are used in so many connexions. As in the case of 
photo-electricity, the early study of thermionic emission was 
complicated by many secondary factors due to the presence of 
a gaseous atmosphere, surface contamination, impurities, and 
similar effects, and it was only after experiments carried out in 
a vacuum that the process could be examined as a characteristic 
of metals themselves. Considerable confusion was caused at 
first by the discovery that under certain conditions some metals 
would apparently emit positively charged particles at low tem- 
peratures, but that, as the temperature was raised, negatively 
charged particles were emitted in a continually increasing pro- 
portion. As a result of much careful work it was shown by O. W. 
Richardson that the positive emission was in general a temporary 
phenomenon which decreased with continued emission, and was 
due to the presence of impurities, particularly of the alkali metals 
or their compounds. On the other hand the negative emission 
was a permanent and reproducible process, and it was first shown 
by J. J. Thomson in 1899 that this emission was due to the particles 
of negative electricity which we now know as electrons. 

The chief interest in the process lies in the relations existing 
between the temperature and the emission on the one hand, and 
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in the velocity distribution of the emitted electrons on the other. 
The experimental methods are comparatively simple in principle, 
although there are naturally many complicated details in con- 
nexion with the removal of impurities, and the avoidance of 
secondary effects. In the general type of apparatus, a wire or 
filament of the metal which is to be examined is placed along 
the axis of a hollow cylindrical metal electrode, the whole being 
sealed into an evacuated glass vessel. The filament is then heated 
by the passage of an electric current, and when electrons begin 
to be emitted some of them reach the cylindrical electrode, and 
the current flowing between the filament and the electrode can 
be measured. This current does not, however, correspond with 
the total number of the emitted electrons, since some of these 
may be deflected back to the filament owing to various secondary 
effects such as collision wdth gas molecules, mutual repulsive 
action of the emitted electrons, the positive charge on the metal, 
the effect of the electric current in the filament, and other factors. 
In order to obtain the total emission, a potential difference is 
applied between the filament and the electrode in such a direc- 
tion as to help the emitted electrons to cross the intervening 
space, and it is found that, as this potential difference is increased, 
the emission current, in a high vacuum, at first increases approxi- 
mately linearly with the potential, but then reaches a limiting 
value, the so-called ‘saturation current^ which remains constant 
over a considerable range. This indicates that the actual emis- 
sion of electrons, as in the photo-electric process, is practically 
unaffected by small potential gradients, and that the saturation 
current is reached when the potential gradient is sufficiently 
great to overcome the secondary phenomena, and thus to enable 
all the emitted electrons to reach the cylindrical electrode, and 
it is only in cases 'where this saturation limit can be reached that 
the total number of emission electrons can be measured. As in 
the case of photo-electric measurements, the velocities and 
velocity distribution of the emitted electrons can be determined 
by varying the potential difference between the filament and the 
electrode. 

The Effect of Temperature upon Thermionic Emission. 

The actual values of the emission currents obtained from any 
metal at a particular temperature vary gi'eatly with the exact 
conditions, but the general characteristics of the process are 
now well established. In most cases the emission currents are 
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too small to be measurable at temperatures below about 1000° C., 
although with the alkali metals the effect is noticeable at much 
lower temperatures. As an indication of the general results ob- 
tained, reference may be made to Fig. 43, which is taken from the 
work of Langmuir,® and shows the emission currents obtained 
from tungsten at various temperatures with potential differences 
of 60, 120, and 240 volts between the filament and the cylindrical 
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anode. From this figure it will be seen that the three curves 
coincide up to a temperature of about 1900° K., above which the 
curves separate, and a state is reached at which the current for a 
given potential difference becomes independent of temperature, 
and it was shown by Langmuir that this flattening off of the 
curves was due to the repulsive action of the electrons upon one 
another. This ‘space-charge’ effect is only important at extremely 
high temperatures where the emission becomes so large that the 
mutual repulsion always drives some electrons back to the fila- 
ment, so that the total emission can never be measured with the 
voltages usually employed. Under these conditions the saturation 
current is never reached, but at lovrer temperatures this difficulty 
does not arise, and the time total emission can be measured. 
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The chief characteristic of the relation between temperature 
and emission is that above a certain point the emission increases 
very rapidly. The numerical results can be expressed satis- 
factorily by various exponential equations, and of these the best 
known is that of Richardson, which, as we shall see later, can be 
deduced theoretically by arguments based on the older electron- 
gas theories. This equation is of the form 

j 

I = Ae^e 0 (1) 


where h is the so-called thermionic work function and is propor- 
tional to the work which the electron has to do in order to cross 
the surface. In the simpler theory b is assumed to be independent 

i 

k 


of temperature, and is equal to ^ where <j> is the work done in 


crossing the surface, and k is the Boltzmann constant. It has 
been shown by Richardson,^ and K. K. Smith,- that, with suit- 
able values of A and b, this equation covers the numerical data 
over a very wide range of temperature and current strength, but 
unfortunately the relative influence of the exponential term is so 
great that other formulae arc equally satisfactory. An alter- 
native equation which, as we shall see later, probably has a better 
theoretical basis is of the form 

/ = ( 2 ) 


where C is, theoretically, an absolute constant for all metals, 
and, according to the simplest form of the theory, should equal 
60*2 amp. /cm /deg. or 1-81x10^^ in electrostatic units.* A 
general idea of the magnitudes involved may l)c gained from 
Table XXVHI, which is taken from the work of Richardson. In 


Table XXVIII 


Metal. ; Equation I . . Equation 

A h C d VoltH. 

Platinum ! 10=“ tu 10=" 5 r 10‘ to 8 >: UP lO"* to l{)‘“ 5 .• 1 f 8 >: 1 0* 4 to 0-0 

TunKBt^m {' 10=“ t/) KP’ 5-ii .“>•:> „ 1*9 xio" 4-0 to 0-2 „ 4*2.") to 4*5 

Tantalum l! 10®‘ to 10=*® 4-4 to 5-0 „ !()• to 10" 4*2 to 4-7 „ :j-r> to 4 

Calcium i 10*» 3-0 

this table tlie values of A and h in equation (1), and of C and d in 
equation (2), have been calculated, the current strength being 
expressed in electrostatic units. The last column gives the poten- 
tial differences in volts wliich, accorciing to the theory employed, 

* In the later theories of Sornmerfeld and Nordhcini (Chapter XI H), 
the theoretical value is 120, and not GO. 
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are equivalent to the energy change experienced by the electron 
in escaping through the surface of the metal ; it will be seen that 
these vary from 3 to 7 volts, and this is the general order of 
magnitude for most metals. 

It will be noted that the values of the factor C in equation (2) 
are very far from being constant, and that it is only in the case 
of tungsten that the theoretical value of 1*8 x 10^^ is approached. 
The question of this variation has been discussed by many in- 
vestigators, but the results are at present inconclusive. It was 
first claimed by Dushman,^ in 1924, that the emission data were 
in agreement with the theoretical value of C (60) in the case of 
pure tungsten, molybdenum, and tantalum in a high vacuum, and 
this was confirmed by Zwikker^ for tungsten, molybdenum, and 
thorium, but not for hafnium or zircon. It has, however, been 
shown by DuBridge® that when all traces of gases are removed 
from platinum, the metal reaches a steady state in which the value 
of the constant C is 250 times greater than the theoretical value, 
although in other respects the metal behaves in agreement with 
theory. The position is thus uncertain as regards pure metals, 
whilst in the presence of gases it appears quite certain that the 
value of C is not that required by theory. 

From many points of view these equations are, however, very 
unsatisfactory for comparison with the experimental data, be- 
cause a small variation in the terms b or d may counterbalance 
a change in the terms A and C, so that by suitably adjusting the 
constants the equations may be made to fit the facts. The values 
for the terms b and d, obtained by different investigators for the 
same metal, are usually in agreement within 10 or 20%, but this 
variation again prevents them from being used critically as con- 
stants characteristic of the metal, so that except for a few metals 
the present values for the thermionic constants are so much 
affected by secondary factors as to be of little value as charac- 
teristic constants. On the other hand, the general nature of the 
emission-temperature variation is always the same, so that with 
a given metal in a given condition as regards contamination, 
gas-pressure, &c., the emissivity data can be expressed accurately 
by equations such as (I) and (2) provided that suitable values 
are given to the constants. 

The Velocity Distribution of Thermionic Electrons. 

The first measurements of the kinetic energy and velocity 
distribution of electrons emitted from hot metals were made in 
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1907-9 by O. W. Richardson and F. C. Brown,’ who concluded 
that the velocity distribution agreed with that required by Max- 
well’s Law of distribution for a gas composed of particles with 
a molecular weight equal to that of an electron, in thermal 
equilibrium at the temperature of the emitting wire. This con- 
clusion was confirmed in 1914 by the work of Schottky,® who 
found that the velocity distribution was in agreement wuth the 
Maxwell Law, except that the average kinetic energy was greater 
than that required theoretically. Both these investigations were, 
however, open to certain criticisms, and a more detailed investi- 
gation was made in 1922 by J. H. Jones,® who examined the 
emission from tungsten at temperatures from 1500® to 2000® Abs. 
If the velocity distribution of the emitted electrons be that 
required by Maxwell’s Law, it can be shown that the current 
flowing between two parallel plates under a potential difference 
V is given by the relation 

_Ve. 

I IqC fc9 ^ 

where 1q is the saturation current, and k is Boltzmann’s constant. 
For electrodes of different shape, this expression requires modi- 
fication, but in any case the relation is sucli that if log I jl^ be 
plotted against F, a straight line should be obtained of which 
the slope can be calculated. It was shown by Jones that for 
tungsten in a good vacuum the results were in agreement with 
the Maxwell Law, although, owing to the difficulty of measuring 
small currents, and also to various secondary effects, thc^ possible 
error was of the order 10 to 20%. 

The same general conclusion was reached in 1923 by H. II. 
Potter,^® who investigated the emission from platinum in a high 
vacuum, and showed that the mean slope of tlie (log /, V) curves 
from thirteen experiments was 2*68 as compared with the value 
2*72 required by Maxwell’s Law at the temperature of 1450® C. 
But when traces of hydrogem were present, although the linear 
I'elation still lield between log I and F, the average energy of the 
electrons was higher than that demanded by theory. This w'as 
confirmed by J. F. Congdon,^^ who showed that the electrons 
emitted from tungsten in a high vacuum had velocities in agree- 
ment with the Maxwell Law, but that their energy was increased 
if small amounts of hydrogen were present, although traces of 
argon had no effect. Similar results have been obtained by 
Cermer^^ and others, and it may now be taken as established 
that within the limits of the experimental methods the electrons 



Emission Phenomena 143 

emitted from pure metals in a high vacuum have velocities in 
accordance with the Maxwell Law, but that in the presence of 
some gases the velocities are altered, although the linear relation 
between log I and V is still maintained. 
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4. The Extraction of Electrons by Intense Fields 

The third means by which a metal can be made to emit elec- 
trons is by the application of an intense electric field, and the 
detailed understanding of the process is of comparatively recent 
date, because the first experiments in this connexion were con- 
cerned chiefly with the factors affecting the passage of a spark 
between two metal electrodes in various gases, with the result 
that the observations were greatly complicated by secondary 
effects due to the presence of the gaseous atmosphere. It is only 
in quite recent years that systematic experiments have been 
carried out in high vacua, and that the process has been examined 
in its simplest form. 

The principal investigations are due to Millikan and his 
collaborators^’^'® in America, B. S. Gossling^ in England, and 
to Bother^ in Germany. Millikan and Eyring^ examined the 
electron emission from wires of tungsten suspended under slight 
tension in the axis of a copper cylinder, the dimensions of the 
apparatus being such that the field strength at the surface of 
the wire was 228 times the potential difference between the 
electrodes, the small radius of the wire (0*0012 cm.) causing a 
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large field intensity at the surface, the radius of the copper 
cylinder being 0*812 cm. Under these conditions electron emis- 
sion became noticeable at potential gradients of the order 
10^ to 10® volts /cm., and Millikan defined as the critical gradient 
that potential gradient necessary to produce an emission, current 
or field current, of 9*7x10"^^ amperes. 

In this work it was shown that if a filament were used for the 
first time, the extraction of electrons by a sufficiently high field 
caused a change in the surface which made subsequent electron 
emission more difficult, so that if the field were for the first time 
increased to a maximum, and then decreased, the curves con- 
necting the field currents with the potential difference were not 
superposed, the emission being less for the decreasing series. 
But once the specimen had been aged or conditioned in this 
way, the process became almost completely reversible, provided 
that the maximum current in the first series was not exceeded. 
If, at some later stage, the emission current were raised above 
that used for the first ‘conditioning’, the spe<‘imen again under- 
went a permanent change, reducing the emission for a given 
potential gradient, but the process once more became reversible 
provided that the second maximum was not exceeded. These 
changes were explained by the direct observation that the 
emission did not proceed uniformly from the whole surface of 
the wire, but was concentrated at a comparatively few minute 
spots, which presumably corresponded to surface irregularities, 
or chemical impurities. The conditioning of the surface was 
regarded as caused by the rounding-off of these minute irregu- 
larities by the positive ion bombardment due to the traces of 
gas remaining in the apparatus. 

In the same way the emission \vas affected by the heat treat- 
ment of the specimen, general heat treatment at the lo’wer 
temperatures lowering the critical gradient and increasing the 
emission owing to tlie expulsion of contaminating gases. On 
the other hand, prolonged heat treatment at very liigh tempera- 
tures increased the critical gradient (considerably, owing pre- 
sumably to the rounding-off of the surface peaks. 

Once, however, a wire had reached a steady condition it be- 
came possible to measure the effect of temperature and applied 
potential upon the emission process, and the results obtained 
were of the greatest interest. In the first place it was found that 
the critical gradients and emission currents were completely 
independent of temperature over the range 300'^-1000° Abs., 
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i.e. from room temperatures up to about 700° C., but at higher 
temperatures the emission was no longer constant, and the two 
processes of thermionic emission and electron extraction took 
place together. From this point of view, therefore, the process 
resembles that of photo-electric emission in that it is inde- 
pendent of temperature over a very considerable range. 
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Fig. 44. Showing the relation between the Strong Field Emission current I and 
the applied potential V in the case of Tungsten. In the graph log I is plotted 

against — . In any given apparatus V is directly proportional to the Field 

strength F. 

In a second paper Millikan and Lauritsen® repeated and con- 
firmed some of the earlier observations, and showed that a 
simple relation existed between the strength of the emission 
currents (J) and the field strength (F), the latter, for a given 
geometrical arrangement of the apparatus, being directly pro- 
portional to the potential gradient V. This relation is of the form 

I = Ce~^ 

X 

so that if log I be plotted against ^ a straight line is obtained, 
and Fig. 44 shows how remarkably well the experimental results 

3370 L 
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agree with a relation of this type. The same general conclusions 
were reached by B. S. Gossling,^ who also investigated the 
emission from tungsten, and confirmed the almost complete 
temperature-independence of the phenomenon. The experiments 
of Bother^ were carried out with very small distances between 
the two electrodes, but it was again shown that, except at 
the very smallest distances, the critical potential gradients 
were approximately constant when once the electrode had 
been rendered homogeneous, and completely freed from gases. 
These experiments also indicated that, after a thorough and 
drastic heat treatment in a high vacuum, a field strength as 
large as volts/cm. was necessary in order to produce a 
noticeable emission, in agreement with the conclusion of Milli- 
kan that the emission takes place from irregularities which may 
become smoothed down by severe heat treatment. 
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5. The Relations between the Emission Phenomena 

In the preceding sections we have considered the emission 
phenomena as due to three separate processes, but from many 
points of view they are to be regarded as of a similar nature, 
since they are all concerned with the ease with which an electron 
can escape through the surface of the metal. We have already 
indicated that in the Einstein equation for the maximum 
velocity of the emitted electrons 

Ve = ^ mv^ ~ kv—kvQ (1) 

the term hvQ represented the least energy which had to be given 
to the electrons in order that they might break through the sur- 
face of the metal, whilst in the equations for thermionic emission 


_b 

I = Ae e (2) 

and I = Ce^c"! (3) 


the terms b and d were, according to the simple theory, connected 
with the work done by an electron in crossing the surface, and 
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were in fact equal to ^ where cj) is this work. Consequently it is 

a matter of great importance to see whether these two quantities, 
the photo-electric and thermionic "work functions, are the same 
for identical specimens, and much work has been done in this 
connexion. Since equation (3) is now generally preferred to 
equation (2), we shall consider this case only. In the case of 
the alkali metals the relations between the photo-electric and 
thermionic emissions were investigated by Richardson and 
Young,^» ^ but their results were inconclusive owing to the presence 
of multiple threshold frequencies, and to the reactive nature of 
the metals, whilst for platinum, inconclusive results were ob- 
tained by Harrison,^ whose observations varied greatly with the 
exact heat treatment. It has, however, lately been shown by 
DuBridge^ that, when the last traces of gases are removed from 
platinum, the metal reaches a steady state in which the threshold 
frequency is 1962 A°, corresponding to a photo-electric work 
function of 6-30 volts, whilst the thermionic work function of 
equation (3) reaches a final value of 6*27 + 0*07 volts, so that the 
two quantities agree within the limits of experimental accuracy. 
In the case of tungsten a similar conclusion has been reached by 
Warner,® so that the identity of two functions appears to be 
established for pure metals in vacuo, although in the presence 
of gases it is certain that the two work functions are different. 

In view of the great difficulty in obtaining reproducible results 
characteristic of pure metals, and free from all secondary effects, 
the absolute values of the various emission constants are seldom 
of much value in connexion with the problem of the ultimate 
structure of metals, but the independence of temperature shown 
by the photo-electric and intense field emission is a fact of the 
greatest importance, for it indicates that the ‘free’ electrons 
existing inside a metal are in such a condition that at ordinary 
temperatures their energies are almost independent of tempera- 
ture. It is this fact, and the existence of a sharp photo-electric 
threshold, which form the chief characteristics of the emission 
processes from the point of view of metallic structure. 
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1. General 

T he phenomenon of contact electricity in metals, and the 
so-called Volta potential differences, occupy a very curious 
position in science. The fundamental discovery was made by 
Volta in 1801 , at almost the same time as the much more famous 
discovery of the Voltaic cell. But at the end of the last century, 
and for some years afterwards, it was considered by many 
scientists that the Volta potential differences were due almost 
entirely to chemical reactions at the surfaces of metals, owing to 
the presence of moisture, gases, &c,, and that if any real contact 
potential differences did exist between pure metals in vacuo, 
they were of very small magnitude. Recently it has been proved 
quite conclusively that real contact potentials do exist, so that 
the original view of Volta has been re-established. 

On the theoretical side great confusion has existed as to the 
relations between contact potentials, thermo-electric properties, 
and electrolytic solution pressures, and as these relations can be 
discussed in terms of thermo-dynamics and general statistics we 
shall deal with these in the present chapter. 

2. The Volta Potential Difference 

The fundamental fact of contact electricity is that when two 
metals arc placed in contact, electricity flows from one to the 
other. Thus when zinc is placed in contact with copper, the zinc 
acquires a positive and the copper a negative charge, showing that 
electrons have flowed from the zinc to the copper. This simple 
fact may be shown by taking zinc and copper plates with insulat- 
ing handles, and connecting two plates with the opposite ter- 
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minals of a quadrant electrometer, when deflections are observed 
if the plates be brought into contact, and then moved apart. 
Experiments of this kind, together with repetitions of some of 
the original experiments of Volta are described by Lord Kelvin 
in a very interesting paper in the Philosophical Magazine?- The 
original simple methods of measuring the contact potential 
differences between pairs of metals have been considerably 
modified, and in general null methods are used in which ^the 
contact potential difference is balanced by an opposing electro- 
motive force. In the so-called ‘ionization methods’, the air sur- 
rounding the specimens is ionized by some method, such as the 
introduction of a radium salt,^ and when the exact balance is 
obtained no current flows across the space between one metal 
and the other, or alternatively no deflection is produced as the 
distance between the plates is varied. In order to measure the 
true contact potentials, it is, however, necessary to prepare the 
surfaces in vacuo, and apparatus for this purpose has been 
designed by Millikan and his collaborators.^ 

In this way it is possible to arrange the metals in a series, the 
so-called Volta series, so that if any two metals be connected 
together, a positive charge is acquired by the one which is the 
higher of the two in the series. These Volta potential differences 
are of the order 1 volt, and the values are additive quantities, 
so that the potential difference between two metals A and Z is 
the algebraic sum of those between A and B, B and C . . . 
Y and Z. This condition is really a thermo-dynamic necessity, 
since otherwise it would be possible to produce a continuous 
current in a closed circuit of several metals with no chemical or 
other changes to provide the necessary energy. 

Unfortunately, as in the case of the emission constants, our 
exact knowledge of the Volta potential differences is extremely 
unreliable, for nearly all the measurements have been made in 
air, or else with specimens which were cleaned or polished in 
air, and subsequently placed in evacuated vessels. It has, of 
course, long been known that reactive metals such as those of 
the alkali group are at once oxidized by exposure to air, but it is 
only since the comparatively recent study of atmospheric cor- 
rosion that it has been recognized that nearly all metals acquire 
a thin oxide film almost instantaneously on exposure to the 
atmosphere. It may be argued that the presence of an oxide 
film at the surface of contact of two metals will produce no 
change in the contact potentials provided that a true metallic 
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connexion is made to the measuring instrument. For in this 
case we may imagine that the simple pair of metals, say copper 
and zinc, is replaced by the more complex series copper — copper 
oxide — zinc oxide — zinc, the contact potential of which will be 
the same as that of the combination copper — zinc. But it seems 
doubtful whether this conclusion is justified when we deal with 
oxide films, since the ‘contact’ of these with the underlying 
metal is no longer of a simple physical nature. In actual practice 
the contact potentials vary considerably with the conditions of 
preparation, gas pressure, &c., and much of the experimental 
work is rendered confusing by the fact that when factors such as 
heating in high vacuum have been investigated, the treatment 
has been applied to both metals, so that it has been impossible 
to see in ^vhich way the change took place. In some recent work, 
Dubois^ has measured the contact potential between a standard 
copper wire, which was left untreated throughout the experi- 
ments, and a series of metals both in the ordinary condition, and 
after a thorough outgassing in a high vacuum. In this way one 
metal only was submitted to the heat treatment, and the other 
remained unchanged, and in all cases the heating in a vacuum 
caused the metal to become more electro-negative, by amounts 
which sometimes exceeded half ^ volt, whilst heating at lower 
temperatures produced more complex results. It is clear there- 
fore that the actual figures for the contact potentials are of little 
critical value, except in experiments such as those of Millikan® 
in which the surface was prepared in a high vacuum, and even 
here the method suffers from the fact that the specimens were 
not annealed after the cutting, so that they were in a strained 
condition. In all cases an alkali metal is electro-positive to the 
alkaline earth metal which follows it in the Periodic Table, but 
in the B group the reverse is the case, and the Group 2 elements 
zinc, cadmium, and mercury are positive compared to the pre- 
ceding metals copper, silver, and gold respectively. The differ- 
ences between the behaviour of the A and B groups is thus 
similar to that met with in the case of the photo-electric 
threshold frequencies, melting-points, and lattice constants, 
and as we shall show in the general discussion the reason for 
this may be that zinc, cadmium, and mercury are only singly 
ionized in the solid state. But, apart from broad generaliza- 
tions of this kind, a detailed comparison of contact potentials 
does not appear to be justified, whilst little or no systematic 
examination appears to have been made as to the effects of the 
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compositions of alloys upon their contact potentials. There is 
thus much scope for further work in this subject, but it may he 
emphasized that the only conditions under which the results 
will be satisfactory are those in which the metallic surface is 
prepared in a vacuum, and is then annealed to remove the 
effects of straining. In the case of alloys it is, of course, essential 
for these to be annealed or otherwise treated so that the specimen 
is in true equilibrium, and it should be realized that the science 
of Metallography has now progressed sufficiently for there to be 
no excuse for the omission of precautions of this kind. 
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3. The Relations between Contact Potentials and the 
Photo-electric Effect 

In the chapter on emission phenomena we have already 
indicated that, in order to obtain the true potential correspond- 
ing to the velocity of the emitted electrons, it is necessary to 
displace the measured potential difference between the electrodes 
by an amount equal to the contact potential between the metals 
of which the electrodes are composed. We may now consider 
these relations in greater detail, using the line of approach 
adopted by Millikan,^ Richardson,^ and Compton.^ 

According to the Einstein equation (p. 180) the velocity of the 
emitted photo -electrons may be written in the form 

^ = hv—P = hv — Kvq (1) 

where P represents the energy required to detach an electron 
from the metal, and is the threshold frequency. We may now 
suppose that we have a metal A, and that we measure the 
stopping potential required in order just to prevent the 
electrons emitted from the metal A under the influence of light of 
frequency v from reaching the surrounding electrode or Faraday 
cylinder. Under these conditions the energy with which the 
electron is emitted {hv — hv^ must just equal the potential Vj^ 
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plus the contact difference of potential {Kf) between the 
electrode and the Faraday cylinder,* so that 

{’Kd.+^A) ^ = hv—hvQ^ ( 2 ) 

If we now make a similar experiment with a second metal i?, 
but with light of the same frequency, we obtain an exactly 
similar relation 

{V:s+KB)e hv—hv^js (3) 

Hence the contact potential between A and B will be given by 

... (4) 

This equation was tested in great detail by Millikan, who found 
that it was always confirmed. In his first experiments, however, 
Millikan found that the term {V f) often had a definite 
value which might be as much as a volt, although in other cases 
the V terms for different metals were identical, so that the 
{Vjs — Vj) terms became zero. In a later paper^ it was shown 
that these effects were the result of spurious electro-motive 
forces which were regarded as due to the entanglement of elec- 
trons in the copper-oxide surface of the Faraday cylinder, and 
that, when these were done away with, the Contact Potentials 
and threshold frequencies were connected by the simple relation 

IT- rr hv^jfi 


This conclusion was in agreement with the work of Kadesch and 
Hennings,^ and Page,® and at present this equation probably 
gives the most reliable method of estimating true contact poten- 
tials between pure metals, since more photo-electric measure- 
ments have been made in high vacua than direct determinations 
of contact potentials. 
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4. The Effect of Temperature upon Contact Potentials 

The relations between temperature and contact potential 
are at present little understood, and the whole subject is in a 
very confused state. We have already seen that the contact 
potentials are to a first approximation connected with the photo- 
electric constants, by means of the relation (5), 

Strictly speaking this relation requires correction by a term to 
allow for the thermo-electric effects (Peltier Heat). In the very 
accurate work of Millikan and his collaborators, in which the 
metallic surfaces were prepared in a high vacuum, it was shown 
that all the vq terms were independent of temperature, and conse- 
quently the contact potentials should be independent of tempera- 
ture except for a small variation on account of the thermo- 
electric e:hects. As pointed out by Compton,^ the differences to 
be expected on these grounds are of the order 10"^ to 10”“^ volts 
per degree Centigrade, and are thus very small. 

Apart from the work of Millikan, however, all the experimental 
investigations indicate a very much greater temperature varia- 
tion of contact potential, of the order 10"^ to volts per 

degree Centigrade, the chief investigations in this connexion 
being due to Compton,^ Erskine-Murray,^ Burbidge,® Anderson,^ 
and McHenry.® Unfortunately all these experiments were either 
carried out in air, or else with specimens cleaned in air, and 
subsequently placed in evacuated vessels, and all of them are 
thus open to criticism. It has been shown by Bidwell® that many 
of the metallic oxides possess very high thermo-electric powers, 
values as high as 1 milli-volt per degree having been found in 
some cases, and it was suggested by Compton that this may be 
the cause of the abnormally high values found experimentally 
for the temperature variation of contact potential differences 
between metal surfaces prepared in air. 

It has been shown by Ives"^ that for the alkali-metals a slight 
shift in the threshold frequency vq does occur at the temperature 
of liquid air, this being accompanied by a corresponding change 
in contact potential. In this work the potassium film was pre- 
pared by distillation in vacuo, in contrast to the method of Milli- 
kan in which a fresh surface was cut in a vacuum. It does not, 
however, seem likely that this explanation will account for the 
apparent discrepancy between the conclusions of Millikan and 
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the results of the investigators referred to above, since most of 
the change found by Ives occurred below 0° C., and there is thus 
much need for further investigation of the effect of temperature 
upon contact potentials between metal surfaces prepared in a 
high vacuum. 
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5. The Relations between the Contact Potentials and 
Thermo-Electric Potentials 

For a long time great confusion has arisen in connexion with 
the relations between the contact potentials and the thermo- 
electric properties, and it may be well therefore to deal with this 
point in some detail. We may note at the outset that we cannot 
really compare contact electromotive force directly with the 
electromotive force of a thermo-couple. For, as was pointed out 
by Lord Kelvin,^ contact potential differences occur between 
pairs of metals at a constant temperature, whilst thermo- 
electromotive forces depend essentially on differences in tempera- 
ture. If therefore wc wish to make a comparison, it must be 
between the thermo-electromotive forces and the ternper’ature 
variation of contact potentials. 

The second point over which confusion has arisen is in con- 
nexion with the smallness of the Peltier Heat change, for it has 
been frequently argued that if contact potentials of the order 
one volt do really exist at the junction between two metals, 
there should be a large heat evolution or absorption when a 
current crosses the boundary, and, conversely, since the actual 
heat change is very small, it has been argued that the real con- 
tact potcmtials are of the order milli- volts, and hence that the 
large Volta potential differences miist be due to secondary 
effects. This point of view was at one time vigorously supported 
by Sir Oliver Lodge, and if it is examined critically it will be 
seen that it really involves the assumption that, when a current 
crosses the boundary, all the work done against the potential 
difference will appear as a reversible heat evolution or absorption. 
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But in reality this is by no means necessary, and most of the work 
may be stored up as electrostatic energy. This may be shown 
by the following method, which is due to Lord Kelvin. 

Suppose we have two metals X and Y, of which X is electro- 
positive to Y so that electrons flow from X to K when the two 
metals are connected at the junction J. Let CD be a piece of the 
metal Y resting without friction on the surface of EF in the 
position shown. Then on account of the opposite electrifications 
of the two surfaces AB and CD, the plate CD will be subject to 
a pull inwards, and if by means of an external force we draw 
CD out, a current will flow from AB through the metal X across 



Fig. 45. 


the junction J, and electrons will flow in the opposite direction. 
As the current of electricity crosses JT, it will give rise to the 
Peltier Heat Effect, and since everything is here at constant 
temperature we can legitimately apply a simple thermodynamic 
cycle. When, therefore, the plate CD is drawn out there is a 
production (or absorption) of heat due to the Peltier Effect at J. 
Apart from this there is also the possibility that there may be 
‘ quasi -Peltier Effects ’ at the air-or-ether-metal surfaces between 
AB and DD, ‘produced by the electricity crossing the border 
between air or ether at the surface of either metal, and the 
homogeneous metal inside’. The magnitude of these effects, 
which may or may not exist, is unknown, and we may denote 
by Q the total heat produced as the result of the Peltier Effect 
at t/, and the quasi-Peltier Effects at the surfaces. The thermo- 
dynamic cycle then consists of the following processes: 

1. The whole apparatus is imagined to be coated with a varnish 
or similar covering which is impervious to heat, and CD is 
drawn out very slowly so that the process is adiabatic, and 
the temperature of the whole gradually rises from 6^ to 
In order to do this a certain amount of work will have to be 
done by the external force. 
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2. The whole apparatus is placed in a thermostat at constant 
temperature $2, and CD is allowed to move inwards very 
slowly until a certain quantity of heat H is taken in by the 
apparatus from the thermostat. This process is an isothermal 
one at 

3. The plate CD is then allowed to move inwards adiabatically ; 
being again imagined coated with impermeable varnish, until 
the temperature sinks from 62 to 61, 

4. Finally the plate is drawn out isothermally at until it 
reaches its original position, and in doing this a quantity of 
heat will have to be removed in order to prevent the 
temperature rising. 

These four operations constitute a complete cycle of operations, 
and since at any instant the whole apparatus is at the same 
temperature, a Carnot cycle can be applied, and the result 
obtained in this way is : 

dV 

dd "" e 

where V is the contact potential difference at the junction. Con- 
sequently when the plate CD is drawn out, the heat produced at 
J is not the thermal equivalent of the drawing out of the copper 
plate, most of this work being used in storing up electrostatic 
energy, and only a small part being spent on the heat produced 
at J, or, more properly, as the difference between the Peltier 
Effect at J, and the quasi-Peltier Heat Effects (if any), in the 
surface layers at AB and EF when they undergo changes of 
electrification. 

The idea that the Peltier Heat produced when a current crosses 
a metallic junction is the thermal equivalent of the work done is 
thus quite incorrect, although this supposed equality has fre- 
quently appeared in the theoretical development of the subject. 

The method adopted by Lord Kelvin leads to the relation above, 
but it cannot be extended because the behaviour of a single junc- 
tion cannot be further investigated thermodynamically without 
introducing a return path. The subject has, however, been investi- 
gated statistically by J. A. V. Butler, ^ who obtains the following 
relation for the contact potential E between two metals A and B, 


where U = F is the total energy change in the 

passage of the electrons from one metal to the other, F is 
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one Faraday, and is a constant depending on the statistical 
conditions. This line of approach really involves assumptions 
concerning the way in which equilibrium is attained between an 
electron atmosphere and a metal, but the equation is introduced 
here because it is required in order to understand the relations 
between contact potentials and electrode potentials which are 
discussed in the next section. 
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6. The Relations between Contact Potentials and 
Electrolytic Solution Potentials 

As stated in the Preface, we do not propose to deal here 
with the electro-chemical properties of metals, but as confusion 
has existed in connexion with the relations between contact 
potentials and electrode potentials, it may be well to discuss this 
question in some detail, since this problem has recently been 
solved satisfactorily by J. A. V. Butler.^» 2, 3 

It has long been known that when two metals are placed in 
an electrolyte, and then joined by a wire, a galvanic cell is 
formed, and a current flows through the wire, but the exact 
source of the electromotive force is by no means so clear. Ac- 
cording to the older views of Nernst, the seat of the electro- 
motive force was to be found at the electrodes, and each elec- 
trode was regarded as emitting positive ions, until a state of 
equilibrium was reached in which the tendency to emit ions was 
balanced by the electric charge left on the electrode plus the 
pressure of the ions in the solution. According to this point of 
view, each metal in a normal solution of one of its salts had a 
characteristic solution potential, and the electromotive force of 
a galvanic cell, free from secondary effects, was the difference 
of the potentials of the two electrodes. This explanation of the 
process was supported by the discovery in the Gibbs-Helmholtz 
equation, that the electrical energy generated in the galvanic 
cell was equal to that of the chemical process which took place, 
and as long as it was thought that the true contact potentials in 
the part of the circuit outside the electrolyte were only of the 
order of a few milli-volts, corresponding to the Peltier Effect, the 
whole conception appeared to be satisfactory. But with the dis- 
covery by Millikan and by Richardson that real contact poten- 
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tials of the order one volt existed between pure metals in vacuo, 
difficulties were at once apparent, and we may now consider the 
following explanation, given by Butler. 

We may consider a simple cell in which the electrodes are of 
zinc and copper, the two electrodes being joined outside the cell 
by means of copper wire. The reaction which takes place may 
then be considered as divided into three parts : 

1. The solution of zinc at the one electrode. 

2. The deposition of copper from solution on to the copper 
electrode. 

3. The passage of electrons from zinc to copper. 

It was then shown by Butler that if we accept the contact 
potential differences deduced from the photo-electric work func- 
tions, the energy change corresponding to the third process is 
large, and in fact accounts for a considerable fraction, which is 
often the greater part of the total energy of the chemical re- 
action taking place in the cell. Thus with copper and zinc, the 
contact potential difference deduced from the photo-electric 
work function is 0-6 volts, and the difference between the heats 
of solution expressed in volts is 1T5 volts, whilst the measured 
E,M,F. of the cell is ITO volts. 

It was further shown by Butler that a general correspondence 
existed between the contact potentials of the different metals 
against platinum, and the corresponding normal electrolytic 
solution potentials against the normal hydrogen electrode, in 
which the electrode material is platinum, and the metal junction 
is that between metal and platinum. The following examples, 
which are taken from Butler’s paper, may make this point clear. 

Table XXIX 


Metal. 

Potential Contact 
Difference against Pt. , 

Electrolytic Normal 
Potential against 
H~Pt. Electrode. 

K. 

2-95 

2-92 

Na. 

2-6 

2-71 

IJ. 

2-1 

2-96 

Ca. 

1-8 

2-.S 

Mg. 

1-7 

1-49 

Al. 

1-4 

1-34 

Zn. 

1-0 

0-76 

Cd. 

0-90 

0-40 

Sn. 

0-0 

0-14 

Cu. i 

0-4 

™0-36 
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The conclusion which is drawn from this rough correspondence 
is that the contact potential difference is mainly responsible 
for the E.M.F. of the cell, and that the older conception, that 
almost all of the E.M.F. is situated at the contact between the 
electrodes and the solution, is incorrect. 

It remains, however, to be shown that this conclusion is not 
in conflict with the Gibbs-Helmholtz equation, and this may be 
done as follows by considering a simple {Zn-Pt) cell in which zinc 
dissolves and hydrogen is liberated, so that the total reaction is 

Zn~]-2H*aq = Zn' 

At the metal electrode, the process is simply the passage of the 
metal ions from the metal into solution, and we may unite the 
total energy change* of this as JJ^ 

Zn — >■ Z n * . 

At the platinum electrode, where hydrogen is discharged, we may 

' ‘ie+m’aq ~^H^+ V^. 

Whilst at the junction between the metals the energy change 
on account of the contact potential difference may be written : 

~ (hvQ ^^ — hvQp) F. 

In this equation we again ignore the small thermo-electric effects. 
The sum of the total energy changes throughout the cell, pro- 
vided no external electrical work is done, will then be equal to 
the heat of reaction, so that 

U^-~Q= F+U, . . . ( 1 ) 

In this way, if we know the heat of reaction Q, and the threshold 
frequencies, we can determine the sum of the energy changes at 
the two electrodes + Owing to the uncertainty of the 
threshold frequencies, however, Butler also obtained values for 
the energy changes at the electrodes by an alternative method 
which served as a rough check upon the values obtained from 
equation (1). For this purpose the metal is imagined to be 
vaporized (heat absorbed S), and the vapour ionized (heat of 
ionization J). The ionized electrons are then returned to the 
metal (heat evolved F where ^ is the thermionic work function), 
and the metal ions dissolved in water (heat of hydration H). 

* By the total energy change at a junction is meant the heat effect when 
no electrical work is done. In the galvanic cell only a small part of the 
energy of the reaction is liberated as heat. 
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The total energy change corresponding to the passage of metal 
ions into solution is then 

= H+4>F-J-S ( 2 ) 

All these terms are known roughly for some metals, and in 
this way equation (2) forms a check on the values determined 
from equation (1), although the values are too approximate to 
have any precise meaning. The conclusion drawn is that the 
energy change taking place at the electrode is small compared 
with the total energy change in the cell, and is roughly of the 
same order as that occurring in the solution of salts, so that 
qualitatively there is no conflict between the Gibbs-Helmholtz 
equation and the view that the contact potential difference is 
the main seat of the electromotive force of a galvanic cell. 

Finally, Butler was able to show quantitatively that the Gibbs- 
Helmholtz equation followed directly from the above concep- 
tions, and this may be done in the following way, if we imagine 
a simple cell in which the chemical reaction is, for example, 
represented by the equation: 


In this case at the zinc electrode, the process taking place is 
the solution of zinc, and at the copper electrode, the process is 
the deposition of copper, whilst at the metal-metal junction the 
electrons do work against the contact potential difference. At 
the zinc electrode, therefore, the condition for equilibrium is 
given by the relation: 

fzri^'^ { Metal) (Solntfon) “f" F, 

where /(Solution) partial free energies of the 

zinc ions in the metal and the solution respectively. 

At the copper electrode the corresponding relation is 

fcu'^'^' (Motal) = /lC'u+'^ (Solution) + " F, 

Whilst at the metal-metal junction, we have 


where f^f^zn) feicu) ^^e the partial free energies of the electrons 
in the two metals. 

Considering the change, we have for tlie free energy changes : 

1. In the solution of zinc Af^ = (Solution) -/zn+ ' (MetaI)- 

2. In the deposition of copper Af.^ =/cu++{Mcte» -/cv^+isoiution)- 
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3 . In the passage of 2 equivalents of electrons from zinc to 
copper 4/3 = 

So that the total free energy change Af is given by 

4/*= 4/i+4/2+4^ 

— (2 E 2 — 2 El — 2 Ezn^cu) T 

= 2EF 

where E is the electromotive force of the whole cell. 

The free energy change of the reaction is therefore equal to the 
electromotive work, and all the thermodynamic relations, includ- 
ing the Gibbs-Helmholtz equation, can be applied. In this way 
the older rival ‘contact’ and ‘chemical’ theories of the source 
of the electromotive force are satisfactorily reconciled, each 
representing one aspect of the truth. It follows from this 
explanation that attempts to determine absolute potential 
differences at electrodes must take into account the possibility 
of contact potential differences between the standard and the 
experimental electrode metals. , On the other hand the E.M.r. 
of a cell involving a reversible oxidation process at an inert 
electrode is not affected by the electrode material, because, if 
the effect of the metal-metal junction is considered, any variation 
in the electrode material will affect the potential differences at 
its ends by equal amounts. 
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SECTION II 

INTRODUCTORY NOTE 

I N attempting any description of the various electronic theories 
of metals, the first difficulty encountered is the widely different 
points of view from which such theories are of interest. For 
while the greater part of the theoretical work has been confined 
to the electrical and thermal properties, the conclusions naturally 
bear indirectly upon other characteristics, and the complete 
theory must, of course, eventually embrace the whole of the pro- 
perties of the metallic state. There are thus many readers to 
whom a general survey of theoretical work is of interest, but who 
do not wish to study the details of the mathematical treatment. 
The second difficulty is that, although a great deal of the older 
work has now been revised or discarded, the more recent theories 
involve so much of what is really mathematical technique, that 
it is from many points of view much more easy to approach the 
subject by considering first the earlier theories, than to plunge 
directly into the strange conceptions which are resulting from 
the new quantum mechanics. 

In the hope of meeting these difficulties, and of making the 
book appeal to as wide a range of readers as possible, the follow- 
ing policy has been adopted. Except for some of the shorter 
intermediate theories which are dealt with in Chapter XI, each 
of the main theories is treated in a separate chapter, which begins 
with a general description, written, so far as is possible, in non- 
mathematical form. These general accounts are then followed 
by more detailed descriptions, leading to the derivation of the 
various equations for the electrical conductivity and other con- 
stants. Each chapter then concludes with a critical discussion of 
the theory concerned, and this is intended for both the general 
reader, and the more serious student. In this way it is hoped 
that, by reading the general descriptions and discussions, the 
reader will be able to obtain a survey of the main trend of the 
theoretical work, whilst those who wish to study the subject 
more thoroughly will find the details which they require. This 
policy naturally involves a little repetition in some places, but it 
seemed to offer the best solution of the difficulties referred to. 
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1. Introductory 

T he free electron, or electron-gas theory, wa.s the first to give 
a comprehensive account of the electrical and thermal pro- 
perties of metals supported by anything in the way of quanti- 
tative evidence. It was the result, on the one hand, of the dis- 
covery of the electron as a definite constituent of matter, and on 
the other hand of the striking success of the kinetic theory of 
gases in so many directions. The theory was first put forward 
by Drude^ in 1900, and has since been extended by many workers. 
It is, however, probably better to separate the original simple 
theory from the more complicated developments, for these have, 
in general, only been concerned with minor details, and with the 
removal of the admittedly crude simplifications made in the 
original theory. The majority of these simplifications were 
frankly recognized as such by Drude, whose work was intended 
as a preliminary survey of the whole field of the electrical, 
thermal, and optical properties of metals. The theory is no 
longer generally accepted, but as a first attempt its success was 
most striking, and particularly so in view of the very simple 
assumptions which were made. 

rkfb:rknce 

1. Drude. Ann. d. Physik, 1900, 1, 506, 3, 369. 

2. General 

The general picture presented by the Drude theory is quite 
simple. The metals are supposed to contain a number of free 
electrons moving in the spaces between the atoms, and it is 
assumed that the motion of these electrons can he treated as 
though they were molecules of an ideal gas as pictured by the 
kinetic theory. When no current is flowing through the metal 
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the electrons are considered to move quite at random, colliding 
sometimes with each other and, much more frequently, with the 
atoms, so that on the whole there is no resultant flow in any one 
direction. But when an electric force is applied, it causes a 
general drift of the electrons in one direction, and in this way 
the current is carried. 

On this theory, therefore, the electrical conductivity depends 
on the number of free electrons per unit volume of the metal, 
their velocity, and the way in which their collisions with the 
atoms interfere with the general drift of the electrons in the 
direction of the electric force. Since the radius of an electron is 
of the order cm., whilst that* of an atom is cm., the 

number of collisions of electrons with one another is assumed to 
be negligible compared with the number of collisions between 
atoms and electrons. For the chance of a collision depends on 
the square of the dimensions, and hence, unless the electrons are 
very much more numerous than the atoms, the chance of a given 
electron hitting an atom is about 10^® times its chance of hitting 
another electron. 

The electron-gas theory then makes the simple assumption that 
the kinetic energy of the electrons, in the absence of an electric 
force is that of a gas molecule at the same temperature, and hence, 
since the mass of an electron is known, the velocities of the elec- 
trons at a given temperature can be calculated from the kinetic 
theory. For all ordinary currents the general drift produced by 
the electric force is small compared with their normal gas velocity. 

In the same way, when one end of a metal is heated, the elec- 
trons tend to flow from the hotter to the colder parts, just as 
the hotter molecules of an unequally heated volume of gas tend 
to diffuse into the colder parts. The comparison is, of course, 
with the true conductivity of a gas, and not with the equalization 
of heat by convection. From this point of view, the high thermal 
conductivity of metals is due to the small mass, and consequent 
high velocity of the electrons, since the true thermal conductivity 
of a gas varies directly as the velocity of its molecules. 

* We are here assuming, as in the earlier theories, that the effective radius 
of an atom for the collision process is of the same order as the interatomic 
distance in the solid metal. This is not really the case, as is shown by the 
Ramsauer effect, but the general conclusion is not invalidated as long as we 
look upon the collisions as governed by what we may call the ‘particle’ 
properties of the electrons and atoms. The new wave theories indicate that 
this is only one aspect of the truth, but these conceptions lie quite outside 
the older work. 
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Further, since the theory regards the electric current as being 
carried by moving charges of electricity, we can at once under- 
stand how the motions of these particles are affected by the 
presence of magnetic fields, and a general understanding of the 
galvano-magnetic phenomena (the Hall Effect, &c.) becomes 
possible. It is not, however, so easy to see why these effects 
should have different signs in different metals, and this can in 
fact only be explained by making rather improbable secondary 
hypotheses as to the effect of the magnetic field upon the 
mechanism of the collisions between the electrons and the 
atoms. 

The thermo-electric properties are accounted for on the 
assumption that, in an unequally heated metal, the electrons 
will in general tend to flow from the hotter to the colder part, 
and that in so doing they will cause a difference in potential to 
be set up so that equilibrium is eventually established when this 
potential difference just balances the differences in the pressure 
of the electron gas in the hot and cold parts. In this way we are 
led to expect a difference in potential to be set up in an unsym- 
metrically heated conductor (Benedick’s Thermo-Electric Effect), 
and also transference of heat when a current flows down an un- 
equally heated condiictor (Thomson Effect). As we shall see 
later, it is not so clear why these effects should have different 
signs in different metals. 

Similarly, when metals are placed in contact, the pressures of 
the electrons in the two metals are in general different, so that 
the electrons tend to flow from one metal to another until this 
tendency is balanced by the difference in potential set up. In 
this case the process is a little more complex owing to the fact 
that when an electron crosses the surface of a metal, it experiences 
an energy change, the so-called work of emission, which has to 
be taken into account. The development of this side of the 
theory was rather confused, owing to the frequent use of the 
argument, which we have already (p. 155) shown to be fallacious, 
that the whole of the work done by a current against a potential 
difference at the boundary between two metals should appear as 
heat. When this fallacy is avoided the expressions deduced for 
the contact potential between two metals involve the tempera- 
ture, the work of emission, and the electron concentration in the 
two metals, whilst the expression for the Peltier Heat involves the 
electron concentrations and temperature only. 
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3. Derivations of the Equations for the Thermal and 
Electrical Conductivities 

Drude originally considered the possibility of electric con- 
duction in metals taking place on account of both positive and 
negative carriers, but so many facts have indicated that all the 
carriers are the negatively charged electrons, that we shall con- 
sider this conception alone. In attempting to deduce an ex- 
pression for the electrical conductivity from this point of view, 
we have to make certain simplifying assumptions, of which the 
most important are as follows: 

Owing to the small mass of the electrons, about 1/1840 that 
of a hydrogen atom, their velocity must be very great if they 
behave as particles of an ideal gas, and calculations from the 
kinetic theory show that the velocity will be of the order 10^ cm. 
per second. At normal current densities, the velocity of general 
drift of the electrons (u) caused by the electric force will therefore 
be very small compared with the normal gas velocity (ay). Thus 
for copper at a current density of 10^ amps, per sq. cm., u is 
about 1% of ay, so that for the current densities with which we 
generally deal, we are justified in assuming that u will have little 
effect upon the length of the mean free path (A) between two 
collisions, and we may unite A — vt, where t is the time between 
two collisions. 

We assume further that the effect of the electric field on the 
motion of an electron is completely destroyed by the colhsion, 
so that it rebounds with the normal velocity of thermal agitation 
(ay). Strictly speaking this is not true, but the assumption is pro- 
bably accurate to a sufficient degree in view of the fact that u is 
small compared with ay, and that many other approximations are 
made. 

Let us now suppose that an electric field X acts on the metal, 
and produces a general drift (u) of the electrons in the free paths 
between their collisions. It must be understood that this will be 
a general effect only. Some electrons will still move one way, and 
some another, but whereas in the absence of an electric force 
there is no resultant flow in any direction, the presence of an 
electric force will cause a general flow in its direction, and we 
may treat this statistically as though each electron acquired a 
uniform velocity u in the direction of the force. 

If m is the mass of an electron, t the time between two col- 
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lisions, and e the electronic charge, the mean velocity given to 
the electrons by the electric force will be 


u = iX—t 


because the force acts on the electrons for the average time t, at 
the end of which the added velocity is X—t, and since this is 


0 

acquired steadily the mean velocity will be 

If there are n electrons per unit volume, the quantity of 
electricity carried in unit time across a unit area at right angles to 
the electric force is 


i = neu = 


, nXeH 


m 


Since u is small compared with v, we assume that A is the same 
whether the current is flowing or not, in which case we may 

unite and the specific electrical conductivity may be 


written : 


i ne^X ne^Xv 

X 2mv 2mv^ * 


Now I is the kinetic energy of an electron, and by the 
fundamental assumption of the theory, this must be equal to 
the kinetic energy of a gas molecule at the same temperature, 
which is given by aS, where B is the absolute temperature, and 
a is a fundamental constant of value 2*02 x ergs per C. 

The expression for the specific electrical conductivity thus 
reduces to 

ne^Xv 



and this is the fundamental equation of the simple theory. It is 

sometimes -written in the alternative form C = ; in this 

case -we refer to the gram-molecule, and the kinetic energy of the 
gram-molecule is given by ^RS, -where R is the gas constant. 

The expression for the thermal conductivity of a metal from 
the point of view of this simple theory is that for the thermal 
conductivity of the electrons considered as a gas at the same 
temperature. This is given directly by the Kinetic Theory as 


( 2 ) 
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where a is the constant previously referred to. The alternative 
form is K = — The proof of this well-known equation is 

to be found in almost any text book on the kinetic theory of gases 
(e.g. Jeans, Dynamical Theory of Gases, 1921, p. 290), and is 
therefore not reproduced. 

4. The Wiedemann -Franz Ratio 

From the above equations for the thermal and electrical con- 
ductivities we may compare their ratio, which reduces to 

nvXa 

K __ 

C ne^Xv 
4ia0 

This expression is independent of both n and A, which are the 
quantities which vary from one metal to another, and hence the 
theory predicts a constant Wiedemann-Franz ratio in general 
agreement with fact. 

Further, when we insert the numerical values in equation (3) we 
find that at 0° C. the theoretical value for the Wiedemann-Franz 
ratio is 6*3x10^®, which is remarkably near to the experimental 
value. This prediction of the approximate value of the Wiede- 
mann-Franz ratio is the one great triumph of the simple electron 
gas theory, and must admittedly be regarded as most striking. 
Considering the very simple assumptions which the theory 
involves, it is, to say the least of it, remarkable, that two such 
apparently different constants as the thermal and electrical 
conductivities should have been accounted for so satisfactorily. 

The theory also leads us to expect a very slight deviation from 
Ohm’s Law at extremely high current densities, because in this 
case it is no longer justifiable to assume that the velocity of 
general drift (u) given to the electrons, is small compared with 
their normal gas velocity (u). Calculation shows that, unless the 
free paths are very large compared with the interatomic 
distances, the deviations from Ohm’s Law to be expected at 
current densities of the order 10® amperes per sq. cm. are very 
much smaller than those which Bridgman claimed to have de- 
tected (p. 2). This was originally used as a strong argument 
against the simple electron-gas theory, but, as we have already 
seen (p. 2), the more detailed work of Barlow indicates that no 
detectable deviation exists, so that this criticism of the older 
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theory is no longer justified, and the theory is in agreement with 
the facts, since the deviation to be expected is within the limits 
of the experimental methods. 

5. Contact Potentials and Thermo-Electric Properties 

The simple electron gas theory is able to give a general 
account of the Contact Potentials and Thermo-Electric pro- 
perties, although the theoretical equations lead to inconsistencies 
as regards the numbers of free electrons required. Since the 
pressures of the electrons are not necessarily the same in different 
metals, we shall in general expect electrons to flow from one 
metal to another if the two are placed in contact. In this way a 
potential difference will be created, and we may expect equi- 
librium to be attained when the number of electrons crossing the 
boundary in one direction in a given time, owing to the difference 
in pressure, is equal to the number crossing in the opposite 
direction, owing to the potential difference set up. The theoretical 
development of this conception was, however, very confused 
owing, firstly, to the fallacious argument (see p. 155) that all the 
work done by an electron in crossing the boundary must appear 
as heat, and, secondly, because, in some of the earlier develop- 
ments of the theory, it was forgotten that when an electron 
crosses the surface of a metal, a definite amount of work has to 
be done. It is this force, corresponding to the work of emission, 
which keeps the electrons in the metal at ordinary temperatures. 

The problem may be approached by the following method, 
which is due essentially to O. W. Richardson.^ We may assume 
that the ordinary kinetic theory of equilibrium can be applied, 
so that in any system at a constant temperature 9, if and 
are the concentrations of electrons at any two points A and B, 
and if W is the work done in taking an electron from A to R, 
then at equilibrium 

= e \or e~^ad) ( 4 ) 

where R (or a) are the previous gas constants. 

We may consider now a piece of metal present in a small 
evacuated insulated space at a constant temperature 6. The 
metal will begin to emit negative electrons until a steady state 
is reached in which the positive charge acquired by the metal 
pulls back as many electrons in a given time as are emitted in 
the same period. 
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If at any external point, n and V are respectively the number 
of electrons per unit volume, and the potential, then, since there 
is equilibrium between the inside and the outside of the metal, 
we have 

IL = g-[«>x+e(F-Fx)]3^ (5) 

where is the work done by the electron in crossing the surface, 
and Vj^ is the potential at the surface. 

Now suppose that instead of one metal we have two different 
metals present in the same evacuated and insulated space, and 
let and n and zejg ^ refer to the two metals respectively. 
Then an equilibrium will finally be set up in which each metal 
emits as many electrons as it gains in a given time. 

Then if % and % are the numbers of electrons per unit volume 
in the two metals, 


so that W, the work done in taking an electron from one metal 
to another will be given by 


IF: 


- aB log^. 
3 


But W must also equal the work done in going through the 
surface of the one metal across the intervening space to 
the second metal and through the second surface 

(wjg)' So that 


W=-adlog^==^ w^+e{V2- 
8 


-Vi)-W2 


giving 


-Vx = 


m 


e 3 e ® % 


( 6 ) 


This equation refers to two metals separated from one another, 
but an argument of the kind used in deducing the Phase Rule 
shows that it also applies to the case of two metals in contact, 
so that equation (6) gives the true contact potential, which thus 
requires a knowledge of the w terms, the magnitudes of which 

are very much greater than the term ~ ^ log — , so that the 

o e 

Contact Potentials depend essentially on the w terms, which cannot 
be evaluated from the point of view of the simple gas theory. 

Now the Peltier Effect is a measure of the heat liberated when 
a steady current passes across the junction of two metals, and. 
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as we have already shown, the work done in taking an electron 
from one metal to another by crossing the outer surfaces is : 


which is equal to 




2«0]og!^. 
Be ® nj 


Consequently the work done per unit charge is given by 


P log 

3 % 


. (7) 


It can be shown that if the whole energy change in crossing 
the boundaries is given by the term (Wi — W 2 ), then the expression 

-aO log — ^ represents the whole of the heating or cooling effect 

due to the passage of the current across the junction, no energy 
being changed into other forms. This is really only true if the 
conditions of motion of the electrons in the two metals are 
identical so that no transfer of kinetic energy takes place when 
the electron crosses the boundary when a steady current is 
flowing, but possible differences of this kind are neglected in the 
simple theory, so that equation (7) gives the Peltier Effect. 

As we have already seen (Chapter VI), the magnitude of the 
Peltier Effect is very small, and even in the case of bismuth and 
antimony only amounts to 1/30 volts. In this case equation (7) 

shows that — = 3*8, and this indicates that the numbers of 
% 

electrons per unit volume are approximately equal for all metals, 
since, although the Peltier Effect for bismuth and antimony is 
abnormally large, it only requires the one metal to have about 
four times as many electrons per unit volume as the other. 

In the Thomson Effect we deal with the transference of heat 
by an electric current flowing through an unequally heated con- 
ductor. Since the pressure of the electrons in a metal depends 
upon the temperature, there must be corresponding differences 
in electromotive force in order to prevent all the electrons from 
drifting from one point to another. The expression for the 
Thomson coefficient may then be deduced by the following 
method which is again due to Richardson (loc. cit.). We imagine 
two specimens of the same metal A and A' kept at constant 
temperatures d and d', and connected by a thin rod of the same 
metal covered with some insulating substance which prevents 
the evaporation of electrons. A and A' are surrounded by 
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evacuated chambers, and electrons can be transferred reversibly 
from one chamber to another by means of a suitable piston and 
cylinder arrangement. Since A and A' are at different tempera- 
tures there is a continual flow of heat down the narrow rod. 

Under these conditions each piece of metal gives off electrons 
until an equilibrium is produced, and the potentials acquired 
may be written V and V\ These potentials are not necessarily 
the same, even though the two metals are connected by the thin 
rod. A difference of potential may, for example, arise if contact 
potentials vary with temperature, and we may therefore sur- 
round A by a potential filter maintained at the potential F'* 
Under these conditions no work against electrical forces will have 
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Fig. 46. 


to be done if we remove an electron from that part of the chamber 
at d which is outside the filter, to the chamber at The corre- 
sponding equilibrium pressures, which are proportional to the 
number of electrons per unit volume may be denoted by p terms 
for the vapour phase, and P terms for the electrons within the 
metal. 

The cycle of operations now consists in evaporating N electrons 
from A through the potential filter, bringing them by reversible 
processes to the same temperature as those outside A\ condens- 
ing them into A', and then allowing them to flow down the 
narrow conductor from to In this last process the heat ab- 

sorbed will be ]Sle\ adSy where a is the Thomson Coefficient. 

We assume, further, that the laws of thermodynamics can be 
applied to this cycle of operations in spite of the continuous flow 
of heat which takes place down the rod from A' to A. This is 
the same assumption involved in the Kelvin treatment of thermo- 
electricity, and we shall discuss its Justification later (p. 202). 

In evaporating from Ay the work done is NRO, and the heat 
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absorbed is N(w-{-e(V'—V)+Bd). The work during the adiabatic 

JVjR 

transformation from 6 to 6' is {0—6') where y is the ratio of 

X 'y 

the specific heats at constant pressure and constant volume; 
since the transformation is adiabatic the heat absorbed is zero, 

/ 0 \ y/i~y 

and the pressure changes from i>o ^ ( ^ ) - electrons are 

then expanded isothermally to the pressure p' during which the 

work done equals —NR6' log , and a corresponding 

amount of heat is absorbed. In condensing into A' at tempera- 
ture B' and pressure p', the work is — NR6' and the heat absorbed 
—N{w'+R6'). Finally, on flowing down the conductor from B' 

to B^ the heat absorbed is Ne adB. If we now apply the second 

Jd' 

r 

law of thermodynamics to the above cycle we have = 0, 
and hence 



,0- 

From equation (4) since the assumptions of a perfect gas require 
the pressures to be proportional to the number of electrons per 
unit volume (n), it follows that 


RB logpo = RB log p~-e{V"—'V) == RB log P—w—e(V' — V) 
and RB' log p' = RB' log P' — w' 


where P and P' are the pressure of the free electrons within the 
metal. Consequently 


e\ ^dd—Blog- 

i0'° 


Ry 1 ^ ^ 


and on differentiation with respect to B^ 


a = 


1 Ry 
e (y — 1 




where P is the pressure of the internal free electrons at tempera- 
ture B, and P^ is the value of the same quantity at some fixed 
temperature say B-^, and is thus a characteristic of the substance. 
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Since PccnO where n is the number of free electrons per unit 
volume, this equation may be written 

and since the electrons are considered as forming a perfect mon- 
atomic gas, for which y == |, this becomes 


a 


1 

e 



( 3 ) 


Strictly speaking this expression does not really give the 
Thomson Coefficient, because the latter refers essentially to a 
steady current, whilst the above process deals with the trans- 
ference of electrons under equilibrium conditions. But in the 
simple theory any slight differences of this kind are ignored, 
and the above equation gives the Thomson Coefficient. 

When the above expression is compared with the facts it is 
found that the first term on the right-hand side of the equation, 
SR 

namely — is very much greater than the observed values of a, 

and hence, as was first pointed out by Thomson, the two terms 
within the bracket must be very nearly equal if the theory be 
correct, and we have therefore: 


log n = I log 6+a constant. 

So that n varies as or, in other w^ords, the number of free 
electrons is required to vary very rapidly with the temperature. 

From the equations for the Thomson and Peltier Coefficients 
we can readily deduce an expression for the thermo-electric force 
of a circuit by considering two metals with junctions at 6^ and 
^ 2 , and imagining electrons to move round the circuit without 
leaving the metal. In this case subject to the assumptions which 
we have previously noted (p. 172) we have; 

r^2 rdi 

- P'-P+ cr^de+ < 

where E is the electromotive force of the circuit, P' and P are 
the Peltier Effects at the two junctions, and <ti and 0*2 the 
Thomson Coefficients for the two metals. 

Substituting the values previously deduced for the Peltier and 
Thomson Effects, we find on integration 
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and dE _ JR 

dB e ® OTi 

These are the expressions for the thermo-electromotive force 
and its first differential coefficient, the latter, of course, giving 
the Peltier Effect in electrical units. For most pure metals, how- 

dJEj 

ever, ^ is nearly a linear function of the temperature, and this 
ctu 

cannot be reconciled with both the above equations and that 
deduced from the Thomson Effect, since the latter requires n to 
vary as a simple power of 0, 
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6. Galvano -Magnetic and Thermo -Magnetic Phenomena 

The free electron theory is not particularly successful in 
accounting for the galvano-magnetic and thermo-magnetic 
phenomena, and in fact the very complex nature of these, as 
shown by the variation of sign of the effect in different metals, 
and in some cases even with the magnitude of the field strength, 
is in itself strongly suggestive that the ultimate explanation will 
be far from simple. 

The first suggestion made was that, in the case of the Hall 
Effect, the magnetic field acts on the electrons in the free paths 
between their collisions. If this be so, then if H be the strength 
of the magnetic field, u the velocity of average drift of the 
electrons in the direction of the electric force, and e the electronic 
charge, the average force acting on the electrons will be Heu, if 
we assume that the magnetic field does not appreciably alter the 
length of the time between two collisions, so that u remains con- 
stant. This force will act at right angles to the magnetic field 
and at right angles to the flow of the current. 

This simple suggestion is, however, unsatisfactory for two 
reasons. In the first place it indicates that the effect should be 
directly proportionate to the field strength, which is not so. In 
the second place, and much more seriously, this theory will 
require the Hall Effect always to act in the same direction, 
whereas, as we have already seen, the Hall Coefficients are 
positive in some metals, and negative in others. 

Various secondary hypotheses have been introduced in order 
to account for these phenomena, but none is particularly satis- 
factory or convincing. It has been suggested that the magnetic 
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field acts not only upon the electrons in their free paths, but also 
upon the atoms in such a way that the electronic collisions are 
affected. That is to say the magnetic field may distort the orbits 
of the electrons which remain bound to the atoms, so that the 
field of force surrounding an atom is changed. If this be so, the 
Hall Effect will be composed of two distinct processes, the action 
of the magnetic field upon the electrons in their free paths, and 
the action of the field on the atoms. Since these effects may 
not have the same sign, we can understand the complex nature 
of the phenomena. These explanations are, however, purely 
qualitative. 

7. Discussion 

In discussing the simple electron-gas theory it is necessary to 
distinguish carefully between the qualitative and the quantitative 
aspects. Considered qualitatively the theory gives a satisfactory 
explanation of many of the electrical properties, although it fails 
in connexion with supra-conductivity, the effect of pressure on 
resistance, variations in the Wiedemann-Franz ratio, and the fall 
in conductivity when a solid solution is formed. 

As regards supra-conductivity, it seems almost inevitable that 
no simple conception of an electron gas will account for the 
phenomenon. Even the conception of electrons moving in 
guided paths or channels between the atoms appears insufficient 
to account for supra-conductivity in closed rings of poly- 
crystalline metal, and it seems almost essential to conceive of 
some mechanism whereby the electrons can be passed on from 
one atom to another. But any conceptions of this kind are, of 
course, incompatible with the quantitative side of the theory in 
which the electrons are treated as particles of an ideal gas. 

The fact that the electrical resistance is diminished by hydro- 
static pressure is in contradiction to the simple theory, which is 
also unable to account for the variations in the Wiedemann- 
Franz ratio where these are larger than can be ascribed to the 
non-metallic part of the thermal conductivity. 

The theory is also unsuccessful in accounting for the marked 
fall in conductivity which takes place when a pure metal forms 
a solid solution. This was originally considered as the result of 
thermo-electric forces between separate particles of the two 
metals, but now that it is known that solid solutions consist of 
the two kinds of atoms situated on a common lattice, this ex- 
planation has had to be rejected. The whole of the effect has to 
be ascribed either to marked changes in the numbers of the free 

3370 -NT 
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electrons, for which there appears to be no reason, or to variations 
in the lengths of the free paths. The latter explanation is taken 
up in the theories of Wien, Lindemann, etc., but it naturally 
involves the rejection of much of the quantitative side of the 
theory which is based on the conception of an ideal gas. 

It will be noticed that in the preceding sections we have made 
little or no reference to the numbers of free electrons or to the 
lengths of their free paths which are necessary in order that 
the equations may fit the facts. Since the electrical conduc- 
tivity varies inversely as the temperature, it can be seen from 

the equation deduced for the conductivity, C = that 


^"^5 since the kinetic theory requires the electron velocity v 

Rd 71 

to vary as 6^. The equation for the Peltier Effect, P = 

indicates that the number of electrons per unit volume in different 
metals must be of the same order of magnitude, whilst the equa- 
tion for the Thomson Effect, o- = ^ requires 

SjR 

nccB^ since o is small compared with — . So far, however, we 

have only relations connecting n and 0, or expressing the value 
of n A, and we have not obtained any method of estimating n 
directly. The first of these methods was obtained from measure- 
ments of the optical properties of metals, and was developed by 
Schuster in 1904, the idea having been suggested by Drude in 
his original paper. The methods depend upon the fact that in 
deducing the fundamental equation for electrical conductivity 
we assumed that the electric force acted on the electrons for the 
whole of the time between two collisions. Consequently when 
we come to deal with periodic electric forces, in which the 
frequency is high, and the period so short as to be comparable 
with the time between two electronic collisions, the fundamental 
formulae require modification. In the reflection of visible light, 
or of infra-red radiation, corresponding to rapidly fluctuating 
electric forces, the portion of the light absorbed is intimately 
connected with the conductivity of the metal under these con- 
ditions, In this way by comparing the conductivity of the metal 
under ordinary conditions, with the conductivity under the 
influence of light waves of known frequency, we can obtain an 
indication of the time between two electronic collisions, and hence 
of the number of electrons present. 
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The first theoretical investigation was due to Schuster,^ and 
indicated that the number of free electrons present was from one 
to three times the number of atoms, and the later work confirmed 
the same general conclusion that the number of free electrons 
was of the same order as that of the atoms. As pointed out later 
by Livens,^ the method is not accurate enough to determine any- 
thing more than the general order of magnitude, and attempts 
made to calculate the exact numbers of free electrons per atom 
are unjustified. 

The conclusion that the numbers of free electrons are of the 
same order as those of the atoms is quite reasonable, since the 
facts of chemistry indicate clearly that the atoms of metals 
readily lose one, two, or sometimes three electrons to form salts 
or other ionized compounds. The ease with which the electron 
will be lost inside the solid metal is, however, a matter of some 
doubt, because although the so-called ionization potentials are a 
measure of the energy required to remove an electron from a 
metallic atom, they refer essentially to free atoms in the gaseous 
state, and are not applicable to conditions inside a solid metal. 

On the whole we should expect one of two alternatives, the 
first of which is that each atom should lose a definite number of 
electrons, and that these numbers should be independent of 
temperature over considerable ranges. In this event, the general 
facts of physics and chemistry will in many cases enable us to 
limit strictly the possible numbers of free electrons. In the case 
of the alkali and alkaline earth metals, for example, it is most 
improbable that more than one and two electrons per atom 
respectively will be free, since any further ionization would have 
to result in the breakdown of the very stable electron groupings 
corresponding to the inert gases. 

The obvious disadvantage of the conception that the number 
of free electrons is some simple multiple of that of the atoms, is 
that in this case the total number of electrons in a piece of metal 
will be constant, and it is difficult to reconcile this with the 
equations in which the comparatively small thermo-electric 
efiects require a rapid variation of n with 9 if the correct order 
of magnitude is to be obtained. Further, if n is practically 
independent of 6, the equations for the conductivities indicate 
that Xcc6~^ since the electron velocity v varies as 9^, and such a 
rapid variation of A with 9 seems incompatible with the simple 
method of calculation in which the electrons are treated as 
particles of a gas. 
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The alternative is that the number of free electrons varies 
with the temperature so that there is a balanced equilibrium of 
the type 

Metal atom ^ Metal ion 4- Free electron. 

In this case if Q is the heat of dissociation of the atom, i.e. the 
work required to remove the electron, the fundamental laws of 
thermodynamics lead to the following relation between n and B. 

n = 

This expression is independent of any particular mechanism of 
dissociation, and involves merely the energy change. 

We now, however, come to the real fundamental difficulty of 
the whole theory, which is that if the number of electrons is of 
the same order as that of the atoms, we are at a complete loss as 
to how to account for the specific heats. For if we assume the 
principle of equipartition of energy, and put the kinetic energy 
of an electron as aO, then, when the metal is heated, we have to 
supply the energy, not merely to the atoms, but also to the free 
electrons. Further, any change in the number of electrons pro- 
duced by a rise in temperature will be in the direction of heat 

absorption (since Q in the relation n = is positive), and 

this effect will make the observed specific heat still larger. But the 
actual specific heats can be completely accounted for at ordinary 
and low temperatures by considering the energy necessary to 
raise the temperature of the atoms alone, and hence, if the simple 
electron-gas theory be true, there cannot be more than one 
electron to every hundred atoms. There is no escape from this 
conclusion. If once we write the kinetic energy of a free electron 
as ad, we are bound to assume that the kinetic energy of each 
free electron will increase as the temperature is raised. 

There are two obvious ways of escape from this impasse. On 
the one hand we may give up the equipartition theory, and 
assume that the velocity of the electrons does not increase with 
temperature. In this case we have to give up the whole of the 
quantitative side of the theory which is based on the treatment 
of the electrons as though they were particles of an ideal gas, 
with the result that the theory becomes little more than a general 
qualitative explanation. We are not justified in assuming the 
kinetic theory, and in writing the kinetic energy of an electron 
as ad, where it happens to lead to the correct result, and then 
conveniently ignoring it when it conflicts with the specific heats. 



The Simple Free Electron-gas Theory of Drnde 181 

Attempts of this sort are little more than the methods of the 
schoolboy who ‘cooks’ his calculations to produce the right 
answer. 

Alternatively we may accept the evidence of the specific heats, 
and assume that the number of conducting electrons is small 
compared with that of the atoms, in which case the evidence 
based on the optical properties has to be ignored, but apart from 
this we are led into difficulties in connexion with the temperature 
coefficients. For if the relation between the number of free 
electrons and the temperature is of the type 

n ~ n^e-Rd 

the number of electrons must diminish very rapidly at low tem- 
peratures, and, since the conductivity increases, the lengths of 
the free paths will have to be thousands or even millions of times 
the inter-atomic distances. Even if Q be not a constant, but 
varies with the temperature, this difficulty will still arise, because 
as long as work is needed to remove an electron from an atom, 
n will still diminish at low temperatures. 

Experimentally there is much evidence that the free paths are 
large in comparison with the inter-atomic distances (see p. 339), 
but it is clear that a conception of long free paths of this magni- 
tude is incompatible with the simple ‘gas’ theory in which the 
electrons are treated as particles of an ideal gas moving freely 
between the atoms, and colliding with them more or less at ran- 
dom, so that the simple kinetic theory can be applied. 

Apart from these major difficulties there are other minor in- 
consistencies between the different equations required by the 
Drude theory if these are to agree with the facts. The one great 
triumph of the theory is the prediction of the Wiedemann-Franz 
ratio, but apart from this the quantitative side leads to such 
hopeless inconsistencies, particularly as regards the specific heats 
and free paths, that it is now generally rejected. Historically, 
however, it is of the greatest interest and importance. It was a 
bold and sweeping attempt to cover all the electrical properties 
of metals by one simple assumption, and although the assump- 
tion was certainly much too simple, the success attained was 
very striking, even though the quantitative development soon 
began to create more difficulties than it solved. 
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1. General 

T he theory of Drude, which we have described in the previous 
chapter, was the first real attempt to give a quantitative ex- 
planation of the electrical and thermal properties of metals, and 
it was only natural that it should have been extended in many 
directions. The literature of the subject is very extensive, but, 
in general, the different investigations may be said to divide 
themselves into two classes. On the one hand innumerable 
attempts were made to remove the crude simplifying assumptions 
of the Drude theory, and to replace these by more detailed con- 
ceptions. The Drude theory, for example, assumed that the 
electrons all had the same velocity Vy whilst in the later work this 
admittedly crude assumption was removed, and the electron 
velocities were considered to be distributed over a wide range 
according to the Maxwell Distribution Law. These develop- 
ments of the theory involved a large amount of highly ingenious 
mathematical work, but the net result was very disappointing, 
and removed none of the fundamental objections inherent in the 
original Drude theory. But, on the other hand, great advances 
were made by applying the principles of statistics and thermo- 
dynamics to the equilibrium between the electrons inside a metal, 
and those in the surrounding space, and in this way general equa- 
tions were deduced in connexion with thermionic emission, con- 
tact potentials, &c. In this part of the work, the difficulties 
concerning the specific heats and free paths of the electrons were 
to a great extent ignored, although in some cases it was necessary 
to introduce terms for the specific heat of the electrons inside a 
metal. The general result was thus a very confused position in 
which great progress appeared to be made in one direction, whilst 
all the difficulties in connexion with the specific heats and free 
paths still remained unsolved. 
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2. The Lorentz Conductivity Equations 

In the simple theory of Drude the electrons are considered to 
have a constant velocity v, which is connected with the tempera-^ 
ture by the relation this relation being that of the 

simple kinetic theory of gases. In the later more complex 
theories, this admittedly crude assumption is replaced by the 
conception of electrons with velocities distributed over a wide 
range, the actual distribution assumed being that given by the 
Maxwell Distribution Law. According to this law, if oy, I are 
the velocity components of an electron parallel to three rectangu- 
lar co-ordinates {x, y, and z), the number of electrons per unit 
volume whose velocities lie between the limits {i, rj, and 
dn, is given by the expression 

^ J^e-^d^dr,dC, 

where N is the total number of electrons per unit volume, 


q is Sb constant connected with the mean square of the 

3 

velocities by the relation q = . 

This expression therefore gives the velocity distribution of the 
electrons in the absence of an external electric force, and the 
problem then consists in finding how this distribution will be 
affected when an electric force is applied so that the electrons 
acquire a general drift in the direction of the force. Just as, in 
the Drude Theory, we assumed a constant electron velocity v 
in the absence of an electric force, and then imagined the electrons 
to acquire a general drift u when an electric force was applied, so, 
in the more complex theories, we imagine the Maxwell Law to 
give the normal distribution of electron velocities, and calculate 
how this distribution will be affected if the electrons acquire a 
slight drift in one direction when an external electric force is 
present. This problem has been approached from many angles, 
but, when properly applied, the different methods are in agree- 
ment, and fall generally into two classes. 

In the line of approach adopted by Thomson,^ Jeans, ^ Wilson,^ 
Livens,^ and Bohr,^ it is assumed that the electric force acts on 
the electrons in the free paths between their collisions with the 
atoms, but that each collision destroys the whole effect of the 
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force during the previous free path, so that the electron starts off 
after each collision with the velocity which it would have accord- 
ing to the Maxwell Law. At any given instant therefore, the 
Maxwell Law gives, not the distribution of the velocities at this 
instant, but their velocities at the beginning of the free paths 
being pursued at the particular instant, the exact time at which 
the free paths were started being different for the different elec- 
trons. It has been argued by Livens that some assumption of 
this kind must be made in order to ensure the possibility of any- 
thing in the nature of a steady state for the velocity distribution 
under a uniform electric force. 

On the basis of the above assumption, it is possible to deduce 
an expression for the actual velocity distribution at any instant, 
and this expression is identical with that given by the method of 
Lorentz,® in which it is assumed that the Maxwell Law gives the 
velocity distribution of the electrons in the absence of the electric 
force, and that, when an electric force is applied, a new steady 
state is set up, in which the distribution differs but slightly from 
that given by the Maxwell Law. This slight difference is then 
calculated from statistical considerations regarding the effect 
upon the distribution of the electric force on the one hand, and 
of collisions with the atoms on the other. 

In order to understand the methods used here, it is necessary 
to introduce the conception of a velocity diagram which was 
first used by Maxwell. At any given instant each molecule of a 
gas, or, in our particular problem, each electron of the electron 
gas, will have a certain velocity in a certain direction, and we 
may resolve this into three components t], parallel to the 
a?, 2/, and z axes to which we refer the position of the electrons. 
We may now imagine a diagram to be drawn in which we again 
have three rectangular axes, but where these refer, not to the 
positions in space of the electrons, but to their velocities parallel 
to the tT, and z axes, so that if an electron has velocity com- 
ponents I, 77, I in the metal, it will be represented in the diagram 
by a point with linear co-ordinates rj^ In this way all the 
different velocities of the electrons in space will be represented 
by innumerable points in the so-called velocity diagram^ and the 
distribution of these points round the origin gives a measure of 
the velocity distribution of the electrons. As long as there is no 
resultant flow of electrons in any one direction, the points in the 
velocity diagram will be situated perfectly symmetrically round 
the origin, but if the electrons acquire a small general drift in 
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one direction, the points will be slightly displaced in the velocity 
direction concerned. 

For convenience we deal with a cylindrical conductor, in 
which the electric force E acts in the direction of the axis, and 
we refer the positions of the electrons to three axes a?, y, and z, 
of which X is parallel to the axis of the cylinder. In this case, if a 
potential difference exists between the ends of the cylinder, the 
electrons will be subject to an acceleration in the direction of the 
X axis, and the velocity points in the velocity diagram will be 
displaced along the | axis. 

Now let dX be an element of volume in the velocity diagram, 
situated at the point (^, 07, 4) and so small that we can neglect 
the changes of rj, ^ from one of its points to another, and yet 
so large that it contains a great number of velocity points. Then 
this number may be considered as proportional to dX. Repre- 
senting it by 


A)dX 


( 1 ) 


per unit volume of the metal, the function f will, from the 
statistical point of view, determine the motion of the swarm of 
electrons. 

The integral « 

\mvA)dX ( 2 ) 

extended over the whole space of the velocity diagram, will give 
the total number {N) of electrons per unit volume, and the 
integral P 

) V. ^)dX 

can be shown to represent the stream of electrons through a 
plane at right angles to the x axis ; i.e. the excess of those passing 
in the positive direction over those in the negative direction, 
both numbers referring to unit area, and unit time. 

If all the electrons carry equal charges e, the expression for the 
flow of electricity will therefore be given by 

J = e^^fdX (3) 

whilst the flow of energy across the plane will be given by 

W= (4) 

where m is the mass of an electron, and so that 

is the kinetic energy of the electron, and as in the simple 
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theory the mean kinetic energy is equal to aO where 6 is the abso- 
lute temperature. These two quantities J and W are therefore 
the expressions for the flow of electricity and of heat, and it is 
necessary to determine the function/ in the presence of an electric 
force. 

For this purpose we may assume that the electrons are sub- 
jected to a force in the direction OX giving them an acceleration 
X. We may consider a group of electrons which, at the time t, 
lie in an element of volume dS in the metal, and which have their 
velocity points in an element dX of the velocity diagram. If there 
were no encounters, either with other electrons or with metallic 
atoms, these electrons would be found at the time t-]-dt, in 
an element dS' equal to dS, and lying at the point (oo-j-^dt, 
y-^rjdt, z+tdt). At the same time, owing to the acceleration due 
to the force in the direction OX, their velocity points would have 
been displaced to an element dX' equal to dX and situated at the 
point (i+Xdt, rj, of the velocity diagram, so that we should have 

/ (^^~\rXdty x-\-^dt, y -^-Tidif z-\-^dt, t-~\-dt) dS^dX^ 

===f{LmLo3,y,z,t)dSdX , . . (5) 

Actually, however, some of the electrons will have collided 
with atoms or with other electrons, so that the above expression 
is not quite correct, for some collisions will cause electrons, which 
at the time t were in the group (dSdX), to leave this group, whilst 
other collisions will bring into this group electrons which were 
originally outside it. Hence the number of electrons which, at 
the time t+dt, constitute the group {dS'dX'), is not the same as 
the number of those which at the time t belonged to the group 
(dSdX), but is equal to this number minus the number of impacts 
which cause an electron to leave the group, and plus the number 
of impacts which bring a new electron into the group. Writing 
adSdXdt and hdSdXdt for these two numbers, we have after 
division by dSdX = dS'dX' 


f{i+Xdt, 77, x+idt, y+r]dt, z+^dt, t+dt) 

= /(^, t)-\-{h—a)dt, 

or since the function on the left-hand side may be replaced by 

/(f, S,. 1)+(|X+|{+|,+ |{+D i, 




-a. 


( 6 ) 


we have 
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This is the general equation from which the distribution func- 
tion f can be obtained if the terms a and b can be calculated. In 
order to calculate these terms it is assumed that collisions be- 
tween electrons can be ignored in comparison with collisions 
between electrons and atoms, and also that the electrons and 
atoms collide as though they were rigid elastic spheres, the atoms 
being relatively of such greater mass that they may be con- 
sidered as immovable. 

We may first consider what will determine the number of 
electrons leaving the group/ (^, tj, dX in equation ( 1 ), which 
gives the value of a in equation ( 6 ). For this purpose we con- 
sider first only those electrons in the group/ (^, r], 1) dX in which, 
when a collision with an atom takes place, the line joining the 
centres of the atom and the electron, has, at the moment of 
impact, a direction lying within a small solid angle dco. The 
number of electrons in the group / (|, rj, Q dX which undergo an 
impact of this kind in the time dt, is then equal to 

n rj, l)r cos OdXdodt .... ( 7 ) 

where n is the number of atoms per unit volume, 

R is the sum of the radii of an atom and an electron, 
and 6 is the angle between the direction of the electron velocity 
r, and the line joining the centres of the atom and the 
electron at collision. 

We have next to consider how the collision will affect the 
direction of the electron’s velocity, and it is here that the assump- 
tion of rigid spherical atoms and spherical electrons becomes 
involved. If the collisions are between spheres, the velocities 
before and after collision make equal angles with the line joining 
the centres at impact, and hence if (i, t], Q and (f', 17 ', {') are 
the velocities of the electron before and after collision, the 
corresponding points in the velocity diagram lie symmetrically 
on opposite sides of a plane W passing through the origin of the 
velocity diagram, and at right angles to the axis of the cone dco, 
so that when the point (i, y, C) before the collision has different 
positions in the element dX, the corresponding point after the 
collision will lie in an element dX' which is the image of dX in the 
plane W. 

By integrating ( 7 ) over all values of oj which make acute angles 
with the direction of r, we therefore obtain a value for the term 
a of equation ( 6 ) representing the numbers of electrons thrown 
out of the group (I) on account of collisions. 
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Similarly, the above considerations concerning the relative 
positions of the velocity points before and after collision enable 
ns to calculate the term b representing the number of electrons 
thrown into the group by means of collisions. For this the equa- 
tion corresponding to (7) will be 

7]\ C'y cos ddXdcodt . . . (7') 

since dX' = dX, and r = r' if r' is the velocity whose components 
are (|', r]\ the line joining the centres making equal angles 
with r and r'. 

Subtracting (7) from (7'), and integrating, we obtain the value 
of {b—a)dXdt. 

When the force which produces the acceleration X has a con- 
stant intensity, depending only on the co-ordinate x, there can 
exist a stationary state, in which the function/ contains neither 
y nor z. Examples of this sort are when the ends of a cylin- 
drical bar are kept at different temperatures, or when it is sub- 
jected to a longitudinal electric force. In such cases, on replacing 
{b—a)dXdt by the expression deduced from (7) and (7'), the 
fundamental equation (6) becomes 

nR^j{f(r, V', V)-M, 0} cos edo, = +1^ . (8) 

In performing the integration we must leave tj, f unchanged, 
so that r is a constant, but the values of 7)\ will depend on 
the direction of the line joining the centres. Denoting by/, g, h 
the angles between this line (taken in such a direction that the 
angle with r is acute) and the axes, we have 

i' = i — 2r cos 6 cos/ rj' = rj — 2r cos 6 cos g, = I — 2r cos 6 cos h. 

So long as the state of things is the same at all points of the 
metal, the electrons will move equally in all directions, and we 
may assume the Maxwell Distribution Law which may be written 
in the alternative form 

m 77, 0 - (9) 

where q is the constant previously referred to and is equal to 
where is the mean square velocity, and, since we are 

assuming that the kinetic theory of gases applies to the electrons, 
= aby so that 


__ 3m 


( 10 ) 
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From (9) the totalnumber of electrons perunit volume is given by 



r qn 


This relation, together with equation ( 10 ), shows the way in 
which the constants q and A depend upon the temperature and 
the number of electrons per unit volume. 

The simple Maxwell Law will not, however, apply when an 
external force is present, or when the ends of a metallic bar are 
unequally heated. But if a steady state is set up there will 
always be definite values of N and and if we give q and A 

such values that — is equal to the mean square velocity, and 


fi? 

A is equal to we may write the new distribution function 

in the form t) = Ae-^+<j>{S, 'nA) ■ • . ( 11 «) 

where < 5 ^ is a function which remains to be determined. 

To do this, we have the fundamental equation ( 8 ), and, in 
addition to it, the conditions 



which must be fulfilled because the term Ae-^'^^ has been so 
chosen that it leads to values of N and really existing. 

The function <f> represents the change which an external force 
or a difference of temperature produces in the velocity distribu- 
tion. In general this change is very small compared with 
so that on the right-hand side of equation ( 8 ) we may 
replace /by Ae-^^^, the expression thus becoming 


', 7 ?', V. 0} <^os 6d<o 


For this we may assume a solution 

(18) 

where X is a function of r alone. Substituting this in equation 
( 12 ) we first find 


j r )— Vy 0} cc>s edo) 


X(r) J (I' — i) cos ddcx> 

= — 2rX(r) f cosW cos/dco. 
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Let us imagine two lines OP and OQ drawn from the origin of 
co-ordinates, the first in the direction of the velocity (|, 77, 1), 
and the second’ in that of the line of centres at the moment of 
impact, the angle POQ = 6 being acute. Denoting by ju, the 
angle POX, and by i/r that between the planes POX and POQ, 
we have 


cos/ == cos ft cos 0+ sin ft sin 6 cos ip 
I cos^^ cosfdo) 

f TT r 27 r 

2 cosW (cos ft COS ^+sin ft sin 6 cos iff) sin Odddip 


OJO 


P- ^ 

= 27T cos ft 2 cosW sin Odd = irr cos a = i-Tr-, 

Jo ^ 

by which (12) assumes the form 

-7mB^$rX{r) = (^-2qAX+~-r^A^ie-<c\ 


showing (because ^ disappears on division) that our assumption 
really leads to a solution of the problem. If we put 


the result is 


jrnR^ 


. . ( 14 ) 

Finally, we find from (3) and (4) for the currents of electricity and 
of heat P 

J = e\ dX. 

W=^m\ ^r2X(r) dX. 


In these formulae may be replaced by and dX by 
46'Trr^dr ; the integration is thereby reduced to one with respect to 
r from 0 to oo. Next substituting the value (14), and choosing 
5 as a new variable, we are led to the integrals 

fco poo poo 

1 se~^^ ds, ds, and 1 ds, 

Jo Jo Jo 

the values of which are 




2 


and 


6 
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so that the two currents are given by 


191 


and 


J = iirel 


W ■ 




U^qAX- 




dx ) 


+3 


A dq 
dx 


}■ 


{15a) 


From the first of these equations the coefficient of electrical 
conductivity can be found by considering a cylindrical bar kept 

0 


at uniform temperature, 
from (11), and if there 


Then ^ = 0 from (10), and , 
dx ^ dx 


acceleration 


is an electric force E producing an 
m 

the electric current will be given by 

■j / 4i7TAle^\ 

\ Sqm ) 

and the specific conductivity will be given by the term within the 
bracket. Using relations (10) and (11), and introducing whose 




square is equal to the mean square velocity so that m = 
this reduces to 


2ad 


C = 


2 eHNu^ 
Stt aO 


( 


In order to find the thermal conductivity we consider a bar 
of metal of which the ends are kept at different temperatures, 
but which is insulated electrically so that no electrons can enter 
or leave the metal. Under these conditions the electrons will 
tend to flow from the hotter to the colder parts of the metal, and 
will thus create a difference of potential until a state of equi- 
librium is attained so that J = 0. From (15) this state will be 
characterized by 


2qAX 


giving 


W 


dx 
yA dq 
¥ 




2 - is. 

q dx 

SirlAa dB 
9q^ dx 


where we have used the relation (10). From this the thermal 
conductivity K will be given by 


K = 


SrrlAa 


Jh‘ 


- alNu„ 


(15c) 
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The two expressions {IBh) and (15c) are thus the fundamental 
equations for the electrical and thermal conductivities according 
to the Lorentz statistical method. Both involve the term Z, which 


as we have seen above is an 


abbreviation for — ^ where n is the 
rrnR^ 


number of atoms per unit volume, and R is the sum of the radii 
of an atom and an electron, or rather of their effective radii 


during the process of collision. As pointed out by Lorentz, this 
term may be considered as a kind of mean free path, but its 
identification in this way depends expressly upon the assumption 
that the problem can be treated as a kind of ^bullet-target’ 
problem, in which the chance of any one given bullet (electron) 
hitting a target (atom) is proportional to the number of targets 
per unit volume (n), and to the cross-sectional area ttR^. This 
necessarily means that the free path I shall not be markedly 
greater than the inter-atomic distances, if these are of the same 
order as the diameter of the spheres which the atoms are taken 


to resemble. 


From these two expressions the value of the Wiedemann- 


Franz ratio is deduced as 


K ^ 9 ^ 8 

C rj_ eHNu 

\J Stt ad 


The value for the Wiedemann-Franz ratio deduced in this way 
is only two-thirds of that given by the simple Drude theory, and 
is therefore not in such good agreement with the actual experi- 
mental value, although the right order of magnitude is still 
maintained. 

In the method of Lorentz described above we assume that in 
the collision process the atoms behave as elastic rigid spheres. 
The same method has been applied by Richardson'^ to the more 

K 

general case in which the law of force is of the form -r- where d 

a® 

is the distance, and K is positive when the forces are repulsive. 
In this case the value for the Wiedemann-Franz ratio is 

K _ 2$ ^ g ^ 

C ^ ^ ^ 9 J^i\e) ^ 

and the best agreement with fact is obtained by assuming ^ = 3, 
or in other words a repulsive force varying inversely as the cube 
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of the distance. These refinements did not, however, remove any 
of the real objections to the theory in connexion with the specific 
heats and free paths. 

In the discussion on the Drude theory we have already indi- 
cated that the conductivity equations require modification when 
applied to periodic fields of high frequency such as are met with 
in connexion with the optical properties of metals. The applica- 
tion of the more complex theories to this problem has been dis- 
cussed in great'detail by Livens,^ and as in the simple theory, the 
general conclusion is that the number of free electrons is of the 
same order as that of the atoms. 

REFERENCES 

1. Thomson. Phil. Mag. 1907, 14, 217. 

2. Jeans. Phil. Mag. 1909, 17, 773; 18, 209. 

3. Wilson. Phil. Mag. 1910, 20, 835. 

4. l.ivens. Phil. Mag. 1915, 29, 173, 425, 655; 30, 105, 112, 287,434, 549. 

5. Bohr. ‘Studier over Metallernes Elektrontheori,’ Dissertations, Copen- 

hagen, 1911. 

6. Borentz. The Theory of Electrons, pp. 266-73. 

7. Richardson. The Electron Theory of Matter. Cambridge University Press 

(1914), p. 416. 

3. Thermo-Electric Effects 

The method which we have described before (p. 170) in con- 
nexion with the Drude theory can also be used with the Lorentz 
theory since both require the mean Mnetic energy of an electron 
to be equal to ad. In this way, if we make the same approxima- 
tion as regards the transference of energy across a boundary, we 
obtain the same equations for the Thomson and Peltier co- 
efficients, and for the thermo-electric power. To a higher degree 
of accuracy this method is no longer justifiable, because it 
assumes that the whole energy change which takes place when 
an electron crosses a boundary can be accounted for by the 
difference in potential on the two sides. In equilibrium conditions 
when no current is flowing this assumption is justifiable, but the 
Thomson and Peltier effects refer to conditions in which there is 
steady current, or in other words a stream of electrons, and under 
these conditions there will be a transference of kinetic energy 
when the electrons cross a boundary, unless it happens that the 
conditions of motion of the electrons are exactly the same on 
both sides of the boundary. If, for example, the law of force 
between an atom and an electron during a collision varies 
inversely as the power of the distance in one metal, and as 

3370 O 
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the power in another metal, a steady stream of electrons 
across the boundary will involve a transference of kinetic energy 
which, according to Bohr,^ will be given by 

2aB f ri ^ m \ 
e \7^ — 1 m — 1/ 

Consequently, the assumption which we made in deducing the 
Peltier coefficient, namely, that the energy change, when an 
electron crossed the boundary between two metals, could be 
expressed in terms of the potential differences under equi- 
librium conditions, is no longer justified when we deal with a 
steady current. Similarly, in obtaining the Thomson coefficient, 
the expressions deduced for the energy changes involved when 
an electron is removed from the metal to the surrounding space 
will require a term to represent the transference of kinetic energy, 
since the Thomson effect refers to a steady current, and not to the 
ordinary equilibrium conditions. 

These effects have been discussed by Richardson,^ Wilson,® and 
Bohr, and more generalized expressions for the various co- 
efficients have been obtained. Thus the equation for the specific 
heat of electricity becomes, according to Richardson, 

R \B ^0 d /A— -Aq'N log n 

”■ 'e\2'^Rdd\T~~) di9~“r 
where the middle term in the bracket takes into account the 
transference of kinetic energy, A being the energy transferred in 
unit time by unit electric current in the metal, and Aq that for 
the current outside. The equations for the Peltier coefficient and 
thermo-electric power may be modified in the same way so that 
more generalized expressions are obtained. We shall not, how- 
ever, deal with these in detail because the A terms cannot be 
estimated directly, and it is now generally recognized that the 
application of the classical laws to the electrons within a metal 
is unjustified- 
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4. Emission Phenomena 

The older electron-gas theories of Lorentz and others were not 
particularly successful in accounting for the emission phenomena 
as a whole, although they attained a considerable success when 
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restricted to thermionic emission. The principal difficulties met 
with in this connexion were the sharpness of the photo-electric 
threshold, and the temperature-independence of the photo- 
electric and strong field emission, although the last-named process 
was really only examined in detail after the Lorentz theory had 
been developed. 

The general viewpoint adopted is that a definite amount of 
work has to be done by an electron to cross the surface, and that 
if the free electrons have sufficient energy they will he able to 
break through the surface of the metal, and hence that emission 
may be brought about either by raising the metal to a sufficiently 
high temperature, or alternatively by allowing the electrons to 
gain energy from some external source, as, for example, by the 
absorption of energy from light or other radiation. As we shall 
see later, this conception led to a satisfactory explanation of the 
thermionic emission, but appeared to be in direct contradiction 
to the photo-electric effect being independent of temperature. 
For the Lorentz, as well as the earlier Drude theory, requires the 
mean kinetic energy of the electrons to vary directly as the absolute 
temperature, so that we should expect the photo-electric emission 
to become continually greater as the temperature is raised. 

In the same way the existence of a sharp photo-electric 
threshold appears incompatible with the Maxwell type of dis- 
tribution law, in which the velocities are distributed symmetri- 
cally about the mean value. 

As the result of these inconsistencies, the development of the 
theory was very confused, and a position was reached in which it 
was generally admitted that the electrons concerned in photo- 
electric emission existed in the metal in a condition such that 
their energy was not only independent of temperature, but was 
also constant, this last point being required to account for the 
sharpness of the threshold frequency. On the other hand, the 
thermionic electrons were regarded as obeying the Maxwell Law, 
so that the two emission processes were ascribed to electrons in 
different states. This position was clearly unsatisfactory, since we 
should naturally expect the free electrons to be those emitted 
most readily under any conditions. Fortunately these difficulties 
have to some extent been removed by the later theories of 
Sommerfeld and others, which are based on the new statistical 
methods, and in this chapter we shall therefore confine our 
attention to the general thermo-dynamic treatment of electron 
emission. The theoretical development of the subject was some- 



196 The Older Complex Electron-gas Theories 

times rather confusing, owing to the fact that terms with nearly, 
but not necessarily exactly, the same meaning were frequently 
interchanged by different writers. 

We may consider first the conception of electron evaporation 
which has been frequently used in this connexion. In this case we 
consider a metal to be enclosed in a hot insulated chamber, and 
imagine that electrons evaporate until a state of equilibrium is 
reached in which the number of electrons leaving the metal in 
a given time is equal to the number which enter it from the vapour 
phase. We assume further that the electron atmosphere outside 
the metal is so dilute that the electrons can be regarded as obey- 
ing the simple gas laws, whilst the state of the electrons inside the 
metal remains unknown. Under these conditions, the application 
of the usual Clausius-Clapeyron treatment* indicates that at 
equilibrium the pressure of the electrons in the vapour phase will 
be given by the relation 

f^jL 

p = kOAe (16) 

where <j> is the latent heat of evaporation of the electrons, h is the 
Boltzmann constant, and Aisa constant which is independent of 
the temperature, but which may depend upon the particular 
metal concerned. 

Since the electron atmosphere is assumed to be a perfect gas, 
the kinetic theory enables us to calculate the number of electrons 
which strike xmit area of the metal in unit time, and this is given by 


At equilibrium this, multiplied by (1 —r), must be equal to the 
number of electrons leaving the metal in unit time, where r is 
the fraction of electrons which strike the surface from the outside, 
and are reflected back without entering the metal. The number 
(N) of electrons leaving the metal per unit area per unit time 
under equilibrium conditions is therefore given by 


N == (l^r) 


^^277m 


,Ae 


j: 


/C02 


.dd 


(18) 


In the original rough development of the theory, the following 
general simplifying assumptions were then made. 

* A description of this will be found in text-books of Physical Chemistry 
suehasNernst, Theoretical Chemistry, or Lewis, A System of Physical Chemistry. 
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(1) The reflection of electrons at the surface of the metal was 
ignored, so that the term (1 — r) was omitted from the equation. 

(2) The latent heat of evaporation was assumed to be indepen- 

i 

dent of temperature, so that the term ^-dO reduced to 


W 

(3) It was assumed that the thermionic emission current under 
ordinary experimental conditions was the same as the number 
of electrons leaving the metal under the conditions of ideal 
equilibrium assumed in the Clausius-Clapeyron treatment, 
so that iV = /, where I is the emission current. 

When these simplifying assumptions are made, it can at once 
be seen that equation (18) reduces to the simple Richardson 
equation (see p. 14i0) of the type 

I = aO^e 


These simplifying assumptions are, however, unsatisfactory, for 
in the first place there is direct experimental evidence that con- 
siderable reflection of electrons takes place at the surface of a 
metal, whilst apart from this, the assumption of a constant value 
for <f> is highly arbitrary. The further assumption that the steady 
emission current is the same as the number of electrons leaving 
the metal under equilibrium conditions is not strictly justified, 
but the error here is comparatively small (see p. 202). 

The effect of variations of <j> with S have been discussed at 
length by many writers, and we may deal here with the simple 
thermodynamic method adopted by Dushman^ and others. 
According to ordinary thermodynamic theory, the latent heat of 
evaporation of a solid or liquid varies with the temperature in 
a way which depends on the specific heats of the solid (or liquid) 
and vapour, the variation being given by the relation 
rd c9 . 


Cp (TapoTir) d6 - 


^p(soUd) dd 


which on combination with the Clausius-Clapeyron equation gives 
for the equilibrium vapour pressure 


— ^^0 


n jn 

-^23 (vapour) ^0 


vp(6oiia) ^_ jg . jg 
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where B is an integration constant, which, as shown by Sackur 
and others, may be expressed in terms of a fundamental constant 
in the case of monatomic gases which an electron gas may be 
supposed to represent. The exact relation is 

B = io+l ^ 

where M is the molecular weight of the gas particles, and the 
fundamental constant is given by 



where h is Boltzmann’s constant = 1*372X10"“^® ergs/deg., N is 
Avogadro’s number = 6*06X10^^, and h is Planck’s constant 
= 6-55 X10“2’ erg/sec. 

In order to proceed further we have to know the specific heats 
of the electrons in the solid and vapour phase, and it is here that 
difficulties begin to arise. For the vapour phase the electrons may 
be legitimately considered as resembling a perfect gas, so that the 
5R 

value of is — . If now we accept the Lorentz theory, the 

specific heat of an electron inside the solid metal is again that of 
a perfect gas so that the two specific heat integrals fall 

out of equation (20), and the latent heat of evaporation of the elec- 
trons becomes constant, and the emission formula again becomes 
of the form ^ 

I = (1— 

On the other hand, if we reject the Lorentz theory as regards the 
specific heats, and accept the experimental evidence that the 
specific heat of the electrons within the metal is negligible, we 
may put = 0, in which case equation (20) becomes 

= — ;^ + |log^4-io+|logM . . (21) 

or p = Rde'^^. 

Hence, substituting the value for and using equation (18), the 
expression for the emission current becomes 

1= (l-r)f — ^ = (l-r) 60*2 6>% . (22) 



The Older Complex Electron-gas Theories 199 

If we now neglect electron reflection, this equation is of the 

type I = CQ^e~B where C is a universal constant, and as we 
have already seen in Chapter VII, an expression of this kind is in 
agreement with the facts. 

These thermo-dynamic methods are perfectly general, but 
they suffer from the disadvantage that we have to ignore the 
electron reflection in order to make them agree with the facts. 
We may now describe a slightly different method of approach 
which is also due essentially to O. W. Richardson.^ In this we 
use the device already described in connexion with the simple 
theory of thermo-electricity (p. 173), and imagine two portions of 
the same metal A and A\ at temperatures 6 and and con- 
nected by a thin rod of the same metal. A and A ' are in evacu- 
ated chambers, and electrons can be transferred reversibly from 
one chamber to another by means of suitable piston and cylinder 
devices. Under these conditions A and A' acquire potentials V 
and V* and we surround A by a potential filter maintained at the 
potential V\ so that no work against electrical forces is done if 
we remove an electron from that part of the chamber at 9 which 
is outside V' to the chamber at 6^'. The effect of the potential 
filter F' will be to reduce the pressure of the electrons from the 
equilibrium valuep characteristic of the metal at temperature to 
a value where 


if we assume that the pressure of the electrons obeys the simple 
gas law p == nkd. 

We now imagine a given number of electrons to be taken out of 
the metal A at temperature d (work done is w), transferred through 
the potential filter to pressure Pq, expanded adiabatically to the 
temperature and then isothermally at 6' to the pressure p\ 
which is the pressure outside A\ After this they are allowed to 
condense in A\ and to run down the wire from 6' to 6. In this 
last process they will absorb an amount of heat proportional to 

e f ^ adO, where o* is the amount of heat liberated when unit quan- 

tity of electricity flows down unit difference of temperature under 
these experimental conditions. This process, subject to the re- 
striction mentioned later (page 202), forms a complete reversible 
cycle, and therefore applying the second law of thermo -dynamics 

in the form f ^ = 0, we find, after calculating the amount 
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of work in each of the above processes, and putting y for the ratio 
of the specific heats at constant pressure and constant volume, 

I - +*|log (log 0-log 0') 

e 6 \ y-1 ^ 

or p^Ad^^e " . . . . ( 24 ) 


The term a in this equation is not exactly the same as the co- 
efiS-cient of the ordinary Thomson Effect, because the latter refers 
essentially to a steady flow of electricity, while the above method 
deals with a virtual displacement of electrons under equilibrium 
conditions (see p. 194). For the present, however, we may ignore 
this difference, and assume that a is at least of the same order as 


the Thomson coefficient, in which case the term e 
w 

compared with ^ . 


~ d9 is small 


Now we have already seen that the application of the Clausius- 


Clapeyron treatment gives the equilibrium pressure in the form 


where ^ is the internal latent heat of evaporation of the electrons. 
We are not for the present entitled to assume that the <f> term in 
the Clausius-Clapeyron equation is identical with the w term used 
in connexion with the diagram on page 173, for in the one case 
the method assumes a continuous flow, and the surfaces are not 
charged and discharged by the passage of the electrons in and 
out, whilst in the Clausius-Clapeyron treatment the escape of 
the electrons leaves the metal charged. If we equate the right- 
hand sides of equations (16) and (24), and take logarithms, and 
differentiate with respect to 8, we obtain 

(f, = H 6--ea9 (25) 

ao y — 1 

If now we neglect any slight difference between <f> and w, this 


reduces to 


dw k 

dO y — 1 


(26) 


If we now ignore the small effect of the term ea, and put y = | for 
a perfect gas, we find , 

CtW O y 
^ = 2 *’ 
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Since we are assuming <f>=’w, this means that <j> = in 

which case by using the previous equations, we find for the 
emission current 


V27rm 




kd2 


.dd 


= (l~~r)Ce^e 


(28) 


which as we have already noted is in agreement with the facts if 
the reflection of electrons at the surface is ignored. 

At this stage the reader may not unnaturally ask how it is 


possible to deduce equations of the type ^ 


Skd 


for the 


variation of the emission constant, when no assumptions have 
been made as to the part which the metal itself plays in the 
process. For although the term <f>Q may vary from one metal to 
another, it would seem highly arbitrary to suggest that the 

SkO 

temperature variation will always be irrespective of the 

JU 


crystal structure, the nature of the lattice forces, and similar 
factors. In order to answer this question it is necessary to con- 
sider the real limitations of the methods which we have described 
above. 

In the first place it may be objected that it is unjustifiable to 
apply the various thermodynamic cycles to the electrons alone, 
without considering their interactions with the atoms. In other 
words, since the equilibrium between the solid metal and the 
vapour is really of the nature 


[atoms + electrons] atoms + electrons ],^,apoTir? 

it may be argued that we have really no justification for dealing 
with cycles involving only the electrons and their specific heats 
in the two phases, and for ignoring the atoms as in equation (19) 
page 197. According to O. W. Richardson* this objection is 
unimportant, for, if attempts are made to deal with the whole 
system [atoms + electrons], the result is that a number of com- 
plicating terms are added at the beginning of the cycle, and 
subtracted at the end so that the final answer is unchanged. 


* I have to thank Professor Richardson for explaining this point in detaU 
in a private communication. 
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A much more serious limitation of the method is that in dealing 
with cycles such as that on page 199, we are dealing with cases in 
which the reversible effects are superimposed upon the irre- 
versible flow of heat from one temperature to another. Thus in 
the figure on page 173, where the two pieces of metal are at tem- 
peratures 9 and 6\ there is a continuous flow of heat down the 
connecting rod, and it is the assumption of the method that we 
can superimpose the reversible phenomena, and treat these 
thermo-dynamically, just as though the irreversible flow of heat 
were absent. This is the same assumption as that involved in the 
Kelvin theory of thermo-electricity, and it cannot be proved to 
be necessarily valid. The thermo-electric theory, however, gives 
results which are at least approximately correct, and since the 
thermo-electric quantities are, for all normal metals, of a much 
smaller order of magnitude than the thermionic constants, the 
method is presumably justified in connexion with emission 
phenomena. It will further be noted that on page 200, the 
method for obtaining the relation 

involved the rejection of the terms involving the (slightly 
modified) Thomson coefficient cr, and it is here that the second 
approximation is made. The obtaining of an expression indepen- 
dent of all constants of the metal, other than involves there- 
fore the assumption that we can neglect quantities of the order or, 
and in the case of all normal metals this is justified to a degree of 
accuracy exceeding that with which the constants can be 
determined. 

As regards the possible difference between the terms w and <j> 
involved in the two methods of approach used above, we have 
already deduced the equation (25) from which 


. ^dw 


y— 1 


From a detailed examination of the very accurate results of 
Davisson and Germer^ on the cooling effect (see below), Richard- 
son^ has shown that the right-hand side of this last equation can- 
not exceed kO without contradicting the experimental evidence. 
Inserting the numerical values, this implies that the difference 
between w and <j> cannot at the most exceed 0*23 volts, the value 
of w itself being of the order 4*9 volts. To within an accuracy of 
at least 5%, we are therefore justified in interchanging <j> and w in 
the derivation of the equations, and the two may be identical. 
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The Bearing of the Emission Bhenomena on the State of the Internal 
Electrons. 

For many years it was thought that the emission phenomena 
supported a theory of the Drude-Lorentz type, since this enabled 

Jb 

the prediction of the equation I == ad^e which agreed reason- 
ably well with the facts. It was, however, shown later by 
Richardson^ that the accurate data of Davisson and Germer were 
really in better agreement with a theory in which the energy of 
the electrons inside the solid metal was independent of tempera- 
ture. These investigators measured the ‘cooling effect’ during 
emission, and we may denote this by L so that if E is the mean 
kinetic energy of an internal electron 

L = 2ke^^^f{E), 

where | is the difference in potential energy of an electron inside 
and outside the metal, 2k6 its kinetic energy leaving the surface, 
sud f{E) denotes the kinetic energy of the electrons flowing in the 
stream inside the metal. The function /( jE?) depends not only on 
the mean kinetic energy of an electron in the metal, but also on 
the law of force controlling the collisions, so that it is different if 
the atoms and electrons collide as hard spheres, or according to 
some other law. From the point of view of the Lorentz theory, 

277 , 

E = pE, and/(jE?) == where n is the index in the law of 

force assumed during the collisions. According to the classical 
theory therefore 

L = 2kd+^—^^ke 
n — 1 

The internal latent heat of evaporation, w, is the difference in 
the internal and external energies under equilibrium conditions, 
and since ^kd is the energy in the vapour phase 

so that according to the Lorentz-jLiruae i^ypc ui t,rieox'y txic cuuiuxg 
effect L is 

L = w+'Zke— ~^kd (29) 

n— 1 

On the other hand, if the kinetic energy of the conducting 
electrons is independent of temperature, we may put jEJ = and 
f{E) = C, so that in this case 

E = w-{-\kd — C+Cj. 
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The two terms C and may be expected to be equal either for 
jS = 0, or for cases where E is constant for the greater number of 
free electrons, or for eases in which the rate of transference is 
unaffected by E. These possibilities cover all likely types of non- 
classical theory, so that we have 

L = w+\M (80) 

For any probable law of force, equation (29) cannot make L 
greater than w, whilst (20) requires L always to be greater than w, 
and actually the values found by Davisson and Germer agreed 
with equation (30) to within the limits of accuracy of the methods. 
The detailed examination of the emission phenomena thus eventu- 
ally provided evidence against the Lorentz-Drude type of theory 
although the conclusions were at first in the opposite sense. 
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5. Discussion 

As will be appreciated from the above description, the older 
complex electron “gas theories led to an impasse from which there 
appeared to be no escape. In spite of all the mathematical in- 
genuity displayed in the complex theories, the real difficulties 
inherent in the simple Drude theory remained unsolved, and, 
while at first the general thermo-dynamic theory of emission 
appeared to favour the Drude-Lorentz conception of an electron 
gas obeying the classical laws, the later developments again in- 
dicated that the specific heat of the free electrons must be 
practically zero. In many directions there was undoubtedly a 
tendency to elaborate the mathematical analysis to an extent 
which was certainly unjustified in view of the obvious simplifica- 
tions which underlay the assumptions of an electron ‘gas’. But 
apart from criticisms of this kind it became increasingly apparent 
that an electron gas obeying classical laws could only be recon- 
ciled with the facts, if the number of free electrons was very 
small compared with that of the atoms. This required a rejection 
of the results obtained from a consideration of the optical pro- 
perties, and also necessitated such long free paths that it seemed 
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impossible to justify the methods of calculation used. As was 
pointed out by Bridgman at the Solvay Congress, there is con- 
siderable evidence that the free paths are long, so that the 
difficulty here is not really one of fact, but is rather to see how 
such long free paths can be reconciled with the methods of calcu- 
lation which are used in the ‘ electron gas’ theories. As long as 
the problem was looked at from the point of view of bullet-like 
electrons moving among comparatively large atoms which 
behaved like elastic spheres during the collision process, the 
conclusion appeared inevitable that free paths of hundreds 
and thousands of times the interatomic distances were quite 
inadmissible, and from this point of view the theory broke down 
completely. 

On the other hand, many physicists were reluctant to give up 
a theory which had achieved such a remarkable success in the 
prediction of the Wiedemann-Franz ratio, and the result was a 
very confused position in which the older theory was retained in 
some connexions and dropped in others. In order to overcome 
this difficulty a number of tentative theories were introduced 
which will be considered in the next chapter. In the majority of 
cases these were really qualitative only, but in order to fit in with 
the Wiedemann-Franz Law a number of additional assumptions 
were made, by means of which a constant ratio of the thermal and 
electrical conductivities was maintained, although the methods 
used were open to criticism. These theories gradually led up to 
the conception of the electron lattice theory which is considered 
in Chapter XII, and which received support from quite another 
direction, the problem of compressibility and lattice energy. As 
regards the electrical properties, httle real quantitative progress 
was made by these theories, and the whole subject was rather 
neglected until the rapid developments which followed the 
introduction by Sommerfeld of the new statistical methods, 
and gave rise to a completely new theory which is described in 
Chapter XIII. 
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1. The Di-Pole Theory of J. J. Thomson 

T his theory was put forward by Thomson as long ago as 
1907,^ and was subsequently extended in 1915 in a paper in 
the Philosophical Magazine,^ the main object being to remove 
some of the difficulties inherent in the older ‘electron gas’ theories^ 
particularly in connexion with the problem of supra-conductivity * 
The theory aroused great attention in its time, but as it is now of 
little but historical interest we shall only indicate very briefly the 
point of view adopted. 

The theory is based on the assumption that the atoms or mole- 
cules of solid metals consist of electrical doublets or di-poles, each 
containing a pair of equal and opposite charges at a small distance 
apart. In the normal state the axes of these doublets are sup- 
posed to be distributed at random owing to the thermal vibra- 
tions of the atoms, but when an electric force is applied the axes 
of the doublets will tend to point in the direction of the force, 
just as a number of small magnets tend to point in one direction 
in a magnetic field. These polarized doublets will give rise to 
local fields which will be very much stronger than the external 
electric field, and the conductivity is regarded as due to the elec- 
trons being passed on from one di-pole to another, but the elec- 
trons which move are not those which give rise to the di-poles. 
From this point of view the difference between a metal and a 
non-metallic substance is not so much that the one has a greater 
tendency to form di-poles than the other, but rather that the 
metal contains free electrons which can be passed along the 
chains of di-poles, whereas the non-metallic substances contain 
no free electrons. 

In the presence of an electric force there is thus a tendency for 
the di-poles to arrange themselves in chains, and this is opposed 
by factors such as the forces of the crystal lattice, the thermal 
vibrations, &c. The actual electric force acting on the di-poles 



Intermediate Theories 207 

of moment M is not, however, equal to the external force X^l 
because the polarized doublets themselves will give rise to strong 
electric forces, and the total force acting on the di-poles, which 
we may denote by X, may be written 

X = X^+k I 

where I is the resultant of the moments of the di-poles in the 
direction of the electric force, since we may reasonably assume 
that the forces due to the di-poles themselves are proportional 
to 1. In the case of the di-poles in a solid, the value of I will be 

some function of , where XM is the deflecting couple acting 

on the di-poles, and D is the restoring couple brought into play 
when the axis of the di-pole is deflected through unit angle. The 
nature of this restoring couple is not known, but at ordinary 
temperatures it is assumed to be proportional to R 6, and by con- 
sidering the conditions under which electrons are likely to be 
passed along the di-poles, the following expression is obtained for 
the electrical conductivity 

epdNMC 

BS-NM^kC 


where e is the charge on an electron, p the number of times per 
second that an electron is passed on from one atom to another, 
d the distance between the centres of two di-poles in a chain, N 
the number of di-poles per unit volume, and C' is a constant 


depending on the function / 



connecting I with 


XM 
Re * 


This expression is very complex, and in the original deriva- 
tion of the theory two simplifying assumptions are made. The 
first assumption is that the di-poles themselves consist of charges 
-\-e and — e, and the second assumption is that the free electrons 
which pass down the chains are themselves in thermal equi- 
librium, so that their mean kinetic energy is RB, In this way the 
following expressions are obtained for the electrical and thermal 
conductivities. 

^ 2 e^pdnl 

~9~M~ 


X = I nd^pR 

Here I is the distance between the charges in a doublet, and in a 
metal where the doublets will be so numerous as to be almost in 
contact, d and I will be nearly equal, so that the expression for 
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the Wiedemann-Franz ratio reduces to 

K _8RW 

C 2 

4 R^9 

as compared with the value required by the theory of 

Drude. This apparently satisfactory agreement, however, de- 
pends expressly upon the assumption that the di-poles consist 
of charges of +e and —e separated by a distance approximately 
equal to the inter-atomic distances in the metal, so that a very 
marked degree of polarization is required. 

The supra-conductivity phenomena are explained on the as- 
sumption that when the di-poles are formed into chains by the 
application of an external electric force, they are held together, 
not merely as the result of the external force, but also by the 
forces between the di-poles themselves. This tendency to keep 
orientated in a definite direction is then opposed by the thermal 
vibrations and the inter-atomic forces of the crystal lattice. We 
may now suppose that a current is started in a metal at a tem- 
perature so low that the thermal vibrations can be neglected, and 
may consider what will happen if the electric force is withdrawn. 
On the one hand, the forces between the di-poles will tend to keep 
them orientated in definite chains, whilst on the other hand the 
forces of the crystal lattice will tend to restore them to their 
original arrangement. Consequently if the lattice forces are the 
stronger, the chains of di-poles will break up on the removal of 
the electric force, and supra-conductivity will not be shown, 
whilst if the forces between the di-poles are the stronger they 
will remain in chains after the removal of the electric force, and 
the current will continue indefinitely, since it is one of the essen- 
tials of the theory that the electrons are passed on from one di- 
pole to another by the forces in the di-poles themselves, and not 
by the external force. Now let us suppose that the temperature 
is gradually raised, so that thermal vibrations are introduced. 
Supra-conductivity will continue as long as the restoring forces 
due to the di-poles are greater than the combined effects of the 
thermal vibrations and the forces of the crystal lattice, but 
directly this combined effect becomes the greater, the chains of 
di-poles will begin to break up. In this way the theory accounts 
both for the fact that the supra-conductivity appears sharply 
and that it is only shown by some metals. 

The theory explains the effect of pressure on resistance, since 
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the more tightly the di-poles are pressed together the more 
readily will the free electrons be handed on from one di-pole to 
another. It can also be made to cover the galvano-magnetic and 
thermo-magnetic phenomena by assuming that, when the electric 
force is applied, the di-poles swing round into its direction, but 
that the axis about which the di-pole moves is not mid-way 
between the charges, so that when the motion takes place in a 
magnetic field, the doublets are deflected in one direction, thus 
giving rise to the Hall Effect. The thermo-electric properties are 
explained by assuming that the electrons are passing from one 
di-pole to another even in the absence of an electric force, but 
that, owing to the difference in the nature of the di-poles, the 
conditions of motion of the electrons are not the same in all 
metals, so that, when two metals are in contact, electrons tend 
to flow from one to the other. 

The theory is thus extremely ingenious, but the conception of 
di-poles of such marked polarity leads to so many difficulties that 
the theory is now generally rejected. The prediction of the 
Wiedemann-Franz ratio depends expressly upon the assumption 
that the kinetic energy of the electrons is equal to R6, and this, 
of course, is a purely ad hoc assumption. In the free electron gas 
theories in which the electrons were regarded as behaving like 
gas molecules, there was some justification for writing the kinetic 
energy of an electron as but in the present theory in which 
the electrons are regarded as moving under the influence of the 
forces of the di-poles, the assumption is clearly highly arbitrary. 
The prediction of the Wiedemann-Franz ratio also depends on 
the assumption that the di-poles consist of charges +e and —e 
separated by a distance comparable with that between two 
atoms, and although possibly justifiable at the time the theory 
was first introduced, this assumption is now entirely contrary 
to the evidence, particularly since the theory assumes that the 
loosely bound or free electrons are not those which give rise to 
the di-poles. In the case of the atom of a metal such as sodium, 
for example, if the one loosely bound valency electron were con- 
cerned in the formation of the di-pole, we might possibly con- 
sider a degree of polarity of and —e at a distance comparable 
with that between the atoms. But this is just what the di-pole 
theory does not do. It supposes rather that the free or loosely 
bound valency electrons are passed on from one di-pole to an- 
other, so that the di-poles themselves are the sodium ions, and 
the whole of the evidence from compressibility and other subjects 
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indicates that such a marked degree of polarization is most 
improbable. For these and other reasons the theory has now been 
discarded, although in its time it was a most ingenious attempt to 
cover the supra-conductivity and other electrical properties. 
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2. The Theory of Wien and Griineisen 

The theory of Wien and Griineisen occupies a very curious 
and interesting position, for on the one hand it involved several 
completely new conceptions, some of which are now generally 
accepted as being true, whilst, on the other hand, it supported 
these ideas by showing an apparent agreement between fact and 
theory which later work has shown to be unjustified, and in con- 
nexion with which later criticism has thrown much doubt as to 
the validity of the methods of calculation used. 

The theory begins by assuming that while the electrical con- 
ductivity of metals is due to the presence of free electrons moving 
between the atoms, the velocity of these electrons is independent 
of temperature, so that they make no contribution to the specific 
heat. Exactly the same line of reasoning is used as in the simple 
electron gas theory, so J:hat the electrical conductivity is given 

e^NX 

by a relation of the type C = , but since both N and v are 

assumed to be constant, the whole of the change in the electrical 
conductivity is thrown upon the mean free path A, and the 
theory assumes that the length of the free path depends solely 
upon the amplitude of the atomic vibrations. It is here that the 
theory makes such a great advance upon the older views, for it 
is the first theory in which the atomic vibrations are treated 
quantitatively as determining the magnitude of the electrical 
conductivity. The picture presented is that the electrons move 
in guided paths between the atoms, and that, as the temperature 
rises, the atomic vibrations increase in amplitude, and so tend 
more and more to hinder the passage of the electrons. The 
marked decrease in the conductivity when a solid solution is 
formed is considered as due to the fact that the solute atom causes 
a distortion of the lattice, and so breaks up the long guided path 
between the atoms. This kind of explanation, which is now 
generally accepted, requires inevitably that the motions of the 
electrons are not haphazard as imagined by the simple ‘ electron 
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gas ’ theories, but are definitely related to the crystal structure, 
and it is here that the theory makes its chief advance. 

The Wien theory does not explain the thermal conductivity, 
or the constancy of the Wiedemann-Franz ratio, and this dis- 
advantage was recognized by Wien himself. The theory con- 
siders that when a metal is heated, the atoms acquire additional 
energy according to the ideas of the quantum theory, but that 
this additional energy cannot be transmitted to the electrons 
whose velocity remains constant. On the other hand, when the 
electrons drift under the action of an electric force, they are re- 
garded as acquiring a small additional velocity in the direction 
of the force, and it is assumed that the additional energy so 
gained can be transferred to the atoms during the collisions, with 
the production of the Joule heating effect. The exact physical 
picture presented here is rather confusing, for we are naturally 
led to inquire why, during collisions between electrons and 
atoms, the atoms can gain energy from the electrons, when the 
reverse transference of energy cannot take place. 

From quantum considerations Wien deduced relations between 
the conductivity and temperature which involved the character- 
istic frequencies of the atomic vibrations in the various metals, 
but a detailed comparison shows that the agreement between 
fact and theory is really not so good as Wien at first concluded 
from a comparatively few examples. 

The theory of Wien was concerned solely with the effect of 
temperature upon the electrical conductivity, and it was owing 
to the work of Griineisen that the theory was extended to explain 
the effect of hydrostatic pressure upon resistance. Griineisen 
deduced that the effect of pressure would be to increase the 
frequency, and so to diminish the amplitude of the atomic 
vibrations, and hence that the resistance should diminish under 
pressure. From this point of view he obtained an expression 
giving the pressure coefficient of resistance in terms of quantities, 
most of which were known, and by means of various simplifying 
assumptions a fairly good agreement between fact and theory 
was obtained. As we shall see later, the methods of calculation 
are open to criticism, but the fact that a result of the right 
magnitude was obtained was in itself a considerable triumph. 

The Effect of Temperature on Resistance (Wien).^ 

In this theory, as previously stated, we adopt the same line of 
reasoning as in the simple electron gas theory, according to which 

P2 
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the specific conductivity is given by an expression of the type 


C = 


Since we assumed both N and A to be constant, we may write, for 
the specific resistance IF, 



There is here some slight confusion about the meaning of the 
term N, for strictly speaking this should be the number of elec- 
trons per unit volume, whereas it is really meant to be assumed 
that the number of free electrons per atom, or per gram, remains 
constant. Actually therefore the term N should be a variable 
depending on the volume expansion of the metal, but, in dealing 
with the effect of temperature, this change produces a relatively 
unimportant effect, and we may therefore follow Wien, and treat 
N as being constant. 

We have therefore to consider how the amplitude of the atomic 
vibrations will influence the mean free path of an electron, which 
is inversely proportional to the number of collisions which an 
electron makes in unit time. By applying the older quantum 
theory, it can be shown that there is only one relation between 
the number of collisions and the amplitude of the atomic vibra- 
tions which makes the number of collisions per unit time inde- 
pendent of the exact distribution of energy among the atoms. 
This condition is that the number of collisions shall vary as the 
square of the amplitude. Subject to this assumption Wien 
deduces that the specific resistance will be given by 




pdp . Bv 

\ where 


and is the limiting frequency so that where yS = ^ 

u k 

{h is Plancks constant, and k the Boltzmann constant). This is 
the equation representing the effect of temperature upon re- 
sistance, and the solutions are different for high and low tem- 
peratures. These two solutions are as follows: 


1 . 


At Normal and High Temperatures where 


6 


is small. 


Ws 
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so that at a sufficiently high temperature the resistance varies 
with the temperature according to a relation of the type a (B—b), 
which is in agreement with fact. 

2. At Low Temperatures where ^ is no longer small the ex- 
pression for the resistance reduces to 

and at very low temperatures this reduces to 


p) 

SO that the temperature coefEcient of resistance should vanish 


at the absolute zero which is generally the case where supra- 
conductivity is not shown. 


The validity of equation (1) may be tested by comparing the 
predicted and observed values of the temperature coefficient of 

resistance, for it can be seen that as long as ~^is small, we have 



= e 


^0-00866 -t- 


\ 

298000/ 


1 

4 278 


approximately. 


The temperature coefficient should therefore be somewhat 
greater than 0-00366 in agreement with fact, and it should be 
greater for those metals with high characteristic frequencies, i.e, 
large values of In agreement with this prediction Wien 

pointed out that iron and nickel, with high characteristic fre- 
quencies, also had high temperature coefficients, but, as shown 
by Bridgman at the Solvay Congress in 1924, when the list is 
extended to cover a large number of metals, all correspondence 
between the temperature coefficient and characteristic frequency 
appears to vanish. The theory does, however, give the right 
magnitude for the temperature coefficient except at very low 
temperatures, where the quantitative side of the theory begins 
to break down. 

In the above simple derivation of the theory Wien used the 
earlier quantum theory according to which the mean energy 
content of an atom depends solely on the temperature, and is 
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given by an expression of the type 


U = 


hv 

hv 


Application 


of the later theories involving the conception of zero-point energy 
(‘Nullpunktenergie’) remaining at the absolute zero of tempera- 
ture, led to little but speculation, although they involve considerable 
differences in the equations at very low temperatures. At normal 
or high temperatures the results are, however, but little affected. 


The Effect of Pressure on Resistance (Gruneisen).^ 

We have already noted (p. 17) Griineisen’s discovery that at 
low or moderate temperatures the resistance of a metal varies 
approximately as the product of the atomic heat and the absolute 
W 

temperature, so that y oc C . This relation is purely empirical, 


and is not in agreement with the simple Wien theory, and 
Griineisen considered various possibilities, including the sug- 
gestion of Wien that the electron velocity v might be connected 
with the characteristic frequency by a relation of the type 
= hv. In each case, however, little but speculation resulted, 
but in spite of this Griineisen extended Wien’s theory, and ob- 
tained what was described as a more generalized expression con- 
necting the mean free path and the temperature, thie exprceeicr* 
being 1 (s) 




where M and V are the atomic weight and atomic volume 
respectively- The new point here is the introduction of the 
atomic volume F, and unfortunately no account is given as to 
how this equation is derived, although according to Bridgman 
the term V may contribute as much as 25% of the total effect. 

This is, however, the expression used in Griineisen’s work on 
the effect of pressure on resistance, the expressions for which are 
deduced as follows. 

According to the Quantum Theories of the solid state developed 
by Griineisen and others, the entropy, S, of a monatomic element 
at not too high temperatures is, to an approximation, a function 
only of Hence under isentropic or adiabatic compression 

any function of Bj^v^ must remain constant. Consequently in 
the generalized equation (3) given above, the/term must remain 
constant for adiabatic compression, and we have 


^\dp/s V\dp/s 
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In the general development of the theory of the solid state 
which resulted from the conception of fundamental atomic 
frequencies, it was shown by Griineisen (3) that, under adiabatic 
compression, the characteristic frequency was given by the 


relation 




A = 

/s e[8p), 




(5) 


+«J 


( 6 ) 


so that if Kg be the adiabatic compressibility 

-i(—\ = 

~Asp)s~ 

In absolute measure is about one-half of the term 

~P \ '“ / P 

SO that the free path A should increase under adiabatic com- 
pression, and hence a fortiori A should increase under isothermal 
compression, for adiabatic compression means a rise of tempera- 
ture with consequent shortening of A if the Wien theory he correct. 
Hence using the general rule 
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and using a = for the temperature coefficient of re- 

sistance, we have 


w[dp)s w[8pjs “Ws 


consequently since Woct, we have from (5) and (6) and the 


“A’ 

fundamental equation W = 


2mv 

Jnx 


-f- 

W\Bp 


-i® -4® +^-4® 


9 'VW/S N\dp/s 




(7) 


This is the general equation connecting pressure and electrical 
resistance, and it is then simplified by making the following 
approximations. 

In general agreement with the views of Wien that the velocity 
of the electrons is constant, the Griineisen theory assumes that 

the term - ( ~ ) can be neglected. 

v\dpjs, ^ 

It was further assumed by Gruneisen that the term ^ 
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could also be neglected in accordance with the general views of 
Wien that N is little affected by external conditions, and this 
was regarded as confirmed by the work of Wagner^ on the effect 
of pressure on thermo-electric properties. As we shall see later, 
this assumption is open to serious objections. 

Subject to the above assumptions, however, the equation for 
the pressure coefficient reduces to 


1 fdW\ _ 
W\dp)e 




[l + OC^ O'] 


( 8 ) 


and since the first term is less than the second, the resistance 
should diminish under pressure in agreement with fact. 

For a limited number of metals Griineisen found a remarkably 
good agreement between the calculated and observed values for 
the pressure coefficients of resistance, except for one or two 
metals of low melting-point. In later papers Beckman®, and 
Bridgman®, have extended the comparison to a large number 
of metals, and the right order of magnitude is found to be given 
in nearly every case, although more than this cannot be said. 


Discussion, 

The real advance made in the Wien-Griineisen theory is that, 
for the first time, the effect of the atomic vibrations upon the 
length of the free path is taken into account quantitatively. At 
all except the lowest temperatures the theory gives the right 
order of magnitude for the temperature coefficient of resistance, 
although the exact correspondence between these coefficients 
and the atomic frequencies, which the Wien theory requires, is 
not fulfilled, which indicates that the details of the calculations 
are incorrect. 

The theory has been criticized on the grounds that it does not 
agree with supra-conductivity, and if the electrons are conceived 
of as small bullets moving along row^s of massive spherical atoms, 
it does indeed appear difficult to understand supra-conductivity 
in polycrystalline metal, where the motion of the electron must 
change direction in passing from one crystal to another. But it 
is doubtful whether we are justified in arguing in this way, for, 
in the first place, the motion of an electron down a guided path 
is not that of one small neutral particle among larger ones, but 
is much more that of an electrified particle in a periodic field, 
whilst, apart from this the fields of force round the atoms or 
ions may themselves be fluctuating owing to the motions of the 
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electrons which remain bound to the atoms, and if these fiuctua- 
tions are in phase, as they may be at low temperatures, they may 
serve to pass the electrons on from one atom to another and so 
give rise to supra-conductivity. This criticism of the Wien 
theory is therefore unjustified until much more is known of the 
conditions of motion of the electrons, and of their interaction 
with the ions, and it is of course becoming increasingly apparent 
that the old simple picture of bullet-like electrons colliding with 
spherical atoms is incomplete, and in some ways misleading. 

The general ideas of Griineisen have been criticized by Bridg- 
man on the ground that the theory ignores the effect of pressure 
upon the volume, for although the effect of pressure upon the 
inter-atomic distances is relatively 5 to 10 times less than its 
effect on the amplitudes of the vibrations, the absolute magni- 
tude of the latter is only about 25 th of the inter-atomic distance, 
so that on the whole, the size of the channels down which the 
electrons pass should diminish under pressure even if the atoms 
are considered as points, and a fortiori when they occupy a 
definite volume. Here again the criticism appears imjustified 
unless we make definite assumptions about the zones of repulsion 
surrounding the atoms or ions, for if these are continually oscil- 
lating the important thing may not be the distance between the 
atoms, but the extent to which the oscillations of the repulsive 
zones are thrown out of phase by the thermal vibrations, and in 
this case the general ideas of Griineisen may be correct. 

The quantitative methods of Griineisen have, however, been 
seriously criticized by Bridgman. Apart from the unsatisfactory 
nature of the "generalized’ equation on p. 214, the simplification 
of the fundamental equation (T) is open to criticism. We have 
already noticed that strictly speaking the term N representing 
the number of electrons per unit volume is not constant but 
varies with the volume, since the real assumption is that the 
number of electrons per atom is constant, in which case not N, 
but NV will be constant. Actually Griineisen assumes neither 
one thing nor the other, but leaves N in the equation, and then 

differentiates it, and assumes that the term ) can be 

N\dp/s 

neglected, which is considered justified from the results of Wagner 
on the effect of pressure on thermo-electric properties. Wagner’s 
conclusions were, however, based on the old electron gas theories 
which are in contradiction to the present theory, but apart from 
this point it seems clear that if the real assumption is that NV 
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is constant, then if the term is to be neglected, the com- 

N\dpjs 

pressibility. term in equation should also be omitted, in which 
case the numerical values may be affected by 25% or more. The 
apparently almost exact agreement between the experimental 
results and those calculated by Griineisen’s equation is thus 
largely the result of leaving out terms in a very arbitrary 
manner, although the fact that the right order of magnitude is 
obtained is a distinct achievement. 

The Wien-Gruneisen theory is thus of great interest as leading 
away from the simple 'gas’ conception, and introducing the 
effects of the atomic vibrations. It was unsatisfactory in that it 
ignored the thermal conductivity entirely, since the assumption 
of an electron velocity independent of temperature made it 
impossible to account for the conduction of heat by electrons. 
In many ways, however, the theory is really a rough forecast of 
the more recent theories of Sommerfeld, Houston, and Bloch 
(Chapter XIII), and in these the difficulty in connexion with 
the thermal conductivity is avoided. 
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^ 3. The Theory of Bridgman 

General. 

This theory was put forward by Bridgman in a series of papers 
beginning in 1917, and developed simultaneously with the same 
worker’s experiments on the effect of pressure on the electrical 
properties of metals. The essential fact with which the author 
was concerned was that in nearly all cases the electrical resistance 
of a metal decreases under hydrostatic pressure, whereas the 
older electron theories led one to expect an increase. This diffi- 
culty was overcome by the comparatively simple assumption 
that electric conduction takes place, not by the movement of the 
electrons between the atoms, but by a motion in some kind of 
guided path or quantized orbit through the substance of the 
atom itself. At very low temperatures the electrons are regarded 
as passing perfectly freely from one atom to another, so that 



Intermediate Theories 219 

supra-conductivity is met with. But, as the temperature rises, 
the amplitude of the atomic vibrations increases until a point is 
reached where, at intervals, adjacent atoms are so widely 
separated that an electron can no longer pass freely from one 
atom to the other, and in this way the resistance is created. We 
may express this crudely by saying that at low temperatures the 
atoms are in contact, but that, as the temperature is raised, gaps 
begin to appear between them, but this, of course, is not to be 
taken as implying that the gaps occupy fixed places in the solid 
metal. A gap may be said to he formed when the distance be- 
tween two adjacent atoms exceeds a certain critical value, and 
although the positions of such gaps are continually changing, 
their average number per unit volume at any instant will be con- 
stant under given conditions, and statistically we may assume 
that there are so many atoms in contact and so many gaps. 

If the amplitudes of the atomic vibrations are distributed over 
a wide range we shall not expect supra-conductivity to appear 
suddenly as the temperature is lowered, but if, on the other hand, 
the amplitudes vary discontinuously, or are closely clustered 
round a mean value, there will be a definite temperature at 
which a finite number of gaps will suddenly vanish, and supra- 
conductivity may be expected to appear sharply. 

According to this theory the effect of pressure is in the first 
place to bring the atoms into closer contact, and so to facilitate 
the passage of the electrons from one atom to the next. But, 
apart from this, increase of pressure diminishes the amplitude 
of the atomic vibrations, and so reduces the chance that two 
adjacent atoms become so far separated as to form a gap. 

In the earlier developments of the theory the number of con- 
ducting electrons was not considered. It was found that the 
change of resistance with temperature, pressure, <fec., was ap- 
proximately twice the relative change in the amplitude of the 
atomic vibrations, and in this way, from fundamental thermo- 
dynamic considerations, equations were deduced connecting the 
pressure and temperature coefficients of resistance with the corre- 
sponding coefficients for the effect of pressure and temperature 
upon the amplitudes and the volume. These equations were 
quite independent of the number of electrons concerned in the 
conduction, and at this stage the theory ignored the thermal 
phenomena, but in order to cover these the following additional 
assumptions were made. 

It was assumed that the number of conducting electrons is con- 
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stant but very small compared with that of the atoms, and that 
the electrons move with the velocities required by the older equi- 
partition theory. The mechanism involved is that the electrons 
move through the atoms with the velocities required by the older 
free electron theories, and the gaps between the atoms give rise 
to the resistance in much the same way as the collisions in the 
older theories. In fact, to use a very crude phrase, the electrons 
move through the atoms with the velocities required by the 
kinetic theory, and then collide with the gaps. In this way the 
expressions for the conductivities are the same as those of the 
older theories, but a much longer free path is possible, since a gap 
does not necessarily occur between every two atoms, for there 
may be many atoms in contact in a row before a gap is met 
with. 

In the original Bridgman theory the expression for the Wiede- 
mann-Franz ratio was the same as that given by the older 
electron-gas theory, but, after discovering that the ratio varied 
under pressure, it was assumed that a considerable fraction of 
the thermal conductivity was non-metallic, or atomic, as distinct 
from electronic. This was regarded as confirmed by the fact that 
the observed Wiedemann-Franz ratios are greater than those 
given by the electron gas theories. From his work on the effect 
of pressure, Bridgman concluded that in some cases as much as 
one-third or one-half of the total conductivity may be atomic, 
and consequently the effect of pressure upon thermal con- 
ductivity becomes complex. The general picture presented is 
that the heat is carried by elastic waves down the rows of atoms 
which are in contact, but that, when a gap is reached, the last 
atom flies across the gap, and strikes the head of the next row, 
the impulse travelling down the row as an elastic wave until it 
reaches the end of the row, when the last atom may again fly off 
— ^much as an impulse travels down a row of billiard balls. The 
free path for atomic heat transfer is thus the same as that for 
electrical conduction, and the atomic heat conductivity will de- 
pend on the number of atomic heat transfers per unit time across 
unit cross-section of the metal, and this will involve the crystal 
structure, the closeness of the fit between neighbouring atoms, 
and other factors which cannot be determined. The maximum 
number of atomic heat transfers of energy per second down each 
string of atoms cannot, however, exceed y, the frequency of the 
atomic vibrations, and by comparing the known values for the 
Wiedemann-Franz ratios with the maximum calculated atomic 
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thermal conductivities Bridgman was able to show that the 
mechanism postulated in his theory would require the number 
of atoms in the metal to be at least 10 to 30 times the numbers of 
free electrons for the more common metals. This was considered 
to confirm the general assumption that the number of electrons 
is small compared with that of the atoms, although, as we shall 
see later, this assumption involves many difficulties. 

The Bridgman theory is the first in which any attempt is 
made to account for the effect of tension on the conductivity of 
metals, and these phenomena have been discussed at great length 
by Bridgman. The theory requires the resistance of normal 
metals to increase in the direction of stress, firstly because the 
distance between the atoms increases in this direction, and, 
secondly, because the amplitude of the vibrations in the direction 
of the tension will increase, in order to compensate for the de- 
crease in period caused by the weakening of the restoring force 
on the atoms resulting from their increased distance apart. 
Conversely, the resistance at right angles to the direction of 
tension should diminish, but the exceptions can only be ac- 
counted for by assuming abnormal laws of force in the metals 
concerned, and the conception of considerable atomic thermal 
conductivity has again to be made in order to account for the 
variation of the Wiedemann-Franz ratio under tension. 

In general it may be said that the detailed discussion of these 
points showed clearly that the older free electron theories are 
untenable, and that the electrons are probably best considered 
as moving in some kind of guided paths. But apart from this 
no satisfactory theory can be given, and it seems unlikely that 
further progress will be made in this direction until more is 
known of the effect of tension upon the conductivities of single 
crystals within the elastic limit. 

Discussion. 

The Bridgman theory thus covers a wide range of facts, but 
when examined in detail the assumptions involved appear in 
many cases to be mutually inconsistent, and improbable. The 
underlying assumption that the electrons move through the 
atoms, and not between them, may well be justified, for apart 
from the evidence that electrons can penetrate the outer shells of 
electrons surrounding an atom, the conception of shared elec- 
trons, which is supported by so much chemical evidence, is in 
many ways similar to the passage of electrons through the atoms 
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in some kind of quantized orbit as imagined by the Bridgman 
theory. But the assumption that the velocities of electrons 
moving in this way will vary continuously with the temperature 
so as to have the equi-partition value appears unjustified, for if 
the electron does move through the atom in a quantized orbit 
with no resistance, it is hardly likely that its velocity will vary 
in such a simple way. 

The second assumption that the number of free electrons is 
small compared with that of the atoms, but constant, also appears 
improbable, since it implies that the atoms are not all in the same 
condition, so that there will be an equilibrium between ionized 
and non-ionized atoms, and we shall expect the number of free 
electrons to be given by a relation of the type n = 

Unless Q, the heat of ionization, has an absurdly large value, this 
must imply a variation of n with 9^ which is contrary to the 
assumption of a constant value for n, and even though the 
Bridgman theory does allow a much longer free path than the 
older theories, the conclusion seems inevitable that the con- 
ductivity should diminish at low temperatures. 

The further assumption that such a large part of the thermal 
conductivity at ordinary temperatures is due to the atoms is also 
distinctly questionable. It is in direct contradiction to the con- 
clusion of Grtineisen and Eucken (p. 77), who, from the analysis 
of their results for the thermal and electrical conductivities, 
concluded that the non-metallic, or atomic part of the thermal 
conductivity was important only at the lower temperatures. The 
assumption also makes it difficult to see why the thermal con- 
ductivity should be almost independent of temperature, and 
naturally leads us to inquire why the thermal conductivity of 
salts should be small when their constituent ions are closer 
together than the atoms in a metal. 

For these and other reasons it is improbable that the details 
of the Bridgman theory are correct, but in other ways it may 
contain an indication of the truth. For, considered qualitatively, 
the real essence of the theory is that the motions of the electrons 
are not haphazard like those of gas molecules, but are intimately 
connected with the structure of the atoms, since this is what is 
implied when we speak of the electrons as passing through the 
atoms in some kind of a quantized orbit. While, therefore, apart 
from the general thermo-dynamic arguments, the details of the 
theory are almost certainly wrong, the general idea may in 
reality be one way of expressing the truth. 
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4. The Dual Theory of E. H. Hall 

The Dual Theory of Metallic Conduction was put forward by 
E. H. Hall in 1917-18, and has since been extended in a long 
series of papers to which reference will be found on page 229. 
Like the other theories of its time, it was at first an attempt to 
overcome the difficulty in connexion with the specific heats 
which was encountered by the older electron gas theories. But 
the assumptions of the Dual Theory were later found to give a 
qualitative explanation of thermal conductivity, and the theory 
was then extended so as to deal with the electro-magnetic and 
thermo-magnetic properties, and also with the emission pheno- 
mena. Many of the difficulties which the theory was devised to 
meet have since been overcome more satisfactorily by other 
means, and for this reason we shall only give a general outline of 
the methods employed. 

The fundamental assumption of the Dual Theory is that the 
electrons taking part in electric conduction can be divided into 
two classes — a comparatively small number of free electrons 
which obey the simple gas laws, so that their kinetic energy 
varies directly as the absolute temperature, and a much larger 
number of associated electrons of which the energy does not vary 
with the temperature. The free electrons are regarded as those 
concerned in thermionic emission, whilst the associated electrons 
are bound to the atoms, but the bond is of such a nature that they 
may pass freely from one atom to another, and so serve to carry 
the electric current. In this way the difficulty in connexion with 
the specific heats is avoided, since only the small number of free 
electrons contribute to the heat capacity. For convenience we 
shall denote the constants referring to the free and associated 
electrons by the suffixes F and A respectively — thus means 
the conductivity due to the free electrons, and that of the 
associated electrons. 

The theory assumes that in every part of a metal there is an 
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equilibrium between the neutral atoms and the positive ions, 
and that this equilibrium obeys the ordinary laws of mass action. 
We may now consider, from this point of view, what will happen 
when one end of a bar of metal is heated. Since the free electrons 
obey the gas laws, the pressure will rise in the hot part of the 
metal, and they will tend to flow towards the colder parts. But 
this accumulation of electrons in the cold part will upset the 
equilibrium of the reaction atom ^ ion + electron, and conse- 
quently some of the free electrons at the cold end will recombine 
with atoms, with evolution of heat. Similarly the flowing away of 
electrons from the hot end of the bar results in the dissociation 
of atoms with absorption of heat at the hot end. From this point 
of view an unequally heated piece of metal contains a continual 
stream of free electrons from hot to cold, and of associated elec- 
trons in the opposite direction, and the thermal conductivity is 
due partly to the free electrons according to the principles of the 
Drude-Lorentz theories, and partly owing to the continual pro- 
cess of ionization with heat absorption at the hot end of the bar, 
and of re-association with heat evolution at the cold end. This 
explanation does not, however, account for the Wiedemann- 
Franz Law. 

In order to proceed further we have to consider what is likely 
to affect the motion of the associated electrons, and the theory 
assumes that this is decided largely by the action of the com- 
paratively few positive ions from which the free electrons are 
formed. The underlying picture is that a positive ion, since it 
has lost an electron, has a ‘gap’, a Vacancy’, in its electronic struc- 
ture, and that if this gap comes into suitable proximity to a 
neighbouring neutral atom, an associated electron may fly across 
from the neutral atom, which thereby becomes an ion, to the ion 
which is changed into a neutral atom. This part of the theory 
was originally accompanied by some very speculative suggestions 
that the neutral atom was spherically symmetrical, but that the 
ions were markedly unsymmetrical and polarized. In many 
cases this is, however, undoubtedly incorrect. Thus in the case 
of metals such as the alkalis or copper, silver, and gold, it is cer- 
tainly the underlying ion, with the completed group of electrons, 
which is symmetrical, and the neutral atom which is liable to 
polarization. 

At first it might be thought that the process imagined to take 
place during thermal conduction would also occur when two 
different metals were in contact. For if the free electrons in the 
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two metals had different pressures they would flow from one 
metal to another, and this would upset the equilibrium (atom ^ 
ion + electron) and therefore cause a flow of associated electrons 
in the opposite direction. This, however, would result in a 
transference of heat without an initial difference of temperature, 
and, since this is contrary to the principles of thermo-dynamics, 
it is assumed that it is prevented by the differences in the attrac- 
tions of the ions in the two metals. If the ratios of the conductivi- 
ties of the free and associated electrons are different in two metals 
a stream of electrons crossing a boundary will cause ionization 
on one side and re-association on the other, and since these pro- 
cesses involve heat absorption and evolution they are intimately 
connected with the Peltier Heat. The theory also gives an 
account of the different effects of pressure upon resistance in 
different metals. As in the older theories the conductivity, Cjp., 
of the free electrons should decrease with pressure, but the con- 
ductivity of the associated electrons, should increase, because 
the atoms are brought closer together. Consequently for small 

values of we should expect the conductivity to increase under 

pressure, whilst the conductivity should decrease for large 

values of 7— . In the original paper it was assumed that in metals 

such as bismuth where the total conductivity was small, the 


C 

value of 7“ was large, i.e. the associated electrons were strongly 

bound and contributed but little to the conductivity. In support 
of this it was pointed out that bismuth and antimony with low 
conductivities showed a decrease in conductivity under pressure, 
but the later work of Bridgman (p. 20) shows that lithium, 
caesium, barium, and strontium all behave abnormally under 
pressure, so that the explanation is probably much more complex. 

The theory also offers a very ingenious explanation of the 
thermo-magnetic and galvano-magnetic phenomena, the author 
being, of course, the discoverer of the well-known Hall Effect. 
In the original simple developments of the theory it was assumed, 
as in the Drude-Lorentz theories, that the free electrons were- 
acted on by the magnetic field so as to give a negative Hall 
Effect. It was further concluded that the associated electrons 
also gave rise to a Hall Effect, whose magnitude might be greater 
or smaller than that due to the free electrons. The picture pre- 
sented is therefore that a stream of free electrons moves in one 
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direction, and of associated electrons in the other, and the 
resultant sign of the Hall Effect depends upon which is the 
greater. The position is similar to that of two cells of different 
E.M.F. joined in opposition as shown in Fig. 47, where a cyclic 




current flows clockwise if E-^ > and counter clockwise if 
^2 > E-^, the potential of point A being less than that of B in 
each case. 

Similarly in the plate imagined for the Hall Effect in Fig. 48, 
the free electron stream crosses the plate in one direction, and 
the associated electron stream in the other, and the direction of 
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the net Hall effect depends upon the relative magnitudes of the 
two. Further since ionization and re-association involve heat 
absorption and evolution we understand why the Ettinghausen 
and Righi-Leduc effects are produced, and why these may have 
different signs. In a later paper (12) the matter was examined 
more closely, and the conclusion was reached that it was really 
very much more complex, and that the interaction of the atoms 
had to be taken into account. 

So far we have dealt with the theory from the qualitative point 
of view only, but numerous attempts have been made to develop 
it quantitatively. In order to do this it is necessary to make 
several quite arbitrary assumptions, of which the chief are as 
follows : 

(1) It is assumed that over a small temperature range, the 
number of free electrons is related to the temperature by the 
equation 

n = 


where 0 is the absolute temperature, and z and q are constants, 
of which for many purposes z need not be known. 

(2) The ratio of free electron conductivity to total con- 
ductivity C, is assumed to be 

C^/C = K-\-Kjt+K4^ 


where t is the temperature in degrees centigrade, and 
are constants. 

(3) The heat of ionization within a metal is assumed to be 

given by ^ 


where R is the gas constant, and s and Hq are constants of the 
metal. 

In this way each metal has seven characteristic constants 
z, q, K, K^y Hoy and Sy and much ingenuity was shown in try- 
ing to select the most probable values of these in order that the 
equations deduced for the various effects should agree with the 
facts. These arguments are, however, not always very convin- 
cing, for they involve the assumption that by omitting one term, 
an expression deduced for the Thomson Heat can be identified 
with a purely empirical relation found by Bridgman, whilst in 
many cases the equations are approximations only, and methods 
• of trial and error are used in order to select the constants. We 
may note, however, that the expression deduced for the Peltier 

Q2 
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Effect involves the term CpjC^ and since the values of this 
ratio are not necessarily the same in different directions in a 
crystal, the internal Peltier Heat can be accounted for. 

The Dual Theory is thus extremely ingenious and can be made 
to cover a large number of facts in a qualitative way. It has 
received comparatively little attention owing to the unsatis- 
factory nature of its quantitative developments, which are un- 
doubtedly open to criticism. The mere fact that the theory is 
complex is by no means a condemnation, for it is increasingly 
apparent that the problems of conductivity, thermo-electricity, 
&:c., are of a very complex nature. But the introduction of so 
many constants which can neither be determined theoretically, 
nor by direct comparison with experiment, is an almost fatal 
weakness of the theory in its present form. In many places the 
equations are admittedly of an approximate nature only, so that 
methods of trial and error, or arbitrary selection have to be 
made, and it becomes increasingly difficult to see how much of 
the apparent agreement is really due to the theory, and how much 
to a purely arbitrary selection of constants. 

The fundamental assumptions of the theory are, however, in 
many ways most curiously interesting. As we shall see later, the 
evidence of the crystal structures of the metals indicates clearly 
that in the borderline metals such as silicon, antimony, bismuth, 
and tellurium, the atoms are bound together by forces of the 
same nature as those in the co-valent bonds of chemistry — i.e. 
by electrons shared between two atoms. In such cases the con- 
ductivity is probably the result of the gradual breakdown of the 
co-valent bond as the temperature is raised, and the distinction 
between free and bound electrons may well exist as postulated 
in the dual theory. But whether in this case there is an inter- 
change between, or a conductivity due to the bound electrons is 
much less certain. Apart from this, as we shall see later, the 
theories based on the new quantum mechanics do in fact indicate 
that the velocities of the free electrons are distributed in such a 
way that the velocities vary from zero to a certain critical value, 
which is exceeded by a comparatively few electrons, and that it 
is these few electrons which are primarily concerned in emission 
and similar phenomena, although there is no sharp distinction 
between these electrons and the remainder. The postulates of 
the Dual Theory did thus contain an element of truth, although 
the quantitative developments and the detailed mechanical pic- 
tures are almost certainly incorrect. 
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1. General 

T he Electron Lattice theory was first put forward by Linde- 
mann^ in 1915, and was again discussed at the Solvay Con- 
gress^ in 1924, and by Hume-Rothery in 1927 in a paper in the 
Philosophical Magazine,^ Somewhat modified forms of the theory 
have also been put forward by J. J, Thomson,^ and by Borelius,® 
whilst the underlying conceptions have been discussed by many 
workers in connexion with the crystal structures and compressi- 
bilities of the metallic elements. 

The theory involves a complete departure from all the ‘free’ 
electron theories, in that it considers the electrons, in the absence 
of a current, not to be moving about through or between the 
atoms, but rather to be situated on a space lattice interpenetrat- 
ing the atomic lattice. From this point of view we are to look 
upon the crystal of a metal as built up of two interpenetrating 
lattices, one of electrons, and the other of atoms. When once 
this fundamental conception has been grasped, it is necessary to. 
make two further assumptions in order to cover the facts. 

(1) It is assumed that although attracted by the ions at 
distances greater than the atom’s radius, the electrons are re- 
pelled at distances less than a critical value by a force which 
may be put equal to kf{r) where /is an unknown function. This 
hypothesis is in reality involved in almost all of the older 
theories in which the electrons are regarded as colliding with the 
atoms, for if the electron were simply attracted by a force e'^/r^ 
this would become continually greater as the electron approached 
the atom or ion, and the small kinetic energy attributed to the 
electron, namely ad^ would never enable it to remain dissociated. 
This assumption is therefore really contained in all the older 
theories although this was not expressly stated, 

(2) The second assumption is that the number (N) of electrons 
per unit volume, the dielectric constant of the ions (D), and the 
constant k of the repulsive force kf{r) are such that 
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where (f> and ^ are functions which we shall define more fully 
later. This assumption is made to account for the Wiedemann- 
Franz law, and it is thus a purely ad hoc assumption, but unlike 
the assumptions made for the same purpose in some of the other 
theories, it does not seem to require anything which is inherently 
improbable. 

Conduction of electricity through the metallic crystal is then 
considered to take place by the drifting of the electron lattice 
through the atomic lattice, the electrons passing in channels be- 
tween the atoms, and their motion being interfered with by the 
atomic vibrations. In this respect the theory resembles that of 
Wien and Gruneisen, except that the electrons are no longer 
considered as moving independently down the channels, but are 
regarded as moving as one whole lattice. 

In the original paper of Lindemann it was suggested that if the 
distance to which the repulsive force, Tq, of the ions extends be 

T 

less than half the distance between the centres of the atoms, 

the electron lattice will be able to move unimpeded through the 
atomic lattice as long as the amplitudes of the atomic vibrations 

are less than and that this will correspond to the pheno- 

menon of supra-conductivity. This explanation by itself is not, 
however, completely satisfactory, since, in the first place, it does 
not explain why supra-conductivity is shown only by a few 
metals which seem to have no very general characteristics of 
crystal structure, &c., distinguishing them from others, whilst, 
apart from this, the fact that supra-conductivity is shown by 
rings of polycrystalline metal seems to demand something more 
than a mere unimpeded passage of electrons along guided paths. 
It was suggested later by Hume-Rothery^ that the precessional 
motion* of the orbits of the electrons bound to the metal ions 
may cause the repulsive zones surrounding the positive ions to 
fluctuate periodically, and that this fluctuation may help the 
passage of the electrons just as, to give a very crude mechanical 
picture, a number of marbles may be pushed along a plane by a 
series of revolving elliptical cams, if the latter are all exactly in 
phase. From this point of view, which we have already men- 
tioned in connexion with the theory of Wien and Gruneisen, 
supra-conductivity may or may not occur according to the par- 

We are here using the terminology of the original Bohr theory. In the 
later theories the electronic orbits are no longer looked upon as flat disks. 
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ticular crystal structure, and the variation in the repulsive zones 
surrounding the ions. In support of this it is pointed out that 
in the B Group elements supra-conductivity is shown almost 
exclusively by those metals in which the crystal structures and 
inter-atomic distances indicate that the underlying ions have 
incomplete structures such as (18)(2)'^ in indium and thallium 
(see p. 326), since in these the repulsive zones may be expected 
to be less symmetrical in the crystal structure so that the fluc- 
tuation will be more marked. 

As in the theory of Wien and Griineisen, and the Di-pole 
theory of Thomson, the Lindemann theory regards the low con- 
ductivity of solid solutions as due to the destruction of the perfect 
regularity of the crystal lattice by the solute atom, and the same 
conception accounts for the absence of supra-conductivity. The 
pressure effect is again regarded as the result of the increase in 
frequency and decrease in amplitude of the atomic vibrations 
under pressure. 

It is, however, when we come to the question of thermal con- 
ductivity that this theory makes its most novel suggestion, 
namely that the heat is conducted, not by the translational 
motion of the electrons, but by a series of elastic waves down the 
electron lattice, in the same way that, according to the Debye 
theory, heat is transferred in non-metallic crystals by a series of 
elastic waves. If a metal is composed of two interleaved space 
lattices, one of atoms and one of electrons, its thermal con- 
ductivity may be regarded as the sum of the conductivities due 
to the atomic space lattice, and that of the electrons. At ordinary 
temperatures the conductivity of the atomic space lattice will be 
of the same order of magnitude as that of a non-metallic crystal, 
and may therefore be neglected. On the other hand, as we shall 
explain later, calculation shows that as regards its thermal con- 
ductivity, an electron lattice, owing to the small mass of the 
electrons, will at room temperatures correspond to an atomic 
lattice at only one or two degrees above the absolute zero, and 
consequently its thermal conductivity will be very large. But the 
specific heat of such an electron lattice, which can be estimated by 
a formula due to Debye, can be shown to be negligibly small, 
and in this way a high heat conductivity can be accounted for 
without ascribing any measurable heat capacity to the electrons. 

The remaining electrical properties are explained by the 
assumption that even though the electrons are situated on a 
space lattice within the metal, they will tend in many ways to 
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resemble a solution. Their mutual repulsion will be counter- 
balanced by the attraction of the positive ions, thus creating a 
condition analogous to the internal pressure of liquids in the 
theory of Van der Waals. The ease with which an electron is lost 
may be expected to increase with the atomic volume, and in this 
way we can understand why the metals with large atomic 
volumes (e.g. the alkalis) are electro-positive, and tend readily 
to lose electrons. In the same way the electrons will have a 
vapour pressure, and a general understanding of thermionic 
emission becomes possible. 

The contact potential effects are explained much as in the 
older theories by assuming that the electrons tend to flow from 
a region of high to one of low internal pressure, and that, in so 
doing, a potential difference is created which eventually brings 
the process to a stop. 

The thermo-electric effect is accounted for by the assumption 
that the internal pressures of the electrons do not vary in the 
same way with the temperature in different metals, so that a 
current is set up in a circuit of two metals with junctions at 
different temperatures. The Thomson Effect cannot, however, 
be evaluated, for while the electron lattice, as it moves through 
the atomic lattice, may be expected in some way to respond to 
the temperature variations of the latter, the exact relations 
involve a knowledge of the mechanism of interchange of energy 
between atoms and electrons which is largely unknown. The 
Hall Effect is explained as in the older electron gas theories since 
a magnetic field will affect the motion of the moving electron 
lattice, but the negative sign of the effect in some metals can 
only be explained, as in the older theories, by assuming that the 
external field affects the repulsive zones surrounding the ions. 
Since the thermal conductivity is regarded as due to elastic 
waves in the electron lattice, the thermo-magnetic effects are 
regarded as due to the deformation of the longitudinal elastic 
waves by the magnetic field with the production of a transverse 
electromotive force, but the problem cannot be attacked quanti- 
tatively. In all these spheres, therefore, the theory gives a 
general qualitative explanation of the facts, but quantitative 
methods are lacking, and it is in fact suggested frankly that when 
so little systematic knowledge exists in connexion with the 
electrical properties of metals, the time for detailed mathematical 
development has not yet arrived. 

Apart from the electrical properties of metals, the conception 
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of an electron lattice has received much attention in connexion 
with the crystal structures, and compressibilities of the metals. 
The real starting-point of this work was the discovery by Hull® 
that metallic calcium crystallized in the face-centred cubic struc- 
ture, whilst in the structure of calcium fluoride, the calcium ions 
again occupied a face-centred cubic lattice, the fluorine ions being 
situated symmetrically inside the unit cube formed by the cal- 
cium ions. From this it was concluded by several investigators 
that in metallic calcium the structure was really essentially the 
same as that of calcium fluoride, a lattice of negatively charged 
valency electrons taking the place of the fluorine ions. The inter- 
atomic distances in the metal are, however, greater than those in 
the salts, but this is readily accounted for by the small size of the 
electrons. For in the salts, if we regard the oppositely charged 
ions as attracting one another, then since the ions are of com- 
parable size, the closing together process is stopped by the ‘con- 
tact’* of unlike ions, and equilibrium is reached when the direct 
electrostatic attractions between two ions is balanced by the re- 
pulsive forces due to the outer shells of electrons. But if an elec- 
tron lattice exists in a metal, the electrons are so small compared 
with the atoms, that the closing together will be stopped by the 
contact between the similarly charged positive ions, and the 
equilibrium will be the result of a repulsion between the positive 
ions, and an attraction which is not directly between the ions, 
but is the result of the components of the pulls due to the elec- 
trons. In this way the differences in inter-atomic distances are 
readily accounted for, and we can also understand why so many 
of the metals crystallize in structures approximating to those of 
close-packed spheres, the electrons occupying the spaces in be- 
tween the larger atoms. As pointed out by W. L. Bragg, this 
tendency is shown in the structures of many of the gem stones 
consisting of relatively large oxygen ions, and small metal ions, 
and we should therefore expect it to be shown if a metal con- 
sisted of interpenetrating lattices of electrons and atoms. 

The bearing of an electron lattice upon compressibility has 
been discussed by Haber,® Bridgman,® and others, who have 
applied the theories of compressibility which were developed by 
Born in connexion with salts such as those of the alkali halides. 

* The term ‘contact’ is here used for convenience, and is not meant to 
imply any sharp bounding surface. Two atoms or ions may be said to be 
in contact in a crystal at the distance at which the attractive forces are 
balanced by the repulsive forces. 
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In these the ions are regarded as bound together by electrostatic 
attractions varying inversely as the square of their distance 
apart, and the oppositely charged ions are drawn together until 
the attraction is balanced by a non-electrostatic repulsion due 
presumably to the fields of force produced by the shells of elec- 
trons. The general argument used by Born is to represent the 
potential of a unit cube by an expression of the type 



where the first term refers to the electrostatic attraction, and the 
second to the repulsion which is assumed to vary as an inverse 
power of the distance. In the more elaborate extensions of the 
theory an additional term is introduced in order to allow for the 
polarization of the ions in each other’s fields, but this is omitted 
here for the sake of simplicity. 

In this equation the first term is definitely established for salts, 
the inverse square law for the electrostatic attraction having been 
proved experimentally by Born from measurements of dielectric 
capacity, and refractive index for long wavelengths, and by Slater^^ 
from accurate compressibility data. The factor a can then be cal- 
culated for a series of point charges if the lattice type be known. 

The second term, ~ , is, however, much less satisfactory, and 

is in reality a purely arbitrary assumption which has no real 
justification, except that, with large values of n, it gives a re- 
pulsion increasing rapidly at small distances in agreement with 
what is required. According to the accurate work of Slater the 

simple term is not in agreement with the facts if n is constant, 

and there is indeed little reason that it should be, although for 
small variations of S it is a convenient approximation, since the 

expression readily gives values for ^ and . In the actual 


crystal, at the equilibrium distance, will be a minimum, and 
hence ^ == 0, so that b = - where 3q is the inter-atomic 

do 71 

distance in the actual crystal. Further, since the pressure p, is 
given by p = ^ where V is volume, an expression can be ob- 

934 

tained for the compressibility /c, and this is given by /c = . 
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By comparing this with the observed values, it is found that 
n = 9 (approximately) for most of the alkali halides, except for 
the lithium salts for which = 5. It must, however, be recog- 
nized that the values of n determined in this way are of a very 
arbitrary nature, since there is no real reason that the repulsion 

should be given by a term of the type . 

Bridgman and others have applied this theory to the com- 
pressibility of metals by assuming that an electron lattice re- 
places the negative ions, and in this way it is found that the 
application of the simple Born theory gives a value of the right 
dimensions for the compressibility. But any attempt to use a 

term of the nature for the repulsion leads to values of n very 

much smaller than those found for the corresponding salts. 
This, however, does not necessarily mean that the method is 
incorrect, for the inter-atomic distances in metals are much 
greater than those in salts, and there is little reason to suppose 

that the expression ^ will give the repulsion over such a large 

range, although it may be a valid approximation for small varia- 
tions in S. For many of the metals the value of n is from 3 to 4. 
and criticism has been raised on the grounds that such low values 
of n are difficult to reconcile with electrons bound in a lattice, 
but indicate rather that the electrons are free. In order to meet 
this objection, the conception of a dynamic lattice was introduced 
by Haber, in which the electrons are considered to be on a lattice, 
but with the possibility of interchange from one point to another, 
so that while the probability of finding an electron in the neigh- 
bourhood of a point on the electron lattice is very much greater 
than that of finding one elsewhere, there is a continual inter- 
change throughout the system. In view of the uncertainty of 

the g^ term we shall not deal with the matter here, since com- 
pressibility is outside the scope of the present volume, but the 
subject is referred to because the electron lattice theory is one 
of the few theories which has received support apart from the 
purely electrical properties. 
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2. The Electrical and Thermal Conductivities and the 
Specific Heats 

In the electron lattice theory the number of conducting elec^ 
trons is assumed to be constant, and the current strength will 
therefore be proportional to the mean velocity (u) of the electron 
space lattice through the metal. The mean velocity given to one 
electron by an external field X will be, as in the earlier theories, 

7 — t where t is the time between two collisions. The value of t 
2m 

will, however, vary considerably according as the electron is 
very close to the atom, or at a much greater distance. If the 
electron be in the immediate vicinity of the atom, we may put 

i = i, where v is the frequency of the atomic vibrations. For 

the remainder of the time, t ==- where d is the distance over 

u 

which the electron is at a distance from the centre of the atom 
greater than where A is the amplitude of the atomic 

vibration. In any measurable current there is always a large 
number of electrons within the distance {rQ+A), so that the time 
during which the entire electron lattice can move unimpeded 
will be infinitely short. Consequently since u cc X, Ohm’s Law 
may be expected to hold for any current whose duration is of 
1 

the order - or greater. 

The exact variation of resistance (W) with temperature has not 
yet been calculated, but it will depend on the amplitude of the 
atomic vibrations, and on the law of force acting on the electrons 
when they are within the repulsive zones of the atoms, and since, 
according to the Debye and Born theories, the amplitudes of the 
vibrations vary over a great range, the average force acting on 
the electron space lattice cannot be obtained. As in the Wien 
theory it may be assumed that there is a law of repulsive force 
kf(r) giving a resistance proportional to the square of the ampli- 
tude, and hence proportional to the energy E, since E — olA^ 



238 The Electron Lattice Theory of Lindemann 


where oc is the quasi-elastic force holding the atoms in position. 
It can be shown^ that a is roughly proportional to N, the number 
of electrons per unit volume, and hence the resistance is a func- 
tion of N and k, which we may write <f>(N,k)E, Consideration 
of general dimensional analysis then indicates a formula of the 


1 

C 


N^k^ 


where p is the density of the electron space lattice. As p, N, 
and k are independent of temperature (neglecting slight changes 
due to volume expansion), this requires W to be proportional to 
E in agreement with fact. 

We have already indicated that the electron lattice theory 
regards the thermal conductivity as due to elastic waves passing 
down the lattice of electrons, as in the Debye theory of heat 
conduction. According to the Debye theory the limiting fre- 
quency of the electron lattice will be high, and is given by 

where k is the compressibility. If the electron 

lattice is formed by the loss of one electron from each atom, we 
n 

may put N — - where n is the number of atoms, and hence the 
electron density Nm is given by 


nm 

where m is the mass of an electron.* The compressibility k can be 
shown to be the same order as that of a solid, and is a function of N 
and the dielectric constant of the metal (D) . According to a relation 
found by Haber the limiting frequency of the electron lattice 
IM 

is of the order / — v' where M is the mass of the atom, and 
Nm 

the limiting frequency of the atomic lattice, and hence since 
'M 

— is of the order 100 to 600, the limiting frequency of the 

electron lattice is very high, and an electron lattice at room 
temperature will correspond to an atomic lattice at only a few 
degrees above the absolute zero. Under these conditions the 
thermal conductivity will be very large, and the ordinary Debye 

* These expressions are readily modified for cases in which more than 
one electron is liberated from each atom. 
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formula cannot be applied, since it refers to temperatures greater 
than the characteristic temperature According to 

this formula the thermal conductivity JK", is given by 



where p is the density, q is the velocity of sound, which equals 

and 7 is the specific heat, whilst Z is a free path term representing 
the distance in which the energy of the elastic waves is diminished 


1 

to the — th part. But at temperatures which are only a small 
e 

fraction of the characteristic temperature, the term I cannot be 
evaluated. Since, however, />, k, and y depend upon N and JD, 
the term I will depend only upon (1) the number of layers of 
atoms per cm., i.e. upon (2) the temperature and (3) the 
value of N, Hence we may write 


K == iPiN, A ^). 


Experiments on the thermal conductivities of non-metallic 
substances at low temperatures, indicate that when 0 is a small 
fraction of do, the conductivity does not vary with temperature, 
so that the above relation reduces to 


K = ^p{N, D). 

The constancy of the Wiedemann-Franz ratio therefore requires 

E = ,(,iN,D)ozcf,iN,k) = ^. 


This is, of course, an ad hoc assumption made in order to agree 
with the Wiedemann-Franz Law, and the theory does not at« 
tempt to predict this. Considerations of dimensions indicate that 

the thermal conductivity K varies as • 

The specific heat of the electron lattice is, however, negligible 
because its characteristic temperature is so high. The limiting 
frequency is given by 


^ 9 Y 

4i7T J 


and in the case of silver this leads to a characteristic tempera- 
ture Oq = = 94,000"^, so that the specific heat at room tern- 
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perature is extremely small, and in this way the old difficulty 
in connexion with the specific heats is avoided. 
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3. Emission Phenomena 


The electron lattice theories have been applied to emission, 
phenomena by Roy and by Weigle, and it has been possible tp 
deduce the usual type of equations for the emission phenomena, 
by arguments based on the older quantum methods. According 
to the original method of Roy,^ the individual electrons situated 
on the electron lattice can be treated in the same way as the 
ions or atoms in the Born-Karman theory of specific heats. In 
this case the energy content of the electron lattice may bC; 
written in the form 


E = 


i^ZN 



hvj 

hvj 


( 1 ) 


where the 3N quantities vg? • • • s f frequencies of the 

N electrons forming the electron lattice, and since, as we have, 
already indicated, the frequencies of an electron lattice will be 
large, the term hv is large compared with kO, and the factor 

( hv \ ^ 

^kO — ij nriay be put equal to . 

As we have shown in Chapter X, the ordinary principles of 
thermodynamics indicate that the equilibrium pressure of an 
electron gas outside the metal, varies with the temperature 
according to the relation 

log P = 4- solid) ^2) 


The assumption made by Roy is that owing to the high fre- 
quency of the electron lattice its specific heat will be zero, so that 
the equation may be written in the form 


logP= -|2 + |log0+c .... (3) 


Roy then assumes that the heat of evaporation can be identified 
with the photo-electric work function and so applying 
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exactly the same arguments as we described in connexion with 
the electron gas theories, he obtains the relation 

/ = .... (4) 

where R represents the fraction of the electrons which are 
reflected. 

In this paper the electron lattice theory was really only drawn 
on in order to justify the assumption that the specific heat of the 
electrons in the metal is zero, and it was assumed that only those 
electrons with frequencies greater than Vq could be emitted. 
Otherwise the theory was based on thermo-dynamics rather than 
on any detailed conceptions of an electron lattice. 

In a later paper Roy^ investigated the same problem from the 
point of view of the statistical mechanics developed by Fowler 
and Darwin,^ and showed that the same results could be ob- 
tained. In this paper the point of view adopted was that of a sta- 
tistical equilibrium between an electron gas and the solid metal, 
and it was assumed that the external electrons formed an ideal 
monatomic gas, and were emitted from the solid with velocities 
distributed according to the Maxwell Law, whilst the electrons 
inside the metal were regarded as forming space lattices with heat 
energy distributed according to Planck’s Law of Quanta. It was 
also assumed that the atomic lattices retained their individuality. 
On this basis the statistical methods gave expressions for the 
mean energies of the electrons at different temperatures, and the 
expression for the thermionic current was of the form 

" = . ( 5 ) 

where R is the fraction of the electrons reflected, and K 2 i^) is a 
function depending on the specific heat of the electrons in the 
electron lattice. By comparing the extent to which the atomic 
heats of the metals exceed the theoretical value SR, it was con- 
cluded that i^ 2 (^) very different from unity, so that 

expression (5) reduces to the same form as equation (4). 

The electron lattice theory is thus able to account for the 
thermionic emission in quite as satisfactory a way as the older 
gas theories, and the difficulty in connexion with the specific 
heats is avoided. 

Attempts have been made by Weigle^ to calculate the latent 
heat of evaporation of the electrons from the conception of an 
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electron lattice, and a good agreement has been claimed in the 
case of the alkali metals. In this work a metal is assumed to 
evaporate and condense in two ways, and the evaporation of the 
positive ions and negative electrons is separated for purposes of 
calculation, a positive ion being evaporated from the crystal for 
each negative electron taken out. In the first place the electrons 
are supposed to evaporate from the metal, absorbing the heat of 
evaporation {L), and leaving the positive ions on their original 
lattice. The positive ions are then supposed to evaporate ab- 
sorbing a latent heat of evaporation of positive ions {M). The 
gaseous electrons and positive ions are then supposed to com- 
bine again to form the crystal with the evolution of the grating 
or lattice energy, so that = X+M. In the second pro- 
cess the metal is supposed to evaporate as neutral atoms furnish- 
ing the known heat of evaporation Z), and the neutral atoms 
are then ionized with the absorption of the energy (J) corre- 
sponding to the known ionization potential. The ions are then 
supposed to combine to form the crystal with the evolution of 
the grating energy 3^, so that = D-f J. Similar processes 
are then applied to a crystal of a salt of the metal with a halogen, 
in which the units are known to be the ions, and in which accord- 
ing to the theory of Born the crystal is held together by the 
attraction of the oppositely charged ions. Weigle again considers 
cycles in which one kind of ion is evaporated from the crystal 
leaving the other kind upon their lattice, and by introducing a 
term to allow for the change from the metal lattice to that of the 
salt, he obtains an expression for the latent heat of evaporation 
of the electrons from a metal in terms of the known ionization 
potential of the metal atoms, the latent heats of evaporation, 
and the grating energies of the salts which are known both from 
thermo-chemical data, and by calculation from Born’s theory. 
The expression obtained involves the term which allows for the 
change from the metal lattice to that of the salt, and it is assumed 
that this can be neglected because the latent heats of evaporation 
of the positive ions of a given alkali metal from its different 
halides are nearly the same. This assumption may be criticized 
on the ground that in the salts we deal with structures in which 
the contact is between unlike ions (see p. 234), whilst in the metals 
the closing up process is stopped by the contact of like ions, so 
that the conditions are not really similar. It is also open to 
question whether it is justifiable to separate the evaporation 
process quite so sharply into that of positive and negative ions. 
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On the other hand in the case of calcium Weigle^ has calcu- 
lated the work of emission from the point of view of the lattice 
theory combined with the Born theory of compressibility. It is 
assumed that the negative electrons occupy the same positions 
as the fluorine ions in calcium fluoride, and the energy is ex- 
pressed by an equation of the usual type involving an attraction 
varying as an inverse square of the distance, and a repulsion as an 
inverse higher power. In this way by considering the potential 
energy of an electron within the metal, and by showing that in 
normal polycrystalline metal the work of emission is the mean 
of that for all possible crystal faces, Weigle calculates the work 
of emission as 2*17 volts, as compared with experimental values 
of from 2*2 to 2*4 volts, so that the agreement is quite satis- 
factory. 
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4. Further Developments of the Lattice Theory 

As we have already indicated (p. 230), the electron lattice 
theory has been modified by Thomson and Borelius, but as these 
developments have not led to any marked advance we shall only 
refer to them briefly. 

In the line of approach adopted by Thomson,^ the electrons 
were supposed to occupy a lattice interpenetrating that of the 
atoms, and by assuming rather arbitrary positions for the elec- 
trons, it was shown that the compressibilities could be calculated 
approximately. It was further suggested that electrical con- 
duction involved not the movement of the whole electron lattice 
as was imagined in the original Lindemann theory, but the move- 
ment of long chains of electrons along the lines of the lattice. In 
this way although the individual electrons might vibrate with a 
high frequency, and so have a negligible specific heat, the chain 
as a whole might vibrate with a low frequency, and so account 
for the thermal conductivity, the average energy of each chain 
being R9I2. This gave a much smaller specific heat than the 
older theories in which the average energy of each individual 
SR6 

electron was — — , but the method led to little but speculation. 

2 
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In the type of lattice theory developed by Borelius,^ the 
electrons are supposed to occupy a lattice between the atoms, and 
the average energy of an electron is assumed to be proportional 
to the absolute temperature, but with a proportionality factor 
much less than that required by the equipartition theory. The 
energy of the electron may thus be written u == c0. To avoid 
the difficulties of a three-dimensional problem, Borelius con- 
siders a row of alternate atoms and electrons, the inter-atomic 
distance being 2 r. A row of this kind may give rise to a longi- 
tudinal stationary wave of wave-length 4 r, and as long as the 
vibration is strictly regular, it is assumed that no energy is given 
to the electrons, owing to the perfect symmetry of the forces. 
On the other hand if the vibration becomes irregular, energy 
interchange will occur. In spite of the fact that the electrons are 
situated on a lattice, each electron is regarded as associated with 
one atom, so as to give a doublet of moment er, and rotational 

energy This conception differs from that of the di-poles in 
o 

the Thomson theory (p. 206), since the latter looked upon the 
di-poles as formed by the ions, whereas the doublets assumed by 
Borelius involve the ion and the valency electron. Under the 
influence of an external electric force, the doublets become 
polarized, and their moment is given by a relation due to 
Langevin^ according to which the moment J produced by a 
force X is given by 

where is the value of J for complete polarization. The theory 
now assumes that under the action of the thermal vibrations, 
the electrons in spite of being on a kind of lattice, move a distance 
of 2r for each half vibration. Owing to the polarization there is a 
movement in the direction of the force, and the relation deduced 
for the specific conductivity is 


Since the frequency v is but little affected by the temperature. 


this implies that C varies as - or as 7 : . It can be shown that this 

u 6 

kind of an argument gives much smaller values for the Thomson 
Heat than the older electron gas theories. The thermal con- 
ductivity is regarded as due to elastic waves in the atomic lattice 
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— ^not in the electronic lattice as in the Lindemann theory — and 
these waves are scattered or dissipated by interaction with the 
electrons. By using the Debye equation for thermal conductivity 
and assuming that the fraction of the energy given up at each 
interchange is equal to the ratio of the kinetic energy of an 
electron to that of an atom, the relation obtained for the thermal 
conductivity is 

a^Qv 

ru 


so that the Wiedemann-Franz ratio reduces to 


K 


2-0 as 


2 /a\^ 

compared with the value g ( ” ) ^ Drude theory. In a later 


paper the line of argument was slightly modified and the ex« 
pression for the Wiedemann-Franz ratio became 




where R is the distance between an electron and an atom, and 
2r the distance between two neighbouring atoms. 

As stated above, the theory imagines the electrons to move a 
distance of 2r for each half vibration of the atoms, and this 
motion is supposed to take place in a curved orbit, and by con- 
sidering how the presence of a magnetic field might affect first 
the angular velocity, and secondly the radius of the curved 
orbit, it was possible to account for the existence of both para- 
magnetic and dia-magnetic metals, and also for positive and 
negative co-efficients for the Hall Effect, and in the left half of 
the Periodic Table the theoretical predictions were in general ful- 
filled, but the theory broke down in the case of the ferro-magnetic 
metals, and for the elements in the right half of the Periodic 
Table. 
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5. Discussion 

As will be seen from the preceding chapters, the electron 
lattice theory covers a wide range of facts in a general way, but 
as regards the electrical properties it has only been developed 
quantitatively in connexion with the emission phenomena. The 
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point of view adopted has in some cases been very plainly that 
in problems such as these of conductivity, the laws of force and 
other factors are so complex that little is to be gained by at- 
tempting to build a detailed quantitative theory until the facts 
are better known. In many ways this attitude is certainly justi- 
fied, for there is little doubt that, in some of the other theories, 
vast and detailed mathematical superstructures have been 
erected upon assumptions which are obviously so very crude that 
the theories become of interest rather as abstract mathematical 
problems than from the point of view of physical science. But it 
is certainly unfortunate that more attempts have not been made 
to fill in, empirically or otherwise, some of the unknown con- 
stants in the very general equations which have been deduced 
for the lattice theory, for this lack of quantitative development 
has often resulted in the theory being dismissed as a mere 
hypothesis. 

If once the conception of an electron lattice be accepted, the 
theory gives a satisfactory qualitative explanation of the elec- 
trical and thermal phenomena except those involving contact 
potentials and similar properties, where it seems rather more 
difficult to understand the flow of electrons from one metal to 
another if they form a static lattice than if they are moving 
more or less freely throughout the metal. But, on the whole, the 
lattice theory is in good agreement with the electrical and thermal 
facts, and satisfactorily overcomes the difficulties in connexion 
with the specific heats. The criticism of the theory on the grounds 
that while an electron lattice by itself may have the properties 
assumed, the same will not be true when it interpenetrates the 
atomic lattice, does not appear justified, since the widely differing 
frequencies of the electron and atomic lattices should prevent 
their interfering with one another appreciably. 

From other points of view the theory is one of great interest 
in that it is almost the only one which has been extended to 
cover properties other than those of a purely electrical or thermal 
character. It seems to be well established that the conception of 
a metal crystal as built up of an electron lattice interpenetrating 
that of the atoms is able to give the right order of magnitude for 
the compressibility, and also, according to Weigle, for the work 
of emission. This does not, however, necessarily mean that the 
lattice is static, for as long as the attraction between an electron 

C‘ 

and an ion is proportional to ^ , approximately the same results 
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will be obtained by a dynamic lattice of the type suggested by 
Haber, in which there is a possibility of interchange of electrons 
from one point on the lattice to another. 

The theory has been criticized by Bridgman on the grounds 
that in the case of the alkali metals, which crystallize with the 
body centred cubic structure, it is difficult to see how to fit one 
electron per atom into the unit cell in such a w^ay that the sym- 
metry remains cubic. This difficulty does not arise if there are 
three electrons per atom, but this is obviously impossible in the 
case of the alkalis. This criticism, however, does not appear 
justified, for, in the first place, by taking a larger unit cell it is 
quite possible to arrange an electron lattice interpenetrating a 
body centred cubic arrangement of atoms in such a way that 
cubical symmetry is retained, although the size of the unit cube 
is of course altered, whilst, apart from this, it is by no means 
clear that an atomic lattice of cubical symmetry must necessarily 
imply cubical symmetry for the atoms and electrons together. 
The X-ray methods of course reveal only the positions of the 
atoms, and do not show those of the electrons, so that on the 
whole it appears premature to criticize on these lines. 

The modifications of the theory due to Thomson and Borelius 
have not led to any marked advance, although the method of 
Borelius is of interest as showing that the Wiedemann-Franz 
ratio can be predicted by means other than those involved in the 
conception of an electron gas. But, as pointed out by Bridgman 
at the Solvay Congress, there are difficulties in reconciling an 
electron lattice with the conception of electrons moving a distance 
2r during each half vibration of the atoms, whilst the assumption 
that the mean energy of an electron is proportional to the abso- 
lute temperature, but with a proportionality factor much smaller 
than the equipartition value, is of course quite arbitrary. 

The electron lattice theory is thus in an interesting and peculiar 
position. On the one hand it offers a general explanation of the 
electrical and thermal properties avoiding the difficulties of the 
older theories, and receiving satisfactory support from other 
spheres. But, on the other hand, the absence of quantitative 
developments in connexion with the electrical properties is 
inevitably a serious weakness. We shall discuss later (page 296) 
the question as to how far the lattice theory may really be an 
attempt to express the same ideas as those of the more recent 
theories due to Sommerfeld and Bloch which are described in 
the next chapter. 
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1 . General 

T he Sommerfeld theory is the latest of the theories of the 
metallic state, and is in many ways the most difficult to 
describe in a general way, since it involves the new Quantum 
Mechanics. We shall therefore give a brief review of the theory, 
and also a general description of the new statistical methods be- 
fore discussing the details. 

In the preceding chapters we have seen how the attempts of 
Lorentz and others to elaborate the simple electron gas theory 
of Drude, led to a complete impasse from which there appeared 
to be no escape. On the one hand the optical properties indicated 
that the number of conducting electrons was of the same order 
as that of the atoms, and this appeared to be in direct contradic- 
tion to the results obtained from consideration of the specific 
heats. On the other hand if the evidence of the specific heats 
were accepted, and the number of conducting electrons assumed 
to be small compared with that of the atoms, the free paths re- 
quired were so long that it appeared impossible to reconcile them 
with the general conceptions of a ‘gas’ theory. All these diffi- 
culties, however, really depend upon two underlying assumptions. 
The first of these, which we have already emphasized, is that the 
electrons obey the classical gas laws, so that their mean kinetic 
energy is directly proportional to the absolute temperature. The 
second assumption, which we have so far rather ignored, is that 
an electron when in motion can be considered as possessing only 
what we may call ‘particle ’ properties. That is to say we have 
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looked upon an electron as a minute bullet, which differs only 
from a rifle bullet in respect of its size and its negative charge. 
The new Quantum Mechanics indicate, however, that the first 
of these assumptions is certainly incorrect, and that the second 
represents only one part of the truth. For, in the first place, 
the new statistics of Fermi and Dirac, which are a natural 
outcome of the Wave-Mechanics, indicate that if the electrons 
inside a metal do in any way represent a gas, the law of distribu- 
tion, and the properties which depend upon it, will be quite dif- 
ferent from those required by the older classical theory. Apart 
from this, however, the new theories indicate that electrons may 
be expected to possess properties not merely of ‘particles’, but 
also of waves, so that many properties which appeared impossible 
from a purely ‘particle’ point of view may be quite possible when 
the wave-like character of an electron is also taken into account. 

The original papers of Sommerfeld^ consisted in using the 
methods of the Lorentz theory, but in replacing the old classical 
mechanics and distribution law by the new wave-mechanics and 
Fermi-Dirac statistics. A brief indication of these methods will 
be given in the following section, but for the present we may note 
that the essential points are as follows. According to the classical 
distribution law, the mean energy of the electrons varies directly 
as the absolute temperature, whereas, according to the new 
equations, the electrons, at ordinary temperatures, are in such 
a condition that their energy is practically independent of tem- 
perature. In this way the specific heat difficulty is overcome, 
since rise of temperature produces a negligible increase in the 
energy of the electrons. 

The actual velocity distribution according to the new statistics 
is also profoundly different from that required by the classical 
equations. According to the older Maxwell statistics, the 
majority of the electrons had velocities in the neighbourhood of 
the mean value, and the mean energy varied as the absolute 
temperature. But according to the new statistics, the velocities 
of the electrons in the ‘ electron gas ’ vary from zero to a certain 
limiting critical velocity, which is exceeded by only a few elec- 
trons, and, at ordinary temperatures, this critical velocity is 
almost independent of temperature. At the absolute zero of 
temperature the velocities of the electrons vary from zero to the 
critical value, which becomes a maximum value, but, as the 
temperature is raised, a small number of electrons have velocities 
above the critical value, and the velocity distribution of these 
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few electrons is very nearly the same as that required by the 
Maxwell Law. The number of electrons with velocities above the 
critical value increases with the temperature, but at all ordinary 
temperatures the number is relatively small. The electrons are 
thus still regarded as moving about freely like the particles of a 
gas, although this gas is highly ‘degraded’ or ‘degenerate ’ ; that 
is to say it is in a condition in which the classical laws are no 
longer fulfilled. In particular the electron gas possesses energy at 
the absolute zero, since here the velocities are still distributed 
over a wide range, namely that from zero to the critical value 
referred to above. 

If the theory is to be understood it is essential to appreciate the 
nature of this distribution law, which is described more fully in 
the following section. 

When an electric force is applied, the electrons are supposed 
to acquire a general drift in one direction just as in the theories 
of Drude and Lorentz, and this drift is treated as a slight change 
in the distribution law, as in the Lorentz theory, except that the 
new equations are used in place of the old, with a correspondingly 
different mathematical treatment. 

In this way the following expressions are obtained for the 
specific electrical conductivity, thermal conductivity, and the 
Wiedemann-Franz ratio : 

Specific Electrical Conductivity C == — ^ • (1) 

3 rt \SrT/ 

Specific Thermal Conductivity K = (^l£\ , (2) 

Wiedemann-Franz Ratio = - 

From this it can be seen that the terms A and n cancel out in 
the ratio of the conductivities so that equation (3) is obtained. 
The Lorentz expression (page 192) is of the same nature, but 

TT^ 

with a numerical factor 3/2 instead of - . At 18°C. the Sommer- 

o 

feld value for the Wiedemann-Franz ratio is 7-1 xlO^^, as com- 
pared with the Lorentz and Drude values of 4*2 and 6*3 xlO^® 
respectively. The Sommerfeld value is in slightly better agree- 
ment with the facts than that of Drude, but to some extent this 
is probably only a coincidence, since the values for the different 
metals vary by more than ten or even twenty per cent. 

The next assumption made by the theory is that the number 
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of electrons taking part in the conductivity process is of the 
order one per atom. The grounds for this assumtipon are that, 
as described later (p. 297), it enabled Pauli to give the first satis- 
factory theoretical explanation of the magnetic susceptibility of 
the alkali metals, and also that it is in good agreement with 
modern views on valency and atomic structure. When the cor- 
responding values of n are substituted in the above equations, 
it is found that the observed conductivities for the more common 
metals can only be accounted for if A, the mean free path of an 
electron between two collisions, is of the order several hundred 
times the distance between two adjacent atoms. At first it may 
appear that this is a fatal objection to the theory, and many 
criticisms were in fact raised from this point of view, since it was 
argued that free paths of this magnitude were always considered 
impossible in the older theories. It is here that we have to 
remember the conceptions which are the result of the new 
mechanics. So long as we endow electrons only with the pro- 
perties of ‘particles’, difficulties of this kind appear inevitable, 
but once we appreciate that electrons may also possess the 
characteristics of waves, we must recognize that quite a new set of 
properties may appear. We must no longer form a mental picture 
of a stream of electrons as consisting of a number of minute 
charged bullets in motion through the metal. Each electron is 
equivalent to a train of iff waves,* and, whilst we may still con- 
sider the electrons as having a real existence, we must no longer 
imagine that this ‘existence’ implies only those properties which 
we associate with a ‘particle’ when we think of the latter in 
terms of the comparatively large objects with which our senses 
bring us into contact. Just as in optics, when we deal with light 
in bulk, we work in terms of rays of light travelling in straight 
lines, whilst, when we deal with things on a small scale, we have to 
The conception of the wave-like nature of an electron was introduced 
in the wave-mechanics of de Broglie and Schrodinger, and was at first a 
purely theoretical calculus or mathematical device which proved of great 
service in problems of atomic structure, particularly in connexion with the 
intensities of spectral lines. But more recently it has been shown by G. P. 
Thomson and by Davisson and Germer that when electrons strike metallic 
crystals, they do in fact give rise to diffraction patterns, which in the case of 

slow moving electrons agree with the wave length A = — (m = the mass 

of the electron, and v its velocity) which is required by the wave theory. 
Space does not permit us to give any description of these theories here, and 
the reader who is interested should consult a book such as Wave Mechanics, 
by De Haas, or Wave Mechanics, by H. F. Biggs. 
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use the wave theory, so with matter in motion, when we deal with 
large objects we can use the classical mechanics, and the mental 
pictures to which they give rise, but when we deal with individual 
electrons or atoms, we have to use the new wave-mechanics, 
and the results no longer agree with the mental pictures which 
we instinctively form when we think of ‘ particles ’ in motion. 

Apart from this, there is an increasing tendency among phy- 
sicists of the new school to argue that it is impossible for us to 
obtain a detailed mechanical picture of the individual process 
which any one electron undergoes. According to the Heisenberg 
Principle of Indeterminacy, even in an ideal experiment, we can- 
not determine accurately both the position and the velocity of 
an electron* simultaneously, and in the whole of the modern 
work on atomic structure as revealed by spectroscopy, the con- 
clusion is that we must no longer attempt to ‘ explain ’ the 
individual processes by means of mechanical models. The whole 
tendency is to work in terms of probabilities, and to give up any 
attempt to follow events in detail. It may be objected that this 
point of view assumes too confidently that we are approaching 
finality in our experimental methods, for it must not be forgotten 
that it was highly profitable to work in terms of the individual 
atom, long before there appeared to be any chance of detecting 
it experimentally. But whatever opinion we may form on this 
question, we cannot escape from the general conclusion that 
events on the atomic scale do not necessarily obey the laws which 
appear to govern actions between larger bodies. While, therefore, 
there may be many occasions on which it is still profitable to use 
some kind of a mechanical picture, we must realize that it may 
be quite unjustified to associate this picture with the principles 
with which we are familiar in reactions between comparatively 
large bodies. 

At this stage the reader may meet with a difficulty. He may 
say that he is quite willing to accept the conclusion that electrons 
may possess wave-like properties, so that they can wind their 
way through the metal with free paths equal to several hundred 
times the inter-atomic distances, but he may quite reasonably 
ask how this conception can be reconciled with the assumption 
that the electrons can be treated as particles of an ideal gas, or 
with the very precise assumptions of collisions between spheres 

This follows from the fact that if we use radiation of very short wave 
length in order to measure the position accurately, the electron undergoes 
a ‘Compton Effect’, and its velocity is altered. 
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which the Lorentz treatment involves. The answer to this ques- 
tion is that the details of the calculations are but crude ap- 
proximations from which we can only hope to obtain the correct 
order of magnitude. In all these problems we are in reality want- 
ing to find two quantities. The first of these is the probability 
that the path of an electron will be appreciably interfered with, 
or in the words of the older theories, ‘ the chance of a collision 
whilst the second quantity is the probable deflection which the 
collision will cause. In the Lorentz-Sommerfeld treatment, it is 
assumed that the electrons can be treated just as though they 
were particles of a gas contained in a box, and that they undergo 
collisions in which the probable deflection is that w^hich would be 
given by collisions between spheres. At the same time the chance 
of a collision is taken into account by introducing the factors N, 
giving the number of atoms per unit volume, and R, representing 
the sum of the effective radii of the atom and electron during a 
collision, and the term A* is then used as an abbreviation for 

1 

2, and can be identified as a free path, since the chance of a 

collision varies as ttNR^. But this very precise treatment is of 
course only a crude approximation, and the very small value of 
R (or large value of A) required in order to give the correct value 
for the conductivity is not to be taken as having a real physical 
meaning. The method is one in which the exact details of col- 
lisions between spheres are certainly wrong, but in which we may 
not unreasonably hope to obtain the right order of magnitude for 
the effect of the collisions. It became increasingly clear, how- 
ever, that the treatment of the electrons as a simple gas was a 
very crude approximation, ^nd that the complete theory must 
take into account the presence of the positive ions, and the fields 
of force to which they give rise. 

The first attempt in this direction was due to Houston,^ ac- 
cording to whom the scattering of electrons by collisions with 
the metal atoms can, from the point of view of the wave 

* The free path term A in the equation of Sommerfeld is not exactly the 
same as the free path of the older Lorentz theory. In the latter, the effective 
radii of the atom and electron during the collisions were assumed to be con- 
stant. But in the Sommerfeld theory the effective radius during the collision 
is a function of the velocity of the electron, and the mathematical analysis 

works out in such a way that the term A ( = — ^ refers to a particular 

group of electrons, namely those with the highest velocities, and it is these 
electrons which essentially determine the conductivity. 
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mechanics, be treated in the same way as the scattering of x-rays 
by a crystal lattice. Each electron corresponds to a train of xfj 
waves, and these may be considered as scattered by the crystal 
lattice in the same way as the scattering of x-rays. Since the 
wave lengths of the ^ waves corresponding to nearly all the elec- 
trons are larger than the lattice constants, it is considered that 
if, at low temperatures, the atoms were at rest, the wave trains 
corresponding to the electrons could pass down without inter- 
ference, so that the free path would be very great. But when the 
atoms undergo thermal vibrations, the perfect symmetry is upset, 
so that interference occurs, and the resistance is created- In this 
way by assuming an arbitrary law for the field of force surround- 
ing an ion, Houston obtains an expression for the effect of 
the scattering upon the velocity distribution, and shows that 
this can be made identical with the corresponding expression in 
the Sommerfeld treatment if the free path term A in the latter is 
given by a certain equation. The value of A obtained thus is 
then substituted in the Sommerfeld equation for the conduc- 
tivity, and in this way a complicated expression is obtained for 
the specific conductivity, and the calculated values for a number 
of metals are found to lie within the limits ten times greater, or 
ten times less than the experimental figures. This method of ap- 
proach is also in agreement with the fact that the resistance of 
non-cubic crystals varies with the orientation, since the scatter- 
ing effect is only independent of direction in cubic crystals. 

In the original paper of Houston it was assumed that the whole 
of the resistance was caused by the thermal vibrations of the 
ions, and consequently the resistance could only vanish at the 
absolute zero of temperature, if the thermal vibrations vanished 
also. There is, however, a great accumulation of evidence that 
the atomic vibrations still continue at the absolute zero, and that 
a zero-point energy (‘Nullpunktenergie ’) persists, and it may at 
first appear that a resistance must remain at the absolute zero. 
Actually, however, the detailed investigation of the problem 
shows that this difficulty does not really arise. The conclusion 
reached is that the ‘collisions’ between the electrons and the 
atoms are not elastic, but that the electron always either loses or 
gains an amount of energy equal to hv, where v is the frequency 
of the oscillator with which it collides. Consequently an electron 
can lose energy only when it can fall into a state of lower energy, 
and it can gain energy only when an oscillator can fall into a 
lower state, and as we shall see later, the restrictions imposed by 
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the new statistics indicate that at the absolute zero, the proba- 
bility of scattering itself becomes zero, so that the resistance 
vanishes. In this respect the scattering of electrons is different 
from that of x-rays, since a beam of x-rays is not in thermal 
equilibrium, and so can give up energy to the atoms even at the 
absolute zero. 

The method of Houston is, however, open to certain criticisms 
with which we shall deal later, and the problem has been investi- 
gated in great detail by Bloch.^ In this work it is assumed first, 
that the electrons move in a field of force which is strictly periodic, 
owing to the regular arrangement of the positive ions in the lattice, 
and the mutual interaction of the electrons is ignored (see p. 294). 
The motion of an electron under these conditions is then investi- 
gated from the point of view of the new mechanics, and the con- 
clusion is reached that as long as the field is strictly periodic, the 
electron will be able to move unimpeded through the lattice so that 
the ^ free paths ’ become infinitely long. But the thermal oscilla- 
tions upset the strict periodicity, and in this way the resistance is 
created. The question is then treated as a disturbance problem of 
the interaction of the two coupled systems, the modified electron 
gas on the one hand, and the atomic lattice with its elastic vibra- 
tions on the other. The treatment is thus essentially the same as 
that of Sommerfeld, except that the electrons are assumed to move 
in a periodic field instead of forming a completely free gas, and 
the ^ collisions ’ are considered in detail as interactions wuth the 
elastic vibrations of the crystal as a whole. The mathematical 
treatment naturally becomes involved, but as in the simple 
Sommerfeld theory it is assumed that the Fermi-Dirac equations 
give the normal distribution in the absence of an external field, 
and that in the presence of the field a new steady state is set up 
which differs but slightly from the normal. The final result is a 
complicated expression for the conductivity, and by assuming 
that the electrons have the velocities required by the simple 
Sommerfeld theory, it is shown that the right order of magnitude 
is obtained. This theory, and also that of Houston, requires the 
resistance, at high temperatures, to vary directly with the absolute 
temperature, and in spite of the zero-point motion of the atoms 
the resistance vanishes at the absolute zero for the same reasons 
as in the Houston theory. 

The more complete theories of Bloch and Houston have not 
yet been applied to the problems of thermo-electricity and con- 
tact potentials, but the simple ‘ gas ’ theory of Sommerfeld has 
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been extended in this direction, and although no satisfactory 
equation has been obtained for contact potentials, the new 
methods have led to expressions for the thermo-electric constants 
which are more satisfactory than those given by the older 
methods. For the Thomson Coefficient the expression obtained is 
277.2 f ^ 2 ^ dJ log n 

^ = V-s^-d9-\ 

and this gives very much smaller values than the equations of 
the older theories, and is thus in much better agreement with the 
facts. 

For the Peltier Coefficient the expression obtained is 

n f/STry/^ 

3 eh^ l\^%/ \^^i/ I 

where and are the numbers of electrons per unit volumes 
in the two metals which are in contact. This gives results of 
approximately the right order of magnitude, although the varia- 
tion of IT with 6 does not in general follow the simple square law 
which this equation requires. 

By combining these two equations, the expression for the 
electromotive force of a thermo couple becomes 



3 eh^ \ 3 ^^ 2 / I 


■ 2 _/ 9 ' 2 ) 


according to which varies as ( 0 "^ — 6'^) whereas the older 
classical theory required a variation as The new equa- 

tion again gives results of roughly the right order of magnitude, 
but the variation with temperature does not in general follow the 
(^" 2 — which the equation requires. 

The general Sommerfeld theory has also been applied to the 
emission phenomena, and considerable success has been attained. 
In the first place, as pointed out by R. H. Fowler,^ the equations 
of the new statistics give a satisfactory explanation of the sharp- 
ness of photo-electric threshold frequency. We have seen that 
the Fermi-Dirac equations require the velocities of the electrons 
to be distributed from zero to a certain critical value which is 
exceeded by a comparatively few electrons. If € be the energy 

of the electrons with this critical velocity, then e = 

and the energies of practically all the other electrons will be less 
than €. Let us now suppose that light of frequency v falls on the 
metal, and is absorbed by the electron which has to do an amount 


2m\S7r) ’ 
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of work xo order to escape. Then as long as the energy 

of an electron after it has absorbed a quantum, is less than xo^ 
no electrons will be able to escape through the surface. But as 
soon as the frequency is sufficiently great to make 
greater than xo> the electrons with the critical energy € will be 
able to escape. The sharpness of the threshold frequency is thus 
the result of there being practically no electrons with energies 
greater than €, and the threshold frequency, vq, will clearly be 

given by , 

^ hvo = Xo—^- 


The term xo represents the work required to extract an electron 
from rest in the metal to rest at infinity, and is not the same as 
the usual thermionic work function, x? which refers to equilibrium 
conditions, the relation between the two being 



= 


so that X == hvQ in agreement with fact. 

The theory has also been applied to thermionic emission, the 
chief work in this connexion being due to Nordheim,^ and to 
R. H. Fowler.® When the new statistics are used in connexion 
with the usual conception of an equilibrium between the electrons 
inside and outside a metal, the equation obtained for the emission 
current is of the form: 




where ju, is a parameter equivalent to the partial potential of the 
electrons, and r represents the fraction of the electrons reflected 
at the surface. This equation is of the general form 

I = 


and, as we have already seen (page 140), the numerical values 
for most pure metals indicate that C is of the order 60, suggesting 
that about one-half of the electrons striking the surface are re- 
flected back. The factors affecting the reflexion process have 
been investigated in detail by Nordheim, and we shall refer 
briefly in section 7 to some of the results which have been ob- 
tained, since it is these which form some of the most striking suc- 
cesses of the new theories. The passage of an electron through 
the surface may be considered as involving a more or less abrupt 
change in potential, and Nordheim has investigated the passage 
of electrons through various types of boundary fields, when 
viewed in the light of the wave-mechanics. It is then found that 
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when the wave-like properties of an electron are taken into ac- 
count, it is possible for an electron to penetrate a surface, which, 
as regards its electric potential, would prevent the passage of 
an electron if the latter were considered as possessing only what 
we have called ‘ particle properties The first investigation of 
Nordheim indicated that the theoretical value of the reflexion 
coefficient was of the order I-, in apparently excellent agreement 
with the above equation, but a more detailed examination 
showed that this was due to an imdue simplification of the pro- 
blem, and that the theoretical value of the term (1 — r) was really 
very nearly unity, so that the theoretical value of the constant is 
more nearly 120 than 60, although the general order of magnitude 
is still obtained. On the other hand, the abnormal values of C 
given by some metals such as platinum (see p. 141) are at present 
unaccounted for. It has further been found possible to investigate 
the effect of thin films on the surface of the metal, and results of 
the greatest interest have been obtained, although we shall not 
refer to these here, since they concern what are really secondary 
phenomena, and not properties of pure metals. 

The theory has also been applied to the case of the strong field 
emission, the chief work in this connexion being due to Houston,"^ 
and to R. H. Fowler and Nordheim,® who have shown that it is 
possible to deduce, for the emission current I, an equation of 
the type ^ _ 

and this is indistinguishable from the empirical relation of Milli- 
kan and Gossling to which we have already referred in connexion 
with the experimental results (p. 145). The theoretical values, how- 
ever, indicate that the emission should become noticeable for fields 
of the order 10'^ volts /cm., whereas actually the emission can be 
detected in considerably weaker fields. This discrepancy is, how- 
ever, probably due to the fact, to which we have already referred 
(p. 144), that the emission does not proceed uniformly from the 
whole surface, but comes chiefly from small areas which, pre- 
sumably, correspond to surface peaks or to impurities. 

The Sommerfeld theory and its later modifications thus cover 
a very wide field, and in the following sections we shall consider 
some of the details. 
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2* The New Statistical Methods 

If the Sommerfeld theory is to be appreciated, *a general under- 
standing of the new statistical methods and of the degradation 
theory of gases is essential. We shall therefore give a general 
description without going into the details, and for this purpose 
we shall adopt a rather simple and mechanical point of view. 

The essential problem is the way in which the velocities of the 
different molecules of a gas are distributed, and in this connexion 
we again make use of the conception of a velocity diagram which, 
as we have already explained (p. 184), was first introduced by 
Maxwell. We may then consider any molecule with a particular 
velocity r, and if we refer the position of this molecule to 
rectangular co-ordinates cc, y, z, we may resolve the velocity r 
into three components 77, ^ parallel to the three axes, where 

== ^+^24.^2. 

We then imagine a second diagram to be drawn in which we 
take as co-ordinates the values of 77, and so that the position 
of a point in this diagram gives, not the position in space of the 
particular molecule concerned, but its velocity components 
parallel to the three axes x, y, z. Working in this way the actual 
velocities of all the innumerable molecules of a gas will be repre- 
sented in the velocity diagram by a vast number of points, and 
the distribution of these points in the velocity diagram gives the 
required velocity distribution of the molecules. 

The older classical theory led to the well-known Maxwell Dis- 
tribution Law, according to which the number of molecules per 
unit volume with velocity components between (iyQ and (f 
r)-\-dy, or in other words the number of points in the 

velocity diagram lying in the element (df, dQ, is given by 

N J^e-^d^dridt 

where N is the total number of molecules per unit volume, and 
^2 ^ g is a constant connected with the mean 
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3 

square velocity by the relation q = . This kind of dis- 

tribution law requires the great majority of the molecules to 
have velocities in the neighbourhood of the mean value, and 
the mean energy varies directly as the absolute temperature. In 
this case, therefore, as the temperature is lowered, the mean 
velocity of the molecules becomes continually smaller, and 
vanishes at the absolute zero, where the theory requires the 
molecules to be at rest. 

In the new statistical methods, the velocity diagram is divided 
into a number of little cells of which the centres give the values 



of the velocities corresponding to the different energy states. In 

a gas of volume V each energy state corresponds to a volume -pr, 

where h is Planck’s constant, so that by taking a sufficiently large 
volume we can make the states as close together as we please, 
and for convenience we use components of momentum instead 
of the simple velocity components. That is to say, in Fig. 49, 
for example, each state corresponds to a unit cell such as that 
at P, and the number of molecules in this particular state will 
be given by the number of velocity points which are found in the 
cell at P. If the energy of a particular state is small, the corre- 
sponding cell in the velocity diagram will be near the origin, 
whilst if the energy is large, the cell will be far away. 

The question then arises as to how many molecules occupy 
each state, or in other words how many points will be found in 
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each unit cell P in Fig. 49. In the classical statistics there were 
no restrictions in this connexion, and any number of points might 
be found in one cell. But in the recent statistics this is no longer 
the case, and the problem has been attacked in two main ways, 
the so-called Bose-Einstein, and Fermi-Dirac statistics. The 
Sommerfeld theory is concerned only with the latter and in order 
to understand this we shall consider briefly what is known as the 
Pauli Exclusion Princvple, 

It is well known that in the Bohr theory of atomic structure, 
the electrons occupy definite orbits which are characterized by 
distinct quantum numbers. According to Pauli, an electronic 
orbit is defined by four quantum numbers, 7^, Z, and s. Of 
these n is the total quantum number, and is a measure of the 
energy of the orbit, I measures the orbital angular momentum, 
m the orientation of the orbit with respect to some plane, whilst 
s gives the angular momentum of the electron’s spin, and is 
always equal to The n term of Pauli is the same as the n 
term of the original Bohr theory, but the Z in Pauli’s notation 
corresponds to {k — 1) in the original Bohr notation, so that Z may 
have any value from 0 to (n—l). The third quantxun number 
m may have any value from I to — Z, including 0, so that for each 
value of Z, there are (2Z+1) values of m. Pauli’s exclusion prin- 
ciple then asserts that in any one atom, no two electrons can be 
in exactly the same state as defined by the same four quantum 
numbers. We may, for example, have one electron in that state 
characterized by the quantum numbers (2, 1, 1, +i) and one in 
that denoted (2, 1, 1, — J), but we cannot have 2 electrons in a 
(2, 1, 1, -f i) orbit. By means of this principle it was possible to 
explain many points in connexion with atomic structure, and in 
particular to account for the presence of (2, 8, 18, 32 . . .) elec- 
trons in the completed quantum groups. This can readily be seen, 
since if the principal quantum number, n, is, say 3, then when 
Z = 0, and m == 0, a = zizi giving two electrons ; when Z = 1, the 
possible values of m are — 1, 0, +1 for each of which 5 = 
thus giving 6 electrons; whilst when Z reaches its maximum 
value of 2, the possible values of m are — 2, —1, 0, +1, +2 for 
each of which ^ thus giving 10 electrons. The total num- 

ber of electrons when n = 3 is thus 2+6-1-10 = 18, and similar 
considerations apply in the other cases. 

Now in the problem of the distribution of velocities among the 
molecules of a gas, we have already seen that the quantum con- 
siderations require each molecule to be in a definite state, and 
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that each state corresponds to a cell of volume in our momen- 
tum diagram. It is now the at first sight rather striking con- 
clusion of the Fermi-Dirac statistics that, just as in the single 
atom, according to the Pauli Principle, there is never more than 
one electron in a given state, so among all the molecules of a gas, 
there is never more than one molecule in a given state. Or in 
other words in our momentum diagram, each unit cell P can 
only contain one point. This conception was first put forward as 
a bold assumption, but was later shown to be a logical necessity 
of the quantum mechanics. 

At high temperatures and low densities where the momentum 
points of nearly all the molecules are far from the origin in the 
momentum diagram Fig. 49, the above restriction makes com- 
paratively little difference as compared with the older views, for 
there are innumerable cells which the momentum points may 
occupy. But at low temperatures the conception of the state of 
the molecules becomes quite different from that of the older 

h? 

theory. For since each state corresponds to a volume -p in the 

momentum diagram, and since only one molecule can be in a 
given state, it follows that even at the absolute zero of tempera- 
ture only one molecule can be in the lowest state. The remaining 
molecules will have greater energies, and their momentum points 
in Fig. 49 will, at the absolute zero, occupy all the cells which are 
closest to the origin. There will therefore be a definite zero-point 
or ‘Nullpunkt’ energy, in contrast to the classical theory, in 
which the energy vanished at the absolute zero. 

At slightly higher temperatures, nearly all the momentum 
points fill the cells nearest the origin in Fig. 49, and very occasional 
ones are in cells at a greater distance. In this way by assuming 
that there can never be more than one momentum point in any 
one cell in Fig. 49, but that each cell must either contain one 
point or no point, either event being equally probable, the Fermi- 
Dirac statistics lead to new and more complicated expressions 
for the distribution function and the energy. 

There is, however, one further point which must be mentioned 
before proceeding to the actual equations. In the statistical 
methods referred to above, and in the original development of 
the Fermi-Dirac statistics, the molecules are treated as structure- 
less, and are supposed only to contain translational energy. But 
in the case of an electron gas, the theories of the spinning electron 
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indicate that an electron has rotational as well as translational 
energy, so that in the presence of a field, although it sets itself 
with the axis of spin in the direction of the field, the rotation may 
be in either direction, and the angular momentum will be different 
in the two cases. In the above treatment, this may be allowed for by 
assuming that there are two momentum points in each unit cell in 
Fig. 49, instead of only one, and by introducing into the equations 
a factor G, which in the case of the electron gas is equal to 2.* 
According to the distribution function of the Fermi-Dirac 
statistics the number (dn) of electrons in unit volume with 
velocities between the limits (f, S), and rj+dr], is 

= 2(^yf.di.dr].dt. 


dn = G(^J.di .dyj.d^ 


In this the distribution function f is given by 


f- 


1 kd , ^ 

a‘ +* 


where € = 


= f + and A 


g-z]kB where z is the 


thermodynamic potential of 1 molecule of gas. The distribution 
function therefore depends upon the value of which in its 
turn depends upon the extent to which the gas is degenerate. 

At high temperatures and low densities, when the gas obeys 
the classical laws, A is very small and is given by the relation 
1 __ (27Tmkeyi^ _ 2V 
A N N 


where N is the total number of molecules in volume V, In this 
case the distribution function jf becomes simply 

€ 

f = Ae-kd 

which is the Maxwell Distribution Law of the older theories. In 
this case (A<^1) the equation for the total energy of the electron 
gas according to the new statistics becomes 

L == ^Nke 

which corresponds to the old classical value. 


* This particular point was ignored by Sommerfeld in his first paper, with 
the result that the formulae for the conductivities differ by a factor of 2 in 
the two papers. This, of course, did not affect the Wiedemann-Franz ratio, 
a fact which indicates that the latter is not in all ways the best means of 
checking a theory. 
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But at very low temperatures or high densities, A becomes 
very large, and to a first approximation is given by the relation 


log^ 


2mk6\4i'jTVG) 2mk6 \87rF / 


or to a second approximation by the expression 


log A = 


/ sN {27rmkef( 

[4^7tVg) L V 


where G = 2 for the electron gas. In this case the expression for 
the total energy of the electron gas when ^ 1 is 


27rVGh^ f BN \5/3 r. 5 {27rmkef / BN 
"^12 




Fig. 50. 


In this case, therefore, the energy does not vanish at the abso- 
lute zero, and, since G = 2, the zero point energy is given by 
„ _47rVhWBNY^ 

^ 5m \87 tVJ ‘ 

The energy temperature curve corresponding to the above equa- 
tion is of the form shown in Fig. 50, where the dotted line shows the 
variation according to the classical equations. At high tempera- 
tures and low densities, the new methods lead to the same results 
as the old, but at low temperatures this is not so, and when a 
gas has reached the point at which there is a perceptible dif- 
ference between the curve in Fig. 50 and the dotted line repre- 
senting the classical conception, the gas is said to be ‘ degenerate ’ 
or ‘degraded’, and when the curve becomes horizontal the 
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Regeneration’ is complete ; the corresponding German expression 
is ‘Entartung’, With ordinary gases the temperatures at which 
these effects become noticeable are very low indeed. Thus with 
Helium, the effect may be expected to be appreciable at 5'’ Abs., 

N 

but the calculations indicate that, if n = ^ is the number of 

particles per unit volume, the conditions for degeneration may 
be expressed in the form 
Degeneration occurs if 

Whilst the classical conception is valid if 

From this it can be seen that the temperature at which degeneracy 
becomes marked will be very much higher as m, the mass of the 
particle, becomes less, and in this way it is calculated that an 
electron gas, if such exists, will at 36,000° C. be degraded to ap- 
proximately the same extent as helium gas would be at 5° Abs. 
if it contained the same number of particles per unit volume. 
In other words if such a thing as an electron gas does exist, it 
will at ordinary temperatures be almost completely degraded, 
and the energy will be almost independent of temperature as in 
the horizontal part of the curve in Fig. 50. 

In terms of om momentum diagram. Fig. 49, this means that 
in an electron gas nearly all the momentum points occupy the 
cells closest to the origin, ,and only very occasional ones are 
further away, and possess higher velocities. The electrons are 
thus still moving about freely like gas molecules, but their mean 
energy is almost independent of temperature. Further, since the 
momentum points are nearly all in the cells closest to the origin, 
there is a limiting velocity w^hich is exceeded by only a very few 
particles, and as we have already noted it is this kind of distribu- 
tion of velocities which, according to R, H. Fowler, provides the 
explanation of the comparatively sharp limiting frequency in the 
photo-electric effect. 

Fig. 51 gives the kind of velocity distribution curve required 
by the new equations, the full line giving the distribution at the 
absolute zero of temperature, whilst the dotted line corresponds 
to a temperature of about 1,500° Abs, In this the function/ (the 
probability that a cell in the region where the energy corresponds 
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to a velocity r shall contain a particle) is plotted against r, and it 
will be seen that the curve is characterized by a critical velocity 
in the neighbourhood of which the curve falls sharply, and this 
critical point plays an important part in the theory. 



Fig. 51. 


3. The Sommerfeld Equations for Electrical and Thermal 

Conductivity 

In the general introduction to the theory we have already seen 
that the line of approach adopted by Sommerfeld is to use the 
method of Lorentz (chapter X) but to substitute the new distri- 
bution formula in place of the old. The results are then calculated 
on the assumption that the electron gas is completely degenerate 

As in the older work we denote by/o(|,i7,^) the number of 
electrons per unit volume whose velocities, in the absence of an 
external field, lie within the limits and 77+^77, 

l+dl). If then an electric force is applied in the direction of 
the X axis, we assume, as in the older methods, that this pro- 
duces a slight disturbance of the distribution, so that the new 
distribution function may be written in the form 

f~fo+Sx ( 1 ) 

The determination of x is carried out just as in the Lorentz 
theory, so that if F is the external force the condition for the 
new stationary condition is given by 


m 



= b—a 


( 2 ) 


where h and a represent the number of electrons which by col- 
lisions with atoms are either brought into or removed from the 
group whose velocities lie between the limits and {i+di, 

77+^77, In this way by using the Lorentz method, and 

assuming that the distribution in the absence of an electric field 
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is spherically symmetrical, the expressions deduced from the 
electrical and thermal conductivities are 


Sommerfeld. 

^ Sttc^X f 

^ _ 87 t 3 XkW(Bn\^i^ 
9 k [SwJ 


Lorentz. 
4 e^Xn 
^ ^27rmkd 
8 Xnk^d 
^ ^27rmkd 


The Wiedemann-Franz ratio, according to Sommerfeld, is there- 


fore 


K 

C 


e = 3-3 


e. 


In these equations, as in the Lorentz method, the term A is an 

abbreviation for — , where n is the number of atoms per unit 

volume, and R the sum of the ^ effective radii’ of the electron and 
atom during a collision. Strictly speaking, therefore, A is not a 
constant, but is a function of the electron velocity, because the 
evidence is that fast moving electrons can pass closer to the 
centre of the atoms than slow electrons. Sommerfeld* has, how- 
ever, shown that, in the limiting case where -^4 ^ 1, the mathe- 
matical analysis proceeds in such a way that the terms referring 
to the electrons with velocities on the horizontal part of the 
distribution curve in Fig. 51, do not remain in the final equation, 
and that the only term required is that giving the value of A for 
those electrons lying at the critical point on the distribution 
curve, where the latter falls sharply. This is a peculiarity of the 
equations of the Fermi-Dirac statistics, and indicates that it is 
these electrons which essentially determine the conductivity. In 
the Sommerfeld theory, therefore, the free path term Af is not 
exactly equivalent to the free path of the older theories, since 
the latter was considered as a mean constant value for the whole 
of the electrons, whereas the term A in the equation of Sommerfeld 
refers only to those electrons lying at the critical point on the 
distribution curve, and to a first approximation the equations 
require the value of A for these electrons to be independent of 
temperature. 

It is here that the chief difficulties in connexion with the 
theory arise, since the expression for C does not contain the 


* Z. Physik^ 1928, 47, pp. 19, 23; Naturwissenschaften, 1928, 16, 378. 
t In the original papers of Sommerfeld the term is called /(o). 
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temperature 6, whilst, according to the methods of calculation 
used, both n and A are, to an approximation, constant. There is 
therefore nothing to account for the variation of C with or for 
the fact that K is independent of temperature at ordinary tem- 
peratures. The correct value for the Wiedemann-Franz ratio is 
obtained, but the equations for the two conductivities are un- 
satisfactory, and, as pointed out by Sommerfeld, this implies 
that the conception of a ‘free gas’ is too simple, and that it is 
necessary to take into account the interchange of energy between 
the electrons and the atoms, and this is done in the later theories 
of Houston and Bloch. 

The predicted value for the Wiedemann-Franz ratio is in very 
good agreement with the facts, and, if the observed values for 
the conductivities are substituted in the Sommerfeld equations, 
the value of A is very large compared with the distance between 

two atoms. Thus for pure silver, C == in c.g.s. units, and 

n == 5*9 X 10^2 if each atom gives one free electron. Consequently 
A == 5*2 X 10”® cms., whilst the distance between two adjacent 
silver atoms is 2*88 X 10”® cms., so that the free path is very large 
compared with the interatomic distances, and It the ‘elective 
radius’ during the collision is correspondingly small. 

In the original theory of Sommerfeld, no explanation was given 
of the effect of temperature upon conductivity, but this was 
regarded as due to variations in A and n which could not be 
calculated directly. 

4. The Theory of Houston 

We have already explained that the point of view adopted in 
this work is that the scattering of electrons by collision with the 
metal atoms can, on the basis of the wave mechanics, be treated 
in the same way as the scattering of x-rays, the difference being 
that the wave lengths of the ifs waves corresponding to nearly all 
the electrons are larger than the lattice constants, whereas the 
x-rays are of shorter wave length. It is therefore argued that if 
the atoms were at rest, and situated perfectly regularly in rows, 
the wave trains could pass down without interference, and that 
the free path would be infinitely great. The picture presented is 
thus very much like that of the older theories of Wien and 
Griineisen. 

In his first paper, ^ which gives results approximately valid for 
high temperatures, Houston adopts the same general point of 
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view as Lorentz and Sommerfeld, and writes the distribution 
function in the presence of an external force in the form 

f^fo+ixiv) (1) 


m ^ dx 


-a) = 0 


( 2 ) 


where b and a represent the numbers of electrons which by col- 
lisions enter or leave the particular velocity group considered. 
It is then necessary to calculate h and a from the interference 
standpoint, and h is given by the relation 

h = {S sin ■d' dd' dip .... (3) 

where S is the number of electrons which are scattered in the 
direction S' and expressed as a ratio of the total number of 
incident electrons. 

Similarly 


S sind'dd'dip 


(4) 


We consider only elastic collisions, and in (3) the integration 
over the unit cube gives aU electrons which suffer a change in 
direction without a change in energy, whilst in (4) the integral 
gives all the electrons with velocity components (^', 77 ',^) which 
by collisions are scattered into the first group. 

In order to obtain S, use is made of an expression deduced by 
Debye and Waller for the interference of x-rays, and in this way 
the expression corresponding to (2) becomes 

— = -16x(»)5RP f5i(cosi?-l)(r-a s\n&d^■d^p (5) 

m OX J 

where is the total number of atoms in the metal, *S the scatter- 
ing caused by one ion, and P is given by 


k ASq’ x^ , * 


. ( 6 ) 


where L is the Loschmidt number, A the atomic weight, 6q the 

9 h 

characteristic temperature of the metal, and x = and I = 

The above equation (5) will only enable us to obtain the x(^) 
which is required in equation (1), if the integral can be evaluated, 
and this requires special assumptions as to the fields of force 
round the ion. Before dealing with these assumptions we may 
note that the general method gives some indication of the varia- 
tion of the resistance with temperature. Since f and Jq are the 
distribution functions in the presence and absence of an electric 
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field, and since these are connected by equation (1) the total flow 
is given by 

I = e jjj $f{S, 7], t)didr)d^ 

It can be shown that in this integration the temperature 6 occurs 
only in the form of the function P (equation (6)) in the de- 
nominator, so that /, the current, is inversely proportional to P, 
and the specific resistance is directly proportional to P, so that 


if we write 0{x) 


1 r jde 
^2 J ei-^1 


WccP cc— 0{cc), 

Hence when ^ (or ^ 1) we have from (6) 

0(x) = 

So that PF oc ^ in agreement with fact. 

In order to obtain the value of x(^) from equation (5), it is 
necessary to make special assumptions for the field of force sur- 
rounding the ions. The simple assumption of a Coulomb field 
cannot be used, and it is assumed, largely empirically, that the 
law which holds is of the form 

C7 = — 
r 

where Ze is the charge or the ions, r is the distance, and & is a 
constant which, from considerations of the crystal structure of 
solid hydrogen, is empirically assumed to be one-sixth of the 
distance between the atoms (or ions) in the metal crystal. 

From these assumptions by means of an analysis which we 
shall not follow here, an expression is deduced for ^rid this 
can be made identical with the expression for x(u) in the Sommer- 
feld-Lorentz theory if the ‘free path’ in the latter is defined by 
the relation _ 

and when this is substituted in the Sommerfeld equation for the 
specific conductivity, the final result is 


C = 4*42X101^ 


Z^l^0{x)H{c) 


(in electrostatic units). 
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Here 


= the critical temperature. A = the atomic weight. 
d = the density. Z == the charge on the ions. 


^{x) = the function previously described, 

e 


jdj 

Jo^ 


^ 0 * 

H(c) = (l+2c)/(l+c)--2clog(l+c)/c. 
l = electronic wave length, 

b == the previous constant determining the range of the ionic 
field. 


It will be noted that in the Houston equation the term repre- 
senting the number of electrons per unit volume does not 
appear directly. The reason for this is that Houston assumes 
the number of electrons to be some simple multiple of that of 
the atoms, so that if n be the number of electrons per unit volume, 
we may write 


n 


ZLd 

A 


where Z is the degree of ionization, and L the Loschmidt number. 

The above very complex expression for the electrical con- 
ductivity can be compared directly with the experimental values 
if the number of free electrons per atom be assumed, and in this 
way Houston showed that by assuming reasonable degrees of 
ionization, the calculated values for a number of metals were 
within the limits ten times greater or ten times smaller than the 
actual values. But critical comparison can hardly be made, and 
it is by no means clear as to how much of the approximate agree- 
ment is not due to the choice of the particular law of force, and 
of its constants, which are assumed in the calculations. 

The above work is thus an extension of the simple treatment 
of Sonunerfeld, so that an expression is obtained for the mean 
free path A, and it is assumed that the values obtained in this 
way by the wave scattering and quantum methods may be united 
with the Sommerfeld equations, although these are deduced by 
the Lorentz method in which the outlook is rather different. 

At low temperatures, however, the above method is no longer 
justified, for the exact comparison between the scattering of 

Note. — ^To facilitate comparison with the original, the electron velocity 
is denoted v throughout this section. 
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electrons and of x-rays cannot be maintained. According to 
Brillouin^ the light reflected from an elastic wave has a frequency 
equal to the sum or the difference of the frequencies of the inci- 
dent light and the elastic wave. If the same applies to the 
scattering of electrons, then, since the frequency of an electron 
wave is proportional to its energy, the ‘collisions’ of the electrons 
are not elastic, but always result in the electron gaining or losing 
an amount of energy equal to Av, where v is the frequency of the 
elastic wave with which the collision takes place. As we shall see 
in the next section, this conclusion was first reached inde- 
pendently by Bloch. It is here that the difference between the 
scattering of x-rays and of electrons becomes apparent. For the 
x-rays are not in thermal equilibrium, and so can always lose 
energy, but the electrons are in thermal equilibrium, and subject 
to the restrictions of the Fermi-Dirac statistics. An electron can 
therefore only undergo a collision in which it takes up energy if 
{a) there is a vacant state of higher energy to which it can jump, 
and {h) the oscillator is not in its lowest energy state so that it 
can give up energy. On the other hand in collisions in which the 
electron loses energy, the condition of the oscillator is unim- 
portant, but there must be a vacant state of lower energy into 
which the electron can fall. 

From the Sommerfeld theory, Houston^ assumes that the 
free path A, which is in general a function of the velocity of the 
electron, can be replaced by the value X{v), where (v) is the 
critical velocity at which the distribution curve falls sharply. 
Houston assumes further that only electrons with velocities in 
the neighbourhood of (z;) need be considered, and that after an 
impact these will have the energy {^mv^) :^hv. The restrictions 
to which we have referred above, then indicate that the proba- 
bility that these electrons will be scattered at low temperatures 
is proportional to so that at the absolute zero, where 

0 = 0, the probability is zero, and no scattering can take place. 

In order to apply this restriction to the determination of the 
resistance, we have to take into account the zero-point energy 
of the lattice, and by using an equation deduced for the scattering 
effect by Frenkel and Mirolubow,^ Houston shows that the free 
path A is given by the relation 

A ^oJo — l){x^+accl)^* 

In this expression Z is the charge on the ion, n ‘the number of 
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atoms per unit volume, k the compressibility, and 9q the charac- 
teristic temperature. If q is the reciprocal of the wave-length 
of the incident electron wave, Q the reciprocal of the wave-length 
of the elastic wave which causes the scattering, and if c = 
1 /I 0 ^ 2 g 2^2 where is a measure of the extent of the ion, 4gr% = 
and the terms x and Xq are given by a? = hwQlkO, and Xq = 
hwQilk where w is the velocity of the elastic wave in the crystal. 

The exact limits of integration are rather uncertain because 
the vibrations are not sinusoidal, but the equation shows that 
the resistance vanishes at the absolute zero. At other tempera- 
tures the rate of change of resistance depends upon the factor a. 
If a is large, that is if the scattering is the same in all directions, 
the equation requires the resistance to increase as the fifth power 
of the temperature at low temperatures, and directly as the tem- 
perature at higher temperatures. But when a is very small the 
resistance is proportional to the absolute temperature at low 
temperatures. 

The equation can be expanded for values of Xq which are not 
too large, and in this way by assuming a to be equal to 0 * 1 , 
Houston obtained the values of A for gold, and showed that, 
when these were substituted in the Sommerfeld equation, the 
correct order of magnitude was obtained for the conductivity. 
These methods are not, however, so complete or satisfactory as 
those of Bloch, and reference to the original paper must therefore 
be made for the details. 

The Effect of Pressure upon Conductivity, 

In the original papers of Sommerfeld the effect of pressure 
upon conductivity was regarded as due to changes in A and n, 
and it was considered that the changes were due not so much to 
variations in A, the mean free path, as to an increase in n the 
number of free electrons. In the work of Houston, on the other 
hand, the possible changes in the number of free electrons are 
not considered, apart from the effect due to the change in volume, 
since all the ions are assumed to have the same charge. The 
pressure effect is thus regarded as due chiefly to changes in A, and 
from this point of view the problem was first attacked approxi- 
mately by Houston, and later more thoroughly by Waterman.® 

If we denote the specific resistance by IF, the Houston ex- 
pression for conductivity may be written in the form 

IF == constant x (1) 


3370 
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if we assume that the charge on the ions is not affected by- 
pressure . 

So that the terms which may vary under pressure are 
11(c), 9 q, and d. Actual measurements involve the change in 
resistance of the specimen R, instead of the change in specific re- 
sistance W, and since d(log d) = — d(log V) we may for con- 
venience write 


(3 log R I 8 p)q ^ (3 log Wldp)o—i(^ log V I 8p)q (2) 

In the method developed by Waterman the general arguments 
used by Griineisen (see p. 214) are adopted, and it is assumed 
that the temperature is sufficiently high for 0(£c) to be replaced 
by 6 IOq, In this case, since the derivative at constant entropy (s) 
of any function of 9 vanishes, we may put 

(d0(x)l3p), = 0 
and we then have from (1) 

^ 9 log W \ _ f dlog H{c) \ ( dlogeA 1/ 3 logV \ 

Is \ ^P Is \ ^P Is A ^P /s' ^ ^ 


Using relations (3) and (2), and transferring from adiabatic to 


isothermal compression, remembering that 
the final expression obtained is 




where 






dlogH{c) \ 
3p 

3 log R 






and c' = the specific 


heat per gram. 

This expression is the general equation for the effect of pressure 
upon resistance, and it involves the variation of the function 
jfir(c) with pressure, and this in its turn involves the effect of 

Zc 

pressure upon the constant h in the equation U = 

assumed by Houston for the field of force surrounding an ion. 
Waterman has investigated two cases, in the first of which b is 
assumed to remain constant under pressure, whilst in the second 
case b is assumed to vary directly as the mean distance between 
the atoms. The better agreement is obtained if b is treated as a 
constant, and in this way the right order of magnitude is ob- 
tained for the pressure coefficient of the normal metals, but the 
positive pressure coefficients of the abnormal metals can only be 
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accounted for if the ratios between b and the interatomic 
distance are quite different from those in ordinary metals. 
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5. The Theory of Bloch 

In the preceding section we have seen how the work of Houston 
was a preliminary attempt to give a precise meaning to the free 
path term A, which was introduced in the Sommerfeld ‘electron 
gas’ theory. In the method developed by Bloch, ^ the problem is 
attacked from a somewhat different angle, and a more satis- 
factory solution is obtained, although numerous approximations 
have to he introduced. The point of view adopted here is that 
whilst the conducting electrons are free, their motion is not com- 
pletely haphazard as imagined in the ‘gas’ theories, but is rather 
a motion in a periodic field of force, of which the period is the 
same as that of the atomic lattice. The new mechanics then 
indicate that, as long as the field of force is strictly periodic, the 
electrons are able to move unimpeded through the lattice of the 
atoms (or more properly ions), and that it is only when this strict 
periodicity is upset by the thermal oscillations that a resistance 
is created. We have thus, first, to consider the motion of an 
electron in a periodic field, and, secondly, how the electrons may 
interact with the atomic lattice. The great step forward which 
is made in this theory is that the problem is treated, not as the 
scattering of electrons by single atoms, but as the interaction, 
with the atomic lattice and its characteristic vibrations as a 
whole, and since an electron must always be in the field of several 
atoms at once, this method is clearly more satisfactory. The 
theory ignores all mutual interaction between the electrons, and 
the limitations which this involves are discussed later (p. 294), but 
even in this form the mathematical details tend greatly to obscure 
the argument, and for this reason we shall only give here a very 
general outline, the details being reserved for the Appendix (p. 343). 

Using the methods of the new mechanics the amplitude of 
probability i{s{xyz) which corresponds to the energy E, and is 
independent of time conforms to the differential equation 

— U)0 = 0 


( 1 ) 
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where V is the electrostatic potential in which the electron moves 
in the lattice, and fjL = — p- . The first step is thus to obtain 

the proper solutions of this equation for the electrons in the 
periodic field of the lattice, and these depend upon the boundary 
conditions to which they must conform. For this purpose we 
assume for the amplitude of probability of the electrons in the 
lattice, a cyclic condition similar to that used by Born and Karman 
for the elastic frequencies in their work on the specific heat of a 
crystal lattice. From this point of view the properties are known 
for the whole lattice provided they are known for a sufficiently 
large parallelepiped which may be defined by the vectors G^a, 
(ygb, (tjC, where Gg, G3 are large integers. If therefore we know 
a property for the fundamental parallelepiped G^a, Ggb, G3C, we 
can obtain it for the whole lattice by simple periodic repetition. 
The particular value of this method of treating iff waves similarly 
to elastic waves is found when we deal with the interaction of the 
two kinds of waves which causes the electrical resistance. 

The analysis then indicates that the proper function for the 
motion in a periodic field is of the form 

, - ./kx , ly , mz\ , . ^ ^ 

lAfete == + .... (2) 

where the function depends only on the periodicity of 

the lattice. In this expression k, ly and m are whole numbers 
corresponding to the state of the electron, and K, L, and M are 
the lengths of the vectors which define the fundamental paral- 
lelepiped. The expression for the proper functions can thus be 

( kx ly 7nz\ 

and a remainder depend- 
ing only on the periodicity of the lattice, and this means that we 
are concerned with plane de Broglie waves which are modulated 
in the rhythm of the lattice. It is this similarity of the proper 
function to that of the motion of an electron in the absence of 
forces which gives the electrons the mobility necessary for con- 
ductivity. 

The Schrodinger theory then indicates that in general the state 
{k, I, m) corresponds to a definite momentum or velocity in the 
X direction,* and this can be investigated for the case of com- 
pletely free, or very strongly bound electrons. In the former case 

* The positions of the electrons are referred to the co-ordinates (a:, y, 2), 
and the origin is assumed to be at a lattice point, so that if a, b, c, are the 
fundamental lattice vectors, the vector of any lattice point is given by 

G = where g^ are whole numbers. 
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the current in the x direction corresponding to the state {k, I, m) 
is given by , 

^ (3) 


where gives the momentum corresponding to the wave length 
jfiT 

In this extreme case the modified plane de Broglie waves 


actually become plane waves. 

The case of tightly bound electrons is very much more com- 
plex, and is treated by considering equation (1) as a disturbance 
problem of the same nature as that discussed by Heitler and 
London for the case of two hydrogen atoms, but whereas the 
work on the hydrogen molecule was a two-body problem, the 
theory of Bloch, since it ignores the mutual interaction of the 
electrons, is developed as a one-body problem. The analysis then 
indicates that for the strongly bound electrons, the expression 
corresponding to (3) is 


^klm 


. 2'7r& 

e 

Trm 6?! 


(4) (Appendix, equation (20)) 


where ^is a complicated function (see Appendix, equation (18)). 

We have next to consider the way in which the electrons will 
accelerate under the influence of an external electric force, and 
for this purpose we assume a wave packet similar to those con- 
sidered by Heisenberg and Kennard, and investigate its motion 
in the x direction (i.e. under an additional potential — eFx) by a 
method introduced by Dirac. The analysis then indicates that 
the alteration in the distribution function f may be written in 
the form 


dmQ 

dt 


2neF 0 

h as 


(5) 


(Appendix, equation (36) ) 


This equation corresponds to that used by Lorentz and Sonuner- 
feld, except that the terms tj, ^ are no longer the simple velocity 
components, but are more complicated quantities connected with 
the velocities, and also characterizing the quantum states. 

Up to the present we have only considered the motion of the 
electrons in a strictly periodic field, and under these conditions 
the electrons can move unimpeded through the lattice. From this 
point of view the appearance of an electrical resistance is due to 
an interaction between the electrons and the thermal vibrations 
of the atoms, and this may be treated as a disturbance problem 
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of the interaction of the two coupled systems, the electron gas 
on the one hand, and the atomic lattice with its elastic vibrations 
on the other. The problem is highly complex, and for simplifica- 
tion it is assumed that the temperature is low enough for the 
elastic waves to be long compared with the interatomic distances, 
so that the crystal can be considered as continuous in respect to 
them, whilst the amplitudes are assumed to be so small that the 
vibrations can be considered as harmonic. The analysis then 
indicates that if at a time ^ = 0, an electron is in a state {k'Vm'), 
and the lattice in a state characterized by q'{fghj) r'(fghj\ the 
probability that, at the time /, scattering or interaction has taken 
place in such a way that the whole system is in the state (klm) 
QifSki) is given by an equation (Appendix, equation (44)) 

which assumes a large value only if the expressions 
L!ieTm'i:^Hfi§ihiji) are small, where E represents the energy of 
the electron, and v the frequency of the atom. In other words 
the essential scattering processes are those for which, to an 
approximation, 

L^kl7n~^L^kTmr == 

and, as in the later developments of the Houston theory, the 
conclusion is that the ‘ collisions ’ which produce the resistance 
are not elastic, but involve an interchange of energy, equal to 
hv, between the lattice and the electron. 

As in the Lorentz and Sommerfeld method we may write the 
conditions for the steady state in the presence of an external 
field in the form 

where x is a small function of p = alone, and we 

have to determine x so that a stationary state is set up under the 
joint influence of the external force, and the interaction with the 
atomic lattice, and then, when x been determined, the method 
of Lorentz and Sommerfeld may be used in order to obtain the 
expression for the conductivity. In this way the analysis leads 
to the following equation for the specific conductivity a 

4i{0Tr^>c)r‘ e^drcova^fM^ / hv \^0o 

3 ^ • \mJ J (Appendix, equation (65) ) 

In this d is the density and p^ = is the critical velocity 

on the distribution curve, and again it is the electrons with this 
velocity which essentially determine the conductivity. The 

momentum in the x direction is given by so that ~ is of 
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the order of the maximum velocity of the electrons, and in the 
free electron gas of the Sommerfeld theory this velocity is of 


the order 10®cm./sec. We may write this in the form 


m 


tMQS, 


and assume that, in the case of the partly bound electrons which 
actually exist in metals, r' = The energy corresponding to 
the state him is given by 




klm 




+ 


(¥7 


+ 


(^)1 


and o) is an energy of the order erg. where represents 

the effect of the interchange, and may be assumed to be about 

Jg . V is the velocity of propagation of waves, , C is the 




square of the reciprocal of a length of the order of the atomic 

radius (i.e. cm.), and is a number of the order unity. 

If we assume the temperature 6 to be three times the charac- 
teristic temperature this requires o- to be of the order 10^® e.s.u. 
which is roughly of the right order of magnitude. 

At moderate temperatures, the conductivity is proportional 
6 

to — where Oq is the characteristic temperature. 
u 

At very low temperatures, however, the conclusions are 
different for the reasons which we have already discussed in con- 
nexion with the Houston theory. Since the collisions involve an 
interchange of energy equal to hv between the electron and the 
lattice, the restrictions of the Fermi statistics diminish the pro- 
bability of scattering at very low temperatures, and at the 
absolute zero, the probability of scattering vanishes. The calcu- 
lations require the resistance at very low temperatures to increase 
as the fifth power of the absolute temperature, and this is 
approximately true, although not in such good agreement with 
the facts as the Griineisen law which requires a variation as the 
fourth power of the absolute temperature. 
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6. Thermo-Electric Effects 

The more complete theories of Houston and Bloch have not 
yet been applied to the problems of thermo-electricity and con- 
tact potentials, but expressions have been deduced by means 
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of the Sommerfeld electron gas theory. In the original paper of 
Sommerfeld an expression was obtained which gave the right 
order of magnitude for the contact potentials, but the sign of the 
potential was wrong, and although these difficulties have been 
discussed by Eckart,^ no satisfactory solution has been given. 

As regards the thermo-electric effects, the Lorentz-Sommerfeld 
method^ leads to the following two expressions for the flow of 
electricity and of heat, 

T- IQ'nem 


W- 


Sh^ 

327rm 


■ keVo 


{kdfV^ 


eF^ 


eF- 


dx Vq dx 

8x dx 


( 1 ) 

( 2 ) 


where Fq, ^1. and Fg are functions which depend on the way in 
which the free paths of the electrons vary with the velocity. 
The nature of this variation is at present undetermined, and in 
the simpler developments of the theory the free paths are assumed 
to be independent of the velocity. 

We now consider a flow of heat and electricity down a wire 
whose length is taken as parallel to the /r-axis. The electrical 
work done in unit time is then JjP, where F is the potential 
gradient, and of this the amount carried away by the energy stream 
is equal to dWjdx, so that the energy remaining is given by 

BW 

(") 

Using the equations (1) and (2), and the previous expression 
for the electrical and thermal conductivities, we obtain the 
equations 


and 


V. 


' dx 


F — ^ I ^ I hO dlogA 

e dxV.'^ e dx 


where K and C are the thermal and electrical conductivities, 
may then write (3) in the form 


(4) 


(5) 

We 


Q 8 log A 




2ke B_ 

\e dx e BxVq 

which for brevity we may put in the form 

Q — Q1+Q2+Q3 • 

so that the energy remaining in unit volume in unit time can be 
split up into three parts. 


(T) 
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J2 

Of these the first part is simply the energy of the Joule 

heating effect. 

S ( bb\ 

The last term ~ gives the heat added by thermal 

conduction, whilst the middle term Q 2 corresponds to the Thom- 
son effect, and if we write this in the form 



where ft is the Thomson coefficient, we have 


fX = 


2ke d M dlogA 
e dd Vq e dd 

which for A "^1, i.e. complete degeneracy, gives 
277^ mk^d f ^ 2 . d log n\ 

as compared with the older classical value. 




2e\ 


2 log li 


dO 


. ( 8 ) 

• ( 9 ) 


Strictly speaking equation (8) does not give the true value for 
the Thomson coefficient for the same reason that equation (9) 
was not entirely correct in the older theory (see p. 194), but slight 
differences of this kind are ignored in view of the numerous 
other approximations which have been made. 

The equation (8) of the Sommerfeld theory gives very much 
smaller values than the classical equation (9) and is thus in much 
better agreement with the facts. In the case of silver, the value 
of fjL according to equation (8) is about of that required by 
the older theory, and is roughly of the right order of magnitude. 

In order to deal with the Peltier effect we consider a conducting 
wire kept at a constant temperature, but made of two different 
metals. In this case the last term of equations (6) and (7) will 
vanish, and we may to an approximation neglect the small Joule 
heating effect. If we then denote the factor by which J is multiplied 
in the second term by —77, this will give the Peltier heat where 


kd p /20 


d log 

e Ji\^‘ 

Vo 

dx ) 


dx 


( 10 ) 


the integration being carried out across the joint from metal 1 to 
metal 2. Under the usual assumption of the theory that ^ ^ 1, 
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and that the free path is independent of velocity, the final value 
obtained for the Peltier effect is 


n 


27r^ m{k6)^ 
3 ek^ 




■f— Y 

\ZnJ 


( 11 ) 


Here again the equation for the Peltier Effect is not quite cor- 
rect since, like the corresponding equation of the Lorentz theory, 
it ignores any possible transference of kinetic energy across the 
boundary between two metals owing to the difference between 
the fields of force surrounding the atoms. If these effects are 
ignored equation (10) requires the Peltier coefficient iJ to be pro- 
portional to whereas the older theory required 77 to vary 
directly as the absolute temperature. Actually, however, neither 
prediction is confirmed experimentally when the data are sur- 
veyed as a whole, although the Sommerfeld equation gives results 
of the right order of magnitude. 

By combining these two methods we can obtain an expression 
for the thermo-electric force of a circuit of two metals, subject to 
the same two simplifying assumptions, that the free path is inde- 
pendent of the velocity, and that we ignore effects due to the 
differences between the fields of force round the atoms in the two 
metals. In this way the equation for the E.M.F. of an electric 
couple with junctions at O' and B” is deduced as 


so that Lj, is proportional to — ^'2) whereas the older classical 
methods required Lj, to be proportional to (B" — B')^ If we denote 
by the difference between {B” — ^'), the Sommerfeld relation 
may be written in the form 

= C*^(20^-}— i) 

and a relation of this type is in somewhat better agreement with 
the facts than the variation with {B " — predicted by the older 
theory. But the data as a whole are not in agreement with a 
simple proportionality between and In the case of 

the couple silver-sodium, the value oi Erj. calculated from equa- 
tion (12) is of the order 2 micro-volts per degree centigrade at 
0®C., which is somewhat less than the observed value, but is of 
the right order of magnitude. 
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7. Emission Phenomena 

(a) Thermionic Emission, 

The new electron theories have attained their greatest success 
in connexion with the emission phenomena, the chief work being 
due to L. Nordheim and R. H. Fowler, although preliminary in- 
vestigations were made by Sommerfeld and Houston. In the 
chapter dealing with the older Lorentz theory, we have already 
seen how the equations for the thermionic emission current were 
obtained by considering the equilibrium between the electrons 
inside the metal, and those in the surrounding space, and we 
have noted the difficulties which were met with on account of 
the specific heats, and the question of electron reflection. Taken 
as a whole, it may be said that the applications of the new theories 
fall into two classes. On the one hand the conception of an equi- 
librium between the electrons inside a metal and those in the 
surrounding space was considered from the point of view of the 
new statistics, and here, since the new theories require the specific 
heat of the internal electrons to be almost zero, the results led to 
an equation of the type I == On the other hand, the 

ideas resulting from the wave theory have been used to investi- 
gate the problem of the penetration of the surface of a metal by 
an electron, and this has led to the calculation of the reflection 
coefficient, and to an understanding of the effects of surface 
films. 

If we are to consider the process of emission from this point of 
view, we require to know two factors. The first is the number of 
electrons which strike the surface of the metal from within in 
unit time per unit area, and the second is the fraction of these 
electrons which are emitted. In the general line of argument 
adopted by Nordheim and Fowler, the electrons are considered 
to move freely within the body of the metal in accordance with 
the Sommerfeld theory, and then to encounter a more or less 
abrupt change of potential when they pass through the surface 
layer. It can then be shown that, to a first approximation, we 
need only consider the component of the electron’s velocity at 
right angles to the surface, so that the problem becomes one of 
the passage of wave trains (representing the electrons) through 
the changes of potential which occur at the surface. In ac- 
cordance with the nomenclature of Nordheim^ we may call the 
number of electrons incident from within on a surface of unit 
area per unit time with kinetic energy W normal to the surface. 
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N(W), and the fraction transmitted D{W). The total emission 
current is then clearly given by 

I = e^’lNiW)D{W).dW, 

and the problem consists in finding N{ W) and D{ W). For the first 
of these, the application of the Sommerfeld theory leads directly 
to the relation 

N(W)dW = log aw 

where /x is the parameter equivalent to the thermodynamic 
partial potential of an electron. The emission current is therefore 
given in general by 

I = r^(W) log dw. 

^ Jo 

We have now to consider the factors affecting D( W), and for 
this purpose it is necessary to simplify the condition of affairs 
at the surface. In the original paper of Nordheim,^ it was as- 
sumed that there was a definite potential difference C between 
the electron inside and outside the metal, so that in the passage 
of an electron through the boundary, the potential underwent a 
change of the form shown in Fig. 52, where the ordinates represent 
potential, and the abscissae the distance of the electron from the 
surface ; in order to simplify the calculations, this type of curve 
may be reduced to that shown in Fig. 53. During the passage of 
the electron through the surface its kinetic energy is reduced by 
an amount C, and according to the older classical or ‘particle’ 
theory, we should expect the electron to escape if W were greater 
than C, and to remain within the metal if W were less than C, so 
thatweshouldhaveD(TF) = OforW< C,andD( W) == lforW'> C. 
According to the new wave theories, however, the change is not 
so sharp, and whilst the electron is still unable to escape if W is 

less than C, the value of Z>( W)isgivenbyZ>(W^) = ^ 

when W is greater than C. Since only the electrons for which W 
is greater than C are able to escape, the expression for the 
emission current is 

I = rD(W) log(l+e-'W'’-f‘V'«e) dW 

^ Jc 

which leads to the relation 
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where D is a mean transmission coefficient for those electrons 
which are able to escape, i.e. those for which PF> C. For the 
single step in potential assumed in Fig. 53, it was shown by 
Nordheim^ that the value of D was about 0*5, so that the ex- 
pression for the emission current is of the form I = 

where A = =60 (approximately). 




This is in remarkable agreement with the facts, but later 
investigation has shown that this is to some extent fortuitous, 
and is not strictly correct. The reason for this is that the type 
of boundary surface assumed in Fig. 53 is too simple, and neglects 
in the first place the effect of the image potential due to the 
electron as it moves away from the surface. This image potential 
is equal to —e^j4iX where x is the distance from the surface, 
and, when this is taken into account, the field at the surface is 
of the form shown in Fig. 54. The calculation of D{W) for this 
kind of a surface has been carried out by Nordheim,^ and in this 
case it is found that the mean transmission coefficient D instead 



286 The Sommerfeld Theory and its Later Modifications 

of being about f is very nearly unity, so that the equation, be- 
comes much more nearly 

^ 4i7rmeh^ 

I == — =^5 — B^e hd 

and the theoretical value of the constant A is about 120 instead of 
the usually accepted value of 60 , but in view of the unsatisfactory 
nature of these equations for comparison with the facts, it is con- 
sidered that it is sufficient to have obtained the right order of 
magnitude. On the other hand there is a serious discrepancy 
between the theoretical value of A, and the results of DuEridge 
for metals such as platinum, which we referred to in Chapter VII, 
since here the experimental values of A are 50 or 100 times too 

large. These difficulties have been 
discussed in detail by E. H. Fowler,^ 

position is still obscure. 

One possible explanation is that the 
/ actual emitting surface is very much 

C j greater than that measured from the 

/ dimensions of the electrode, since 

/ differences of this kind have been 

^ — met with in connexion with the 

over-potential of platinum elec- 

Fig. 54, trodes. But it is doubtful whether 

this can account for the whole effect, 
and it is probable that the identification of x f he thermionic 

equation, with the (C — jx) of the theoretical equation is not 
justified, but that more properly C — [jl = in which case 

the value of A determined from the observations is equal to 
120 X These variations in the work function may be due to 
a slight loosening of the lattice at high temperatures, and to 
variations in the number of free electrons. A further possibility 
is a temperature variation of D(W), so that a number of hypo- 
theses can be suggested. 

In the above description we have referred to the passage of an 
electron through a surface which can be represented by a simple 
step in potential, but if an3rthing in the nature of a surface film 
be present, we may expect the change to be accompanied by a 
variation of the type shown in Fig. 55 , the effect of an electro- 
positive surface film being to reduce the final work of emission 
C, but to create a potential ridge B of much the same height 
as the value of C for the pure metal. For purposes of calculation 
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this may be simplified to the form shown in Fig. 56, The trans- 
mission coefficients for electrons penetrating potential ridges of 
this kind have been investigated by Nordheim^ and Fowler,® and 
it is here that the wave conceptions differ from those of the older 
classical theories. According to the older 'particle’ theories an 
electron could only penetrate a potential ridge such as that shown 
in Fig. 55, if its kinetic energy W were greater than B, But 




according to the new wave mechanics, an electron can penetrate 
a thin ridge, and electrons can escape as long as W is greater 
than C, provided that the ridge, representing the surface layer, 
is not too thick. The value of I)(W) for a ridge of this type was 
first calculated by Nordheim,^ and later corrected by Fowler,® 
and if we plot I)(W) against W, the curve obtained is of the 
type shown in Fig. 57, and Fig. 58 shows the relation of curves 
of this type to those for the pure metal. In this case the 
value of C for the pure metal is 10 volts, and the surface film 
reduces this to 8 volts, whilst forming a ridge B of height 10 volts, 
and of thickness shown by the figures on the different curves. 
Since the interpretation of these curves leads to a discussion of 
the secondary effects due to surface films, we shall not deal with 
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the matter further, but it is interesting to note that, as shown 
by Fowler, 3 they indicate that if a surface film be formed on a 
metal, the emission will still be given by an equation of the type 




1 z== A6^e~x^^, but with reduced values of A and 1^^^ mutual 
changes of A and x such a nature that 

log^ = 

where i and t] are constants, and {B —C) is the reduction in x 
due to the surface layer. Actually it has been shown by DuBridge^ 
that a relation of this kind is in good agreement with the facts. 
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(b) Strong Field Emission. 

The Sommerfeld theory has been applied to the problem of 
strong field emission by R. H. Fowler and his collaborators, whilst 
further investigations are due to Houston,^ and Waterman.^ In 
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the work of Fowler and Nordheim^ the subject is again treated as 
a one-dimensional problem involving only the kinetic energy {W) 
of the electron normal to the surface, and the emission co- 
efficients are calculated when an external electric field acts so 
that the potential energy of the electrons varies as shown in 
Fig. 59, the sloping line representing the effect of the external 
held. 

As in the thermionic theory we should, strictly speaking, include 
the image effect, which results in a rounding-off of the sharp 
corner at the top, but it can be shown that this effect is negligible 
at ordinary temperatures. As before we may write {DW) for the 
fraction of the electrons with energy W which penetrate the 



potential peak of the type shown in Fig. 59, imder the influence 
of the external field F, The analysis then shows that 

D{W) = 

where k ~ STT^mjh^. The total number, N{W)^ of electrons reach- 
ing the surface per unit area per unit time with energy W normal 
to the surface is given by the same expression as that used in the 
thermionic theory, and in this way the equation for the strong 
field emission is deduced as 

J 0 

^■7Th(x+l^)x^ 

- 6-2 X 10-^7- , .... (2)* 

(x+m)x* 

where x ~ ^ thermionic work function. 

* In the original paper there is a misprint, and — 2 *1 X 10® is given instead 
of the correct value —6*8 X 10’’ in equation (2). 

3370 


u 
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This equation is thus of the general type I — and 

is almost indistinguishable from the experimental equation 
I == Ce~“^^to which we referred in Chapter VII. For the majority 
of metals the value of is of the order 10, so that the emission 
should begin to be sensible for fields of the order volts /cm., 
whereas the experiments indicate an appreciable emission for 
values of F of about 10® volts /cm. This difference is ascribed 
by Fowler and Nordheim to the presence of surface irregularities 
or peaks giving higher values of F than that calculated from the 
dimensions of the apparatus. The equation of Fowler and Nord- 
heim refers strictly to the absolute zero of temperature, but it 
can readily be shown that the results are independent of tem- 



perature at all ordinary temperatures, and this point has been 
discussed by Houston,^ and also by Fowler and his collaborators. 

In a later paper Nordheim^ has investigated the problem for 
the more accurate type of boundary shown in Fig. 60, and the 
result is a slight decrease in the field strength necessary to cause 
emission as compared with the simplified boundary assumed in 
Fig. 59. But this difference is not sufficient to reduce the co- 
efficient of 7/F to the observed values, so that the existence of 
surface irregularities or sensitive spots has again to be assumed. 

In a later paper. Stern, Gossling, and Fowler® have discussed 
in detail the factors which have to be taken into account before 
the equation (2) can be compared directly with the experimental 
data. The quantities which are actually measured are the total 
current passing between the electrodes, and the applied voltage, 
whereas the equation refers to the current density, and the sur- 
face held. It can be shown that the effects of space charge are in 
general negligible, so that the surface field is proportional to the 
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measured voltage, the proportionality factor being determined 
by the shape and dimensions of the apparatus. If the emitting 
area be constant, the current and current density will be 
proportional, and since the experimental data agree with a 
relation of the type I = the equation may be used to 

estimate the size of the emitting area. For one or two tungsten 
wires which had been pointed and polished by electrolytic action, 
the emitting area was found to be of the same order as the area 
of the point, but in general the emitting area is very much 
smaller, the estimated values ranging from cm.^ to 10-^® 
cm. 2, although the smallest of these values may be under- 
estimated owing to the effects of surface films. The effect of 
films of electro-positive metals such as the alkalis and alkaline 
earths upon the emission from tungsten was also examined in 
detail, and the theoretical conclusions were found to be in general 
agreement with the facts, but as these are essentially secondary 
phenomena, we shall not discuss them further. 
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8. General Discussion 

In discussing the position of the theories based on the new 
quantum mechanics, it is necessary to distinguish rather sharply 
between the original restored ‘electron gas’ theory of Sommer- 
feld, and the later modifications due to Houston, Bloch, Nord- 
heim, and others. Apart from the fact that it was obviously of 
too simple a nature, the original theory of Sommerfeld was open 
to the criticism that the collision processes were not treated 
entirely correctly. In the general method of Lorentz and Sommer- 
feld, there is no objection to considering the electric force as pro- 
ducing a slight displacement of the distribution function, since 
we may quite justifiably expect the external field to produce a 
slight displacement of the energy states, just as, for example, the 
spectral lines are displaced in the Stark Effect (the displacement 
of spectral lines by an electric field). But the collision processes 
have to be treated differently in the old and the new methods, 
for whereas the old statistics placed no restrictions upon the 
collisions, the new methods only allow an electron to be scattered 
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into a state which is unoccupied. These difficulties have . been 
discussed by Nordheim,^ who has shown that the Sommerfeld 
treatment is justified only if the scattering system of atoms is 
not influenced appreciably by interaction with the electrons, and 
this is of course the assumption made in all the older theories, 
which regarded the atoms as immovable on account of their 
relatively great mass. If this assumption is accepted, the addi- 
tional terms due to the use of the new statistics are found to 
cancel out, so that the Sommerfeld treatment is in effect justified, 
although as we have shown in (4) and (5) above, the more com- 
plete examination of Houston and Bloch shows that the collisions 
really involve a transference of energy, equal to hv, between the 
electron and the atom. 

We have already noted (p. 268) that the Sommerfeld equations 
are unsatisfactory as regards the variation of the resistance with 
temperature, but, apart from this, very great confusion was 
caused by the long free paths, which the theory requires to be 
several hundred times the inter-atomic distance at room tempera- 
ture. In the Lorentz-Sommerfeld treatment the free path term A 

1 

is an abbreviation for — (see p. 267), and the critics of the 

theory quite reasonably objected that it had always been con- 
sidered unjustifiable to unite free paths of this magnitude with 
the simple ‘gas’ type of calculation. On the other hand the sup- 
porters of the theory pointed out that long free paths were indi- 
cated by many facts, such as the marked increase in resistance 
produced by small amounts of impurity. Actually both these 
points of view were to some extent justified. The fact that the 
new statistics indicated long free paths could quite reasonably 
be taken as indicating that the general viewpoint might be 
correct, but, on the other hand, the critics of the theory were 
entirely justified in maintaining that the Lorentz type of argu- 
ment was strictly logically inadmissible with such long free paths, 
or such very small values of R, As we have already explained, the 
replacement of the atom by a minute sphere is merely a mathe- 
matical device for estimating the scattering effect, and the minute 
values of R necessary to give the correct value for the con- 
ductivity have no real physical meaning. 

The Sommerfeld theory thus occupies a very curious position. 
From one point of view, the critic could maintain logically that 
it failed to solve the conductivity problem for the reasons which 
we have just described. On the other hand, the supporter of the 



The Sommerfeld Theory and its Later Modifications 293 

theory could maintain equally well that the precise conceptions 
of the Lorentz treatment were only drawn upon in order to obtain 
a rough estimate of the scattering effect, and that the general 
order of magnitude was correct. It became increasingly apparent, 
however, that a treatment which completely ignored the effects 
of the atoms was much too simple in nature, so that the real 
value of the Sommerfeld theory lay, not so much in providing 
a solution of the conductivity problem, as in indicating that an 
electron gas obeying the Fermi-Dirac statistics would have pro- 
perties entirely different from those of the electron gas of the 
classical theory. The new theory showed further that the correct 
order of magnitude could still be obtained for the Wiedemann- 
Franz ratio, and that it was possible to overcome many of the 
older difficulties in connexion with the thermo-electric and emis- 
sion phenomena. The Sommerfeld theory was thus of vital 
importance in introducing a new method of approach to the 
electron theory of metals, and although the original theory was 
much too simple, and was open to criticism from several points 
of view, it is of supreme interest as marking the beginning of an 
entirely new line of thought. 

As regards its agreement with facts, the Sommerfeld theory 
gives a general account of the electrical properties, except in 
connexion with supra-conductivity, and variations in the Wiede- 
mann-Franz ratio. Like most of the earlier theories, the Sommer- 
feld theory is quite unable to account for the sudden appearance 
of supra-conductivity at a definite temperature, especially as no 
discontinuity in the thermal conductivity is found. Any variation 
in the Wiedemann-Franz ratio from one metal to another,* or 
in any one metal under pressure, tension, &c., or in different 
directions in a single crystal, is in contradiction to the Sommer- 
feld theory which requires the A terms to cancel out when the 
ratio of the conductivities is taken. 

The original Sommerfeld theory was not in agreement with the 
variation in conductivity with direction in a non-cubic crystal, 
but the later developments of Houston and Bloch remove this 
difficulty. Considered quantitatively, however, the method of 
Houston is not entirely satisfactory, for, although the considera- 
tion of the electron as a wave packet, and the use of the Debye- 
Waller equation give a satisfactory explanation of the long free 

* We refer here of course to the true Wiedemann-Franz ratio referring 
to the metallic part of the thermal conductivity, and not the ordinarily 
observed ratio referring to the total thermal conductivity. (See p. 77.) 
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path, it appears rather arbitrary to combine this conception with 
the equations deduced by the Lorentz-Sommerfeld method in 
which the outlook is so very different. The only justification for 
this lies in assuming that, whilst the Debye-Waller formula gives 
the probability of a collision occurring between an electron and 
an atom, the resulting deflexion, since it cannot be calculated 
directly from quantum theory, may be taken as of the same order 
as that given by the method of spheres used in the Lorentz- 
Sommerfeld treatment. The method is therefore approximate 
only, and the detailed comparison of the figures should not be 
made. The early methods of Houston were also criticized by 
Brillouin^ on the grounds that the Debye- Waller equation was de- 
duced for light quanta obeying the Einstein-Bose statistics, whilst 
the electrons are assumed to follow the Fermi-Dirac Law. As was 
pointed out by Bloch, ^ the later method of Houston appears 
unsatisfactory since the statistical treatment is incomplete. 

From the point of view of electrical conductivity, the most 
complete investigation is undoubtedly that of Bloch, since this 
treats the interaction of the electrons with the lattice as a whole. 
The theory is, however, open to the criticism that the mutual 
interaction of the electrons is not considered, and this work has 
therefore been criticized on the grounds that it ignores factors 
which are probably quite as important as those taken into 
account. The method of Bloch involves the assumption that in 
considering the motion of any one free electron, the remaining 
free electrons may be regarded as smoothed out, or distributed 
uniformly throughout the crystal, so that the particular electron 
considered moves in a strictly periodic field. It is therefore 
incorrect to say that the remaining free electrons are completely 
ignored, since the conception of one free electron moving among 
a number of positive ions with nothing to counteract their positive 
charges would clearly be unjustified. But, although constituting 
a great advance upon the original ‘gas’ theory, the assumptions 
of the Bloch theory are still but approximations for the mutual 
repulsion of the electrons is not sufficiently taken into account, 
and there is some justification for the criticism that the mathe- 
matical analysis has been elaborated to a degree which is unjusti- 
fied in view of the simplifying assumptions which are involved. 

The final solution of the problem will thus have to take into 
account both the mutual effect of the electrons, and of their 
interaction with the ions, and for the present the mathematical 
difficulties have proved too great, but in this connexion we may 
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refer to the paper by Lennard-Jones^ in which the matter 
is further discussed. This author, after criticizing the Sommer- 
feld theory, discusses the distribution of the free electrons 
in a metal crystal on the assumption that the electrons obey 
the Fermi-Dirac statistics, and that the potential field due to the 
ions is triply periodic. A complete solution for a three dimen- 
sional crystal is not obtained, and the problem is therefore 
simplified to that of a hypothetical two dimensional metal in 
which the nuclei are replaced by a series of parallel line charges 
arranged so as to intersect a plane perpendicular to them in 
square array. A section of this system is then taken between two 
planes at a distance d (of atomic dimensions). The charge on 
each line charge within the distance d is taken to be Ze, and the 
number of the electrons in the volume considered is sufficient to 
make the system as a whole neutral. Under these conditions the 
potential will be constant along lines parallel to the line charges, 
but will vary periodically in planes at right angles to the line 
charges. 

A typical solution of a problem of this type is shown in Fig. 61 , 
the nuclei (represented by the intersection of the line charges 
with the plane of the paper) being shown by crosses. The dotted 
lines represent lines of equal potential, and near a nucleus they 
are circles, but, as the distance from the nucleus increases, the 
equipotential lines are deformed xmtil a critical curve is reached 
which is shown by a continuous line. This curve extends through- 
out the whole crystal, and encloses another system of closed 
curves surrounding the centres of the squares. These same curves 
also indicate the probable electron density in the metal, and this 
is much greater in the middle of the squares formed by the 
nuclei than in other regions. The electrons within these second 
systems of closed curves may be regarded as shared between the 
four surrounding nuclei, since they cannot be definitely associated 
with any one nucleus, and these shared electrons form a lattice 
which penetrates that of the nuclei. From this it can be seen that 
the picture presented is in some ways very like that of the lattice 
theory of Lindemann, but it differs from this in that the electron 
lattice is not necessarily static even at the absolute zero of tem- 
perature. For since the method assumes the Fermi-Dirac 
statistics, the electrons retain a high energy at all temperatures, 
and those which have sufficient energy may reach the equi- 
potential lines, and may then travel from one end of the crystal 
to another as long as the field is strictly periodic. There may thus 
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be a continual interchange of electrons from one part of the metal 
to another, in spite of the fact that the probable electron density 
in one of the shared regions is always greater than that elsewhere. 

The new theories are thus still far from providing a complete 
solution to the conductivity problem, and their chief success is 



Fig. 61 


undoubtedly in connexion with the emission phenomena. The 
old difficulties in connexion with the sharpness of the photo- 
electric threshold frequency, and the temperature independ- 
ence of the photo-electric and strong field emission are satis- 
factorily removed, and all three types of emission come under 
one general explanation which is strikingly supported by the 
application of the wave methods to the problem of the passage 
of electrons through surface films. The general conception of 
conducting electrons of high energy required by the Fermi-Dirac 
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statistics is also conJBLrmed by the experiments of Davisson and 
Germer on the scattering of electrons, since these indicated 
differences of the order 10 electron volts between the internal 
and external electrons. At the same time it must not be forgotten 
that the emission equations are of a type which cannot be tested 
critically, and that there is a serious discrepancy between the 
theoretical value (120) for the equation I = and the 

experimental values for metals such as platinum. 

In this connexion it is most xmfortunate that few direct tests 
of the new statistical methods can be made, since it is only at 
very low temperatures that ordinary gases become appreciably 
degraded. One exception is the application by R. H. Fowler of 
the new methods to the problem of the white dwarf stars such as 
the companion of Sirius, where the density is of the order 10® 
grams per cubic centimetre, and can only be accounted for if the 
energy is great enough to ionize the atoms to such a degree that 
they are stripped of all their outer electrons. Here the Fermi- 
Dirac statistics permit a very high energy even at the absolute 
zero of temperature, and this enables the great density to be 
reconciled with the radiation data, but the explanation is general, 
and qualitative rather than exact. 

Apart from this, the new methods have been tested only in 
the case of the electron theory of metals, and the position is thus 
logically very unsatisfactory, since we can only test the theory 
in a case where we have to assume the very thing about which 
we are uncertain, namely whether the conducting electrons in 
a metal can legitimately be treated as particles of a gas. 

We have already noted that the Fermi-Dirac statistics enabled 
Pauli to give the first explanation of the magnetic susceptibility 
of the alkali metals. In this work, the small value of the sus- 
ceptibility is regarded as due to the completely degraded state of 
the electron gas, in which two electrons of equal and opposite 
magnetic momentum occupy all the cells of the momentum space 
nearest the origin, so that the pairs in each fully occupied cell 
make no contribution to the susceptibility. In this way Pauli 
obtained values which agreed approximately with the observed 
susceptibilities. It has, however, been pointed out by Bieler that 
no correction was made for the diamagnetic contribution of the 
ions, and that, when this is taken into account, the theoretical 
estimates are lowered, and actually lead us to expect potassium, 
rubidium, and caesium to be diamagnetic, so that the confirma- 
tion is again of an approximate nature only. 
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The Sommerfeld theory and its later modifications are thus in 
a peculiarly interesting position. They indicate clearly that the 
old ideas of bullet-like electrons possessing energies given by the 
simple kinetic theory, and colliding with large spherical atoms, 
are essentially unsound, and must be replaced by the newer 
conceptions of the wave mechanics. They suggest that the 
applications of the Fermi-Dirac statistics will remove many of the 
difficulties of the older theories. But the quantitative methods 
are at present unsatisfactory, and incomplete, for the original 
Sommerfeld theory is certainly too simple, and is open to the 
objections to which we have referred above, whilst the later 
developments, in spite of all their mathematical ingenuity, can 
hardly escape the criticism that the mathematical development 
has been carried further than is justified by the simplifying 
assumptions which are involved. 

If the reader asks, here, what kind of a ‘picture’ of a metal is 
given by the new theories, it is extremely difficult to give any 
really detailed answer, and it is indeed rather the essence of the 
new theories that we must no longer attempt to form any precise 
mechanical pictures of events on an atomic scale. We may per- 
haps best conceive of the crystal of a metal as one huge molecule, in 
which the valency electrons occupy a whole series of energy levels. 
That is to say, just as, on an infinitely smaller scale, a hydrogen 
molecule contains two positive ions, and two valency electrons, 
with the possibility of continual interchange between the two, so 
we may look upon a metallic crystal as consisting of an immense 
number of positive ions, which give rise to a corresponding 
number of electrons distributed over a whole range of energy 
levels, but with the continual possibility of interchange. If 
we accept the Fermi-Dirac statistics, the energy distribution 
curve for the free electrons is of such a nature that at ordinary 
temperatures the distribution is but little affected by tempera- 
ture, the greater number of the electrons occupying the cells 
nearest the origin in the momentum diagram of Fig. 49, and only 
a few having velocities which exceed the critical value. But if 
we accept the general viewpoint of Houston, Bloch, and Lennard- 
Jones, it is just these few electrons with the highest velocities 
which are chiefly concerned in the conductivity and emission 
processes. From some points of view, therefore, there is a curious 
resemblance between the conclusions of the new theory, and of 
the older theories which postulated few electrons and long free 
paths, or of the Dual Theory of E. H. Hall which imagined a small 
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number of ‘free’ electrons in equilibrium with a much larger 
number of associated electrons. But the resemblance is general, 
and qualitative rather than exact. For the older theories required 
the mean square velocity of the free electrons to vary as the 
square root of the absolute temperature, which is not in agree- 
ment with the new statistics, whilst, apart from this, the crude 
attempts of the older theories to give precise mechanical pic- 
tures to the individual processes are quite unjustified. 

It can be seen therefore that the new theories in some ways 
express the same ideas as those suggested by the older theories, 
although the quantitative details and the general viewpoint are 
profoundly different. The Sommerfeld theory began as a free 
electron theory expressing the same ideas as those of Lorentz, 
but with a different distribution law. In the hands of Houston 
and Bloch it may be said to have amplified the theory of Wien 
and Griineisen, but to have overcome the difficulties which the 
Wien theory encountered on account of its assumption of an 
absolutely constant electron velocity. The same work together 
with that of Lennard-Jones emphasizes the importance of the 
comparatively few electrons with high velocities, and thus ampli- 
fies the ideas of the older theories of E. H. Hall and others, which 
postulated the existence of a small number of conducting 
electrons. Whilst if the views of Lennard-Jones be accepted, 
the complete solution of the problem, when the interaction both 
of the electrons and of the ions is taken into account, may lead 
to a conception which has many features similar to that of the 
electron lattice theory of Lindemann. 
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1. The Periodic Classification 

B efore concluding this review of the electrical and thermal 
properties of metals, and of the various electronic theories 
which have been suggested in order to account for these pro- 
perties, we shall refer briefly to evidence from one or two other 
directions which bears essentially upon the same problem. For 
this purpose it is necessary to have a clear understanding of the 
Periodic Table of the elements, and of its interpretation accord- 
ing to modern theories of atomic structure. In Fig. 62 we 
reproduce the usually accepted form of the Periodic Table, the 
letters referring to the chemical symbols of the elements, whilst 
the figures under each element give the so-called atomic numbers, 
which, for the present, we may consider simply as giving the 
numbers which the elements occupy in the sequence. We shall 
assume further that the reader has a sufficient knowledge of the 
elementary facts of chemistry to understand the meaning of this 
table, and the general valency relations which are shown by the 
different families of elements in their chemical reactions.* 

The general periodic table of the elements was made by 
Mendeleeff as long ago as 1869, but its interpretation in terms of 
atomic structure is comparatively recent. The work of Ruther- 
ford, Soddy, Moseley, Russell, Fajans, and others, led gradually 
to the present conception of a nuclear atom, consisting of a 
minute positively charged nucleus surrounded by a sufficient 
number of electrons to keep the atom as a whole neutral. The 
dimensions of the nucleus are of the order 10-^^ cm., whilst the 
zone occupied by the surrounding electrons is of the order 
cm. The charge on the nucleus is equal to +Z^, where —e 
is the charge on one electron, and Z is a whole number, the so- 
called atomic number, which gives the position of the element in 

* The reader who is in doubt upon these points may well consult a book 
such as Sidgwick’s Electronic Theory of Valency, whilst many modern text 
books of chemistry give general reviews of the subject. 
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the Periodic Table. Since the atom as a whole is neutral, an 
atom with atomic number Z is surrounded by Z electrons. Thus 



Fig. 62. 


in aluminium (Z = 13), the nucleus has a charge of +13e, and is 
surrounded by 13 electrons. 

In the original Bohr theory the electrons are imagined to re- 
volve round the nucleus in elliptical orbits so that the centrifugal 
force balances the electrostatic attraction, but whereas the older 
classical mechanics would have allowed an infinite number of 
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such orbits, the Bohr theory postulates that only certain orbits 
or stationary states are possible, and these are characterized 
by the fact that the angular momentum of an electron in the 

different states is always an integral multiple oi In the 

simple Bohr theory the states are characterized by two quantum 
numbers. Of these the principal quantum number n is a 
measure of the energy of the orbit, and may be considered 
roughly as representing the major axis of the ellipse, whilst 
the secondary quantum number k may be considered to a 
rough approximation as representing the latus rectum, and 
hence as a measure of the excentricity. The problem of atomic 
structure* then consists in finding how the electrons in the 
different atoms are divided into groups characterized by the 
principal and subsidiary quantum numbers. The later develop- 
ments of the theory have shown that more than two quantum 
numbers are required in order completely to define the electron 
orbits, whilst apart from this the new quantum mechanics 
indicate that the original crude mechanical picture of electrons 
moving in elliptical or disk-like orbits is incorrect, and must he 
replaced by the conceptions of the wave mechanics. In this way 
the principal quantum number of the Bohr theory is still retained, 
and is a measure of the energy of the electron in the orbit con- 
cerned, but as we have already briefly mentioned in our account 
of the Pauli principle, an electron state is now characterized by 
four quantum numbers. For our present purpose it is sufficient 
to deal with the simple classification into groups and sub-groups, 
and the following Table f gives the accepted electronic structures 
for the free atoms of the different elements. The secondary 
quantum number Z used here is that of the Pauli notation and 
corresponds to (k-l) of the older Bohr theory. From this table 
it can be seen that the regular sequence in the Periodic Table 
is due to the building up of the successive groups or shells of 
electrons. It will further be noted that the group of 2 electrons 
in the 1 quantum shell, and of 8 electrons in the shells of higher 
quantum number, form stable configurations, and that the 

* Space does not permit any detailed account of recent theories of atomic 
structure to he given here, and the reader who is in need of further details 
should consult books such as Sidgwick, The Electronic Theory of Valency ; 
Andrade, The Structure of the Atom. 

t This table is constructed from that given by Dr. N. V. Sidgwick, F.R.S., 
in his book on The Electronic Theory of Valency, and I must express my 
thanks for permission to do this. 
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inert gases are characterized by having one of these stable 
groups for their outermost shell of electrons. The transitional 
elements in the long periods are the result of the fact that, for 
quantum shells for which n is greater than 2, groups of 8 electrons 
have a provisional stability but later expand into a group of 18. 
Finally the Rare Earth group of elements corresponds to the 
stage at which the group of 18 electrons in the 4 quantum shell 
is expanding into one of 32. It can be seen that whenever we 
have an element with one electron outside a group of 8 or 18, the 
corresponding metals (the alkalis, and metals of the copper 
group) have a very high conductivity per atom. From our point 
of view the important thing to note is the way in which a group 
of 8 electrons is built up, and it will be seen that this takes place 
in such a way that the 8 electrons are not exactly equivalent, 
but fall into two sub-groups of 2 and 6 electrons respectively. 
In the case of lead, for example, all four valency electrons are in 
the 6 quantum shell (i.e. the group of electrons for which n = 6), 
but the four are not exactly equivalent as regards their energy, 
two being in the sub-group characterized by the quantum numbers 
6o, and two in that denoted 6i. As we shall see later, the forma- 
tion of this sub-group of 2 electrons is of vital importance, since, 
in some cases, the stability of the sub-group is so great that it per- 
sists in the solid metal. In the same way, in a shell of 18 electrons, 
there are sub-groups of 2, 6, and 10 electrons respectively. 

It must be understood that these are the structures of the free 
atoms, and that the numbers of the outermost or valency elec- 
trons are not always exactly the same in the case of the solid 
metals. Thus in the case of titanium, the free atom in the normal 
state has two valency electrons in the outermost 4 quantum shell, 
and ten electrons in the next 3 quantum shell, but, as we shall see 
in the next section, it is almost certain that in the solid crystal 
of titanium, each atom has only eight electrons in the 3 quantum 
shell, and has thus four valency electrons. In the same way the 
free atom of palladium contains no valency electrons, the outer- 
most shell consisting of a completed group of 18, whereas in 
nickel and platinum there are two valency electrons surrounding 
a shell of 16. But in the solid state it is probable that all the 
three elements, nickel, palladium, and platinum, are similar as 
regards the number of electrons in the valency shell. These 
relations are however but imperfectly known for the solid state, 
the only real evidence being that from the crystal structures 
which we shall describe in the next section. 
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2. The Crystal Structures of the Metals 

The crystal structures of the metallic elements are of interest 
from our point of view, because they show very clearly the con- 
ditions under which the metallic type of bond comes into being, 
and also because the inter-atomic distances are in some cases 
closely connected with the atomic structures, and so give an 
indication of the state of the atoms in the solid crystal. If we 
omit the elements to the extreme right of the Periodic Table, we 
find that, as regards their crystal structures, the elements fall 
into three main classes, which we have indicated by heavy lines 
in the redrawn diagram for the Periodic Classification shown in 
Fig. 63. Those elements lying in the left-hand class, which we 
have denoted Class I, crystallize in one of three typical metallic 
structures. These are the body-centred cubic structure in which 
each atom has eight equidistant neighbours, the face-centred 
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cube in which each atom has twelve equidistant neighbours, and 
the close-packed hexagonal structure, in which each atom has 


twelve equidistant neighbours if the axial ratio 



equals 1-63, 


whilst if the axial ratio is not exactly 1-63 — ^for some metals it is 
1*59 — ^the twelve neighbours fall into two sets of six, at slightly 
different distances. So far as the evidence goes at present, these 
elements form typical metallic structures in which the inter- 
atomic distances follow the definite laws to which we shall refer 


H 


He 



below. The only exception to this general rule is manganese, 
which crystallizes in complex structures. 

The second class begins with aluminium, and includes zinc in 
the third period, cadmium and indium in the fourth, and mercury, 
thallium, and lead in the fifth period. Some of these elements 
have the normal type of metallic structure, but the interatomic 
distances do not follow the general rules, and indicate that the 
ionization is incomplete. 

The third class, which includes many of the border line metals* 
such as arsenic, antimony, and bismuth, is characterized by 
forming crystal structures of such a type that each atom has 

* For simplicity we have drawn the lines in Fig. 68 so as to include the 
Rare Earths, Masurium, Lutecium, Actinium, and Protoactium in Class I, 
Boron in Class II, and Polonium is Class III, but these structures have not 
yet been investigated. 
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(8 —N) neighbours, where N is the number of the group to which 
the element belongs. In the case of iodine, for example, in 
Group VII, the structure is such that the atoms are arranged in 
pairs, so that each has one close neighbour, the remaining inter- 
atomic distances being considerably greater. In Group VI 
(selenium and tellurium) the space group is D\ or D% and the 
structure is of such a nature that the atoms are arranged in long 
spiral chains, so that each has two close neighbours. In Group V, 
arsenic, antimony, and bismuth crystallize in the rhombohedral 
hexagonal type, space group Z)|d, in which the atoms are ar- 
ranged in double layers so that each has three close neighbours. 
In Group IV, carbon (diamond), silicon germanium, and grey tin 
crystallize in the diamond type of structure in which each atom 
has four neighbours, whilst in Group III, the single example, 
gallium, has, according to Jaegar, Terpstra, and Westenbrink,^ 
a curious double layer structure, space Group D\^K in which 
each atom is in close contact with one other in its own layer, and 
four others in the next layer, thus making five neighbours in all. 

The most obvious explanation of this simple connexion be- 
tween the crystal structure and the number of the group, is that 
just as in the co -valent compounds of chemistry, an atom of 
Group N completes its octet of electrons by sharing one electron 
with each of (8 —N) other atoms, so, in the crystals of those 
elements obeying the (8 — iV) rule, the octet is completed by each 
atom taking (8 —V) neighbours, and sharing one electron with 
each. This explanation was realized as long ago as 1924 by A. J. 
Bradley,^ and has since been discussed in detail by Hume- 
Rothery,^ whilst J. D. Bernal^ has pointed out that the presence 
of co-valent bonds is indicated by the marked diamagnetism 
which is shown by crystals such as those of antimony. If this 
point of view be accepted, the abnormal ‘metallic’ properties of 
these borderline metals are at once accounted for, since it implies 
that each valency electron is associated with a particular pair of 
atoms, and so is no longer free. In the case of selenium and 
tellurium, for example, we are to look upon the atoms as bound 
into spiral chains by co-valent bonds, so that each chain is in 
effect an immense molecule, and the different chains are bound 
together by forces which may be of a molecular nature, and 
similar to those which hold the molecules together in the crystals 
of organic chemistry. Similarly in the case of arsenic, antimony, 
and bismuth, where every atom has three close neighbours, each 
double layer of atoms is to be considered as one huge molecule. 
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and the double layers are held together by molecular forces. On 
the other hand in Group IV, the co- valent linkages account for 
the entire structure, since the tetrahedral arrangement through- 
out space enables the whole crystal to be bound together. 

The first objection to an explanation on these lines is that if 
the elements in Groups IV to VII, to which we have assigned co- 
valent and molecular structures, are really of this nature, they 
should be non-conductors, since all the valency electrons should 
be required for the co-valent bonds. The answer to this question 
clearly depends upon the stability of the co-valent bonds which 
confine each electron to two atoms. If these bonds are very 
stable, we shall expect the substance to be an insulator at all 
except the highest potential differences, and this condition clearly 
exists in the case of the diamond. On the other hand if the co- 
valent linkages are not so stable, we shall expect a limited con- 
ductivity to occur as the co-valent electrons are set free, and the 
effect of temperature upon resistance will be the result of two 
opposing tendencies. On the one hand, rise of temperature will 
liberate electrons, and so diminish the resistance, whilst, on the 
other hand, the increasing amplitude of the atomic vibrations 
with increase of temperature, will interfere with the passage of 
the electrons in the usual way. We shall therefore expect the re- 
sistance to have a negative temperature coefficient over the range 
of temperature for which the increase in the number of electrons 
outweighs the increasing amplitude of the atomic vibrations, and 
a positive temperature coefficient when the increase in the ampli- 
tude of the vibrations is predominant. We shall thus expect the 
phenomenon of minimum resistance, and, further, since, in ac- 
cordance with general principles, the co-valent bond becomes 
less stable as we go down the Periodic Table, we shall expect the 
minimum point on the resistance curve to occur at lower tem- 
peratures in the later members of a group. In actual fact this is 
exactly what happens. In Group IV, for example, silicon has a 
negative temperature coefficient of resistance up to a high tem- 
perature where polymorphic transformations occur. Germanium 
shows a minimum resistance at — 116 ° C., whilst, in the case of 
grey tin, the temperature coefficient remains positive down to 
very low temperatures, although it has been concluded by 
BidwelP that the resistance curves here show a slight inflexion 
as though a minimum were being approached. In Group VI, 
tellurium shows a minimum resistance at the very low tempera- 
ture of — 225 ° C., whilst selenium shows all the abnormalities 
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in connexion with the effect of light upon resistance, the failure 
of Ohm’s Law, <fec., which are clearly consistent with the view 
that the crystal contains co-valent linkages from which electrons 
are readily set free. It is only in Group V that the agreement 
is not so satisfactory, since although arsenic, antimony, and 
bismuth are all characterized by retaining an abnormally high 
resistance at very low temperatures, the resistance of arsenic 
reaches a constant value at temperatures as low as that of liquid 
helium, and the phenomenon of minimum resistance is not found. 
In this connexion it has been suggested by J. D. Bernal that in 
this group, where each atom has five valency electrons of which 
three are shared with neighbouring atoms so as to complete the 
octet, the remaining two unshared electrons whilst still mainly 
associated with the one atom, may yet be capable of interchange. 

In general, however, the evidence from the crystal structure 
as to the co-valent and molecular nature of the crystals of the 
elements in Class III of Fig. 63 is in excellent agreement with 
their abnormal electrical properties, and we may in fact almost 
say that these elements are not really metals at all in the crystal- 
line state, but are simple co-valent and molecular structures, in 
which the metallic properties only occur as the result of the ‘ de- 
composition’ or breakdown of the co-valent bonds. In attempt- 
ing to understand the nature of true metals, therefore, we should 
not pay too much attention to the properties of these abnormal 
elements, however interesting they may be in themselves. It is 
indeed one of the great misfortunes of the branch of science with 
which we have been dealing, that so much of the work, both 
practical and theoretical, should have been concentrated upon 
elements which are essentially abnormal. 

When, however, we reach the elements in which there are less 
than four available valency electrons, it is clear that each atom 
can no longer complete an octet by sharing one electron with 
each of (S—N) neighbours, because there are not enough elec- 
trons available. It is probable that it is here that we have the 
real underlying cause of the formation of the metallic bond. 
When there are not sufficient electrons available to enable the 
octet to be completed by each atom sharing one electron with 
each of its neighbours, the need arises for a new kind of bond in 
which an electron can serve for more than two atoms, and so the 
metallic linkage comes into being, and is apparently favoured by 
three structures, the body-centred cube, the face-centred cube, 
and the close packed hexagon, of which the last two are ‘close 
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packed’ structures, that is to say structures which can be ob- 
tained by the simple close packing of spheres, or of very slightly 
oblate spheroids if the axial ratio is not exactly 1*63 in the close 
packed hexagonal structure. From this point of view, therefore, 
the metallic linkage is to be looked upon as a kind of co-valent 
bond, in which an electron serves for several atoms, instead of 
being confined to two alone as in the simple co-valent structures. 

It is here that the structure of gallium is so particularly 
interesting if the work of Jaegar, Terpstra, and Westenbrink be 
correct. For in spite of the fact that the full number of electrons 
necessary to form an octet by simple co-valent linkages is no 
longer available, the tendency to form the (8 —N) type of struc- 
ture is still found, whilst at the same time the curious double 
layer arrangement is in some ways like a much distorted close 
packed structure. It seems, however, to be almost certain that 
most of the linkages are co-valent, for the metal shows marked 
diamagnetism, volume contraction, and fall in resistance on 
melting, just as with bismuth and antimony. But whether the 
remaining bonds are metallic or molecular is less certain, 
although the fact that the element is supra-conducting suggests 
a purely metallic bond unless a low temperature transformation 
occurs. Unfortunately, although the structure deduced by 
Jaegar, Terpstra, and Westenbrink may well be correct, the 
evidence is not as entirely conclusive® as in the case of the 
other elements to which we have referred, and we shall not there- 
fore discuss the matter further. 

The next point to which we may refer is the connexion between 
the inter-atomic distance in the crystals of the elements, and the 
corresponding atomic structures, since this gives an indication of 
the state in which the atoms exist. On page 303 we have ex- 
plained how the regular sequence in the Periodic Table of the 
elements is the result of the building up of the successive shells 
of electrons, and we have seen how the transitional elements, 
and those of the rare earth group, are the result of the fact that, 
in the electron shells of higher quantum number, groups of 8 or 
18 electrons have a provisional stability, and later expand into 
completed groups of 18 and 32 electrons. If we are to understand 
the factors which affect the inter-atomic distances in the crystals 
of the elements, we have, therefore, to distinguish between those 
electrons which remain attached wholly to one atom, and those 
which are either ‘free’ or shared between two or more atoms. In 
a crystal of sodium for example, we have a nucleus with a charge 
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of 11^, where e is the charge on one electron. This is surrounded 
by a shell of 2 electrons in 1 quantum orbits, and a second shell 
of 8 electrons in 2 quantum orbits, thus leaving one free electron 
to account for the metallic properties. In the free atom of 
sodium this remaining electron would be in a 8 quantum orbit, 
but in the crystal, owing to the mutual interaction of the ions, 
this is no longer necessarily the case, and if we accept the new 
theories, the energy of the free electrons is of course given by the 
Fermi-Dirac equations. In this case therefore it is the electrons 
in 2 quantum orbits which constitute the outermost shell of elec* 
trons in the ion or atomic core, and it is the quantum number 
of this group of electrons which appears to determine the ‘ size ’ 
of the atom, and the inter-atomic distance in the crystal. In the 
same way in the case of potassium, rubidium, and caesium, the 
outermost shells of electrons in the ion or atomic core are com- 
posed of electrons in 3, 4, and 5 quantum orbits respectively, and 
for convenience we shall denote by n the principal quantum 
number of this outermost shell of electrons in the ion or atomic 
core. These orbits will not, however, be the same as those for 
the corresponding quantum numbers of a hydrogen atom, for 
the charge on the nucleus {Ze) has to be taken into account, since 
an increase in Z diminishes the ‘size’ of an electron shell of 
given quantum number. The effect of increasing Z is, however, 
to some extent counterbalanced by the ‘screening action’ of 
the inner shells of electrons, but fortunately these mutual 
effects are apparently related in a comparatively simple way, 
so that the general principles underlying the interatomic dis- 
tances can be seen. Considered qualitatively it is clear that 
the relation must be of such a type that Z exerts an effect to 
make the distance smaller, and that this effect will be continuous 
except in so far as it may be modified by the screening action. 
On the other hand n should appear as a discontinuous factor 
making the inter-atomic distance larger as the successive shells of 
electrons are built up. It has been shown by Hume-Rothery^ that 
this expectation is fulfilled in such a way that if d be the inter- 
atomic distance in the crystal of the element, Z the atomic 
number, and n the principal quantum number of the outer- 
most group of electrons in the ion or atomic core, then in any 
one sub-group of the periodic table, the value of d is given 
by a relation of the type 
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This relation, which has been called the Law of Sub-Groups, 
implies that if log - be plotted against log Z straight lines are 

formed by the elements in any one sub-group, and Figs. 64 and 
65 show how well this is fulfilled. 



Fig. 64. 



Fig. 65. 


For the three groups, I A, II A, and IV A, immediately follow- 
ing the inert gases (Group III A cannot be tested owing to lack 
of data) the slopes of the lines in Fig. 64 are almost identical, and 
are nearly equal to — so that the relation is here very nearly 
(P 1 

~ _ but for the later groups the slope increases. 

n^aZ 

It was shown further that for the elements at the beginning of 
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1 

the first Period the inter-atomic distance varies as — , so that the 

dotted line in Fig. 64 has a slope of 45°. This relation together 
with that for the sub-groups enables us to fix the first three lines 
in Fig. 64 in terms of only two constants, since the slopes of the 
lines are practically the same, but the curious fact then emerges 
that the dotted lines connecting the elements at the beginning 
of the later Periods also have whole number gradients, so that 

111 

at the beginning of the Periods the distances vary as , 

JLi /a^ 

and ^ . These relations are connected with the screening effects 

1 1 

of the different shells of electrons, and the jump from ^ f o ^ 

corresponds to the building up of the 18 group which takes place 
in the third period. The details of these relations have been 
discussed by Hume-Rothery,*^ but these need not concern us 
here, since they involve secondary effects such as the co-ordina- 
tion number,* and the number of electrons in the shell. f From 
our point of view, the first and most interesting fact is that there 
seems to be little difference between the metallic type of bond, 
and the purely co -valent bond found in structures such as that 
of the diamond. In the first Period, apart from a slight correction 
for the effect of co-ordination number, the inter-atomic distances 

1 

in lithium, beryllium, and carbon vary simply as and, if we 

* T/ie Co-ordination Number is the number of nearest neighbours which 
each atom possesses in the structure. 

t A point which may, however, he mentioned for the sake of complete- 
ness is that in the close packed hexagonal structures where the axial ratio 
c 

~ is not exactly that of close packed spheres, it is the distance of approach 

given by the value of a which is considered in the above relations. The 
justification for this is that in the case of cobalt, which crystallizes in both 

the face-centred cubic, and hexagonal close packed = l*59j structures, 

it is the value of a which agrees with the inter-atomic distance in the face- 
centred cubic form. It must be admitted that this selection of the value of 
a as the quantity to be considered is slightly arbitrary, and its justification 
has been discussed in detail by Hunie-Rothery.^ The metals for which the 

values of - in the hexagonal close packed structure are not exactly 1-633 

are Be, Mg, Ti, Zr, Hf, Ru, Os, and p Co, and in these the second distance 
of approach is from 0-5 per cent, to 2 per cent, less than the value of a 
which is used in the above figures. 
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consider the inter-atomic distances alone, there is nothing to 
suggest that we are passing from a metal to a non-metal. In the 
same way in passing down Group IV A, the points for carbon, 
silicon, titanium, zirconium, hafnium, and thorium lie on the 
same straight line, and there is nothing to suggest that metallic 
properties are appearing. This is of particular interest in view of 
the fact that titanium, in spite of having a normal close packed 
hexagonal structure shows the phenomenon of minimum elec- 
trical resistance at +120° C. As we have already explained, there 
is little difficulty in understanding the phenomenon of minimum 
resistance in the simple co-valent structures where the valency 
electrons are presumably shared between two atoms. But the 
fact that the same phenomenon is found in an element with the 
normal metallic structure, suggests that we have a continual 
transition from the purely co-valent bond found in the case of 
the diamond, through the intermediate type shown by titanium, 
to the purely metallic bond of the normal metals, and that this 
transition takes place without any marked effect upon the inter- 
atomic distances. From this point of view, therefore, we must, 
as in the theory of Bloch, look upon the crystal of a metal as one 
immense molecule, which differs only from a structure such as 
that of the diamond in the extent to which interchange between 
the different levels is possible. 

The second point which is of interest for our purpose is that 
the inter-atomic distances in the crystals of the elements give 
an indication as to the state or degree of ionization in which the 
atoms exist. Unfortunately, except in the case of aluminium to 
which we shall refer later, the relations for Group III A cannot 
be tested, but the curves for the inter-atomic distances clearly 
suggest that the atoms in the crystals are uni-, di-, and tetra 
valent in Groups I A, II A, and IV A respectively. For in the 
first two Periods it can hardly be doubted that in the elements 
carbon and silicon with the tetrahedral structures, the atoms are 
present in the normal 4- valent state, and the fact that in Fig. 64, 
the whole of the elements of Group IV A lie on a straight line 
parallel to those for the alkali and alkaline earth groups, clearly 
indicates that the elements of any one sub-group are in the same 
state. This is also confirmed by the fact that the dotted lines 
in Fig. 64 show that the inter-atomic distances decrease accord- 
ing to a regular law for the elements at the beginning of each 
Period, clearly suggesting that the degree of ionization is in- 
creasing regularly on passing from one element to the next. 
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On the other hand this regular decrease in the inter-atomic 
distances is not shown by the later members of the long Periods, 
and this of course is due to the transition process in the course 
of which the shells of 8 electrons, which have a provisional 
stability, are being converted into shells of 18. In order to see 
how the inter-atomic distances indicate the states of these atoms, 
we may now describe briefly some new empirical relations which 
have been found by Hume-Rothery.® From Fig. 64 it will be 

111 

appreciated that the inter-atomic distances vary as 7^ , ^ ^ , 

Ju jLt 


1 

and for the elements at the beginning of the first four 

JUT 

Periods respectively, and since the law of the sub-Groups 

X 

I involves the principal quantum number of the outer- 
most shells of electrons of the atomic cores or ions, it is natural 
to inquire whether similar relations are shown by any other con- 
stants characteristic of the same electron groups. The quantities 

investigated by Hume-Rothery were the energy level terms 

JtC 

which represent the work required to remove an electron from a 
particular shell, and to expel it from the atom. It has been shown 
by Hume-Rothery that the energy level terms and inter-atomic 
distances for the elements at the beginning of each Period, are 

V 

related in such a way that if ^ is the energy level term of the 



group of electrons in the outermost shell of the atomic core or 
ion, then wherever the inter-atomic distances vary as ~ , there 


V 

exists a linear relation between ^ and and in many cases 
this linear relation becomes a simple proportionality between 
5 and 

At the beginning of the first Period, for example, the inter- 
atomic distances vary as and it is well known that a linear re- 

/j 


* These energy level terms are obtained from the limiting frequencies of 
the X-ray series, and may be expressed in terms of ^ where v is the 
frequency, and H the Rydberg constant. The corresponding excitation 
potential in volts is equal to 13-54 
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lation exists between and the ^ energy level terms for the 

electrons.* In this case the straight line does not pass exactly 

through the origin, so that g is not directly proportional to Z^, 

although a linear relation exists. 

At the beginning of the second Period, the inter-atomic 

distances vary as and examination has shown that in the 


elements from sodiuim to silicon, the 4 values for the Lx electrons 
are almost exactly proportional to Z\ whilst for the Ln electrons 
g is linear with regard to although the straight line does not 
pass through the origin. For elements much later in the Periodic 
Table the ~ values for both Lx and Lxi electrons follow relations 


of the general type = a{Z’—s), but for the few elements 
following sodium, the linear relation between and Z^ is sur- 


prisingly exact. 

In the third Period the matter is complicated by the fact that 
the transition process begins in Group III A, so that whilst the 
free atoms of potassium and calcium have electronic structures 
(2)(8)(8)(1), and (2)(8)(8)(2) respectively, the structure of scan- 
dium is ( 2 )( 8 )( 9 )( 2 ), and not ( 2 )( 8 )( 8 )( 3 ). Here, however, ex- 
amination shows that the ^ values for the Mi electrons in 
potassium and calcium vary exactly as Z®,t whilst, as we have 
already pointed out, the inter-atomic distances vary as ^ so 
that the general correspondence still persists at the beginning of 
the Period, although the variation of ^ as Z® stops when the 

transition process in the free atoms begins at scandium, and as 
will be appreciated later the more detailed examination suggests 


* The electrons in the shells of principal quantum numbers 1, 2, 3 . . . 
are often denoted as the K, L, M, . . . electrons. 

t Since there are here two points only a linear relation is not estab- 
lished, but the exact variation as Z® for the two points can hardly be 
coincidence. 
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a method for determining the state of the atom in the solid 
crystal as compared with that in the free atom. 

Finally in the fourth Period where the inter-atomic distances 

vary approximately as ^ — the actual slope of the line in the 

V 

logarithmic diagram is —5*2 the ^ values for the Ni elec- 

trons vary almost as in rubidium and strontium, the exact 
slope of the line in the corresponding logarithmic diagram being 
10*7. Here as in the Third Period the variation as stops when 
the transition process begins in Group III. It can be seen there- 
fore that for some reason, which is quite unknown, there is an 
almost complete correspondence between the relations for the 

inter-atomic distances and those for the ^ values for the elements 

at the beginning of each Period. Where the inter-atomic distances 

1 V 

vary as at the beginning of a Period, the ^ values vary as 

for the Xi electrons of the outermost shell of the ion or 
atomic core. 

We may now consider in greater detail the relations which 
have been traced for the elements of the third Period, and for 
this purpose reference should be made to Fig. 66, in the upper 

half of which Log Z is plotted against Log , where the — terms 

JtC Jti 

are the energy values of the Mi electrons in the free atoms of the 
elements concerned. In order to appreciate this diagram it is 
necessary to consider how the transition process takes place and 
from the previous tables of atomic structures (p. 305) it will be 
seen that the numbers of electrons in the M shells (quantum 

number 3), and the N shells (quan- 
tum number 4) of the free atoms 
of these elements are as in the 
accompanying table. Potassium 
and calcium each have 8 electrons 
in the M shell, and as can be seen 

from Fig. 66, the slope of the ^ line 

in the logarithmic diagram is j in- 
dicating that the Mi energy level 
varies as Z® for these two elements. 
From calcium to vanadium, successive steps result in the addition 


Element 

K 

Ca 

Sc 

Ti 

V 

Cr 

Mn 

Fe 

Co 

Ni 

Cu 


M shell. 
8 
8 
9 
10 
11 
13 

13 

14 

15 

16 
18 


N shell. 
1 
2 
2 
2 
2 
1 
2 
2 
2 
2 
1 
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Fig. 66. 


In the upper half of this figure Log ~ is plotted against Log Z, and the 

Jx 

scale for Log ~ reads upwards. In the lower half of the figure Log d is plotted 

against Log Z, the scale for Log d being double that for Log and reading 
downwards. In this way, wherever lines are parallel in the two parts of the figure 
it implies that a variation of ^ as Z^^ corresponds to a variation of d as . 
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of one electron, not to the valency group but to the M3 sub- 
group of the M shell. During this stage it will be seen that log 

~ increases linearly with log Z, the slope of the line being 2-4. 
K 

At chromium, however, this regular process stops, the structures 
of chromium and manganese being (2)(8)(13)(1), and (2)(8)(13)(2) 
respectively, and there is a corresponding break in the line. 
From : manganese to nickel the transition process again pro- 
ceeds regularly, each step resulting in the addition of one 
electron to the M shell, and over this range the points again lie 
on a line of slope of approximately 2-4. On the other hand if the 
available data are correct,* the point for copper lies almost 
exactly on this line in spite of the fact that there is a jump of 
two electrons in the M shell in passing from nickel ((2)(8)(16)(2)) 
to copper ((2)(8)(18)(1)). 

In View of the correspondence, which we have described above, 
between the relations for the Xi energy levels, and the inter- 
atomic distances, we have in the lower half of Fig. 66, plotted 
Log against Log Z, and as we have previously found that a 

variation of ^ as Z^^ corresponds to a variation of d as we 

have doubled the vertical scale for Log d, and have made this 
read downwards instead of upwards. In this way wherever lines 
are parallel in the two halves of the figure, it implies that the 
slope of the logarithmic line in the lower diagram is minus one- 
half that in the upper. 

It will now be seen that the points for potassium, calcium, 
titanium, and vanadium lie on a straight line of slope almost 
exactly — 3 (the actual slope of the best straight line is — 2-9), as 
compared with the slope of +6 for the line through the points 
for potassium and calcium in the energy level diagram in the 
upper half of the figure. The conclusion which has been drawn 
here is that in the solid crystals of all these elements the M shell 
of 8 electrons remains unchanged throughout. We may note that 
this is in good agreement with the electrical conductivities per 
atom shown in Fig. 1 (p. 6), since these decrease regularly from 
potassium to titanium, but unfortunately data are not at present 
available for the conductivity of pure vanadium. 

* The data used by Hurne-Hothery were taken from the International 
Critical Tables and from a recent paper by Ray and Mukerjee (Z. Phys. 
1929, 57, 852), and the details are discussed in Ilurne-Rothery’s paper, to 
which reference should be made. 
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The next element, chromium, exists in two modifications, and 
the inter-atomic distances for each form are included in the 
diagram. It will be seen that the points for a chromium and 
vanadium lie on a straight line of gradient 1-2, or almost exactly 
minus one-half the gradient of the lines in the upper diagram 
which correspond to the addition of one electron per step to the 
M shell. In view of the general correspondence between the 
energy levels and inter-atomic distances, this clearly suggests 
that a chromium has nine electrons in the M shell, and we may 
therefore denote it Cr(9). It will now be seen that if we start 
from the point where the line through the points for potassium, 
calcium, titanium, &c., cuts the ordinate for titanium, and draw 
a line of gradient 1-2, this passes very nearly through the point 
for ^ chromium, and since it is two steps from titanium to 
chromium the conclusion suggested is that ^ chromium is Cr(lO). 
The agreement here is not absolute, but the divergence is less 
than 1 per cent. The fact that the M shell of electrons has begun 
to expand at chromium is clearly in agreement with the electrical 
conductivities per atom in Fig. 1, which show a marked recovery 
at chromium, since we may naturally expect the free electrons 
to be less firmly bound as the number of the electrons in the 
M shell increases. 

The next element, manganese, in its a modification has a very 
complex structure, the closest distance of approach being 2-24 A®, 
and when this point is included in Fig. 66, it lies just below that 
which would be indicated for Mn(9) by drawing a line of slope 1-2 
through the intersection of the line through the points for potas- 
sium, calcium, &c., with the ordinate for chromium, but the 
difference is only just over 1 per cent, and may well be due to 
co-ordination effects, that is to say effects due to the fact that 
the atoms have not the same numbers of neighbours in the 
different structures. The actual structure of a manganese has 
been deduced by Bradley^ and is very complicated, but it may 
be looked upon as a body-centred cubic structure in which each 
lattice point is replaced by a cluster of 29 atoms, which may be 
divided into four kinds which Bradley denotes X, D^, and I}^ 
atoms, of which the Dg atoms occupy the smallest, and the X 
atoms the largest volume. 

In view of the existence of these four types of atoms in the 
structure, it seemed natural to identify them with atoms in 
different states, and Hume-Rothery therefore extrapolated the 
above-mentioned lines of gradient 1-2 until they cut the ordinate 

S370 
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for manganese, and in this way tentatively predicted the values 
for Mn(lO) and Mn(ll) as 2-37 A° and 2-57 A° respectively. In 
view of the general correspondence between the inter-atomic 
distances and energy levels Hume-Rothery drew through the 
point for Cu(18) in the lower half of Fig. 66 a line parallel to that 
joining the points for Cu(18) and Mn(13), and in this way pre- 
dicted the value for Mn(13) as 3*06 A^. The detailed examination 
of the various inter-atomic distances then showed that these were 
satisfactorily accounted for by the above figures, each of the 
predicted values finding its appropriate place in the complex 
structure assuming that the X atoms were Mn(13), the A atoms 
Mn(ll), and the atoms Mn(lO), whilst Bradley’s value for the 
closest approach of the atoms, as we have explained above, is 
only slightly greater than that which the diagram would indicate 
for Mn{9).* 

In addition to a manganese, there is a second modification 
^ manganese, the complex structure of which has been investi- 
gated by Preston, and here the closest distance of approach is 
2*365 A®, or almost the exact distance predicted above for Mn(lO), 
whilst in the third modification, ‘y’ manganese, examined by 
Westgren, the closest distance of approach is 2*585 A®, which is 
very nearly equal to the value of 2*57 A° predicted for Mn(ll), 
so that the general agreement of the inter-atomic distances in 
manganese is very striking. 

When the inter-atomic distances in the two modifications of 
iron are inserted in the above diagram it will be seen that there 
is a distinct break in the regular process after Mn(ll), and this 
apparently is the equivalent of the corresponding break which 
takes place in the energy level diagram after vanadium, which, in 
the free atom, also has eleven electrons in the M shell. It is clear 
that the break between (11) and (13) is one at which there is 
comparatively little difference between neighbouring states, and 
it is significant that in the inter-atomic distance diagram the 
metal iron, with its abnormal ferro-magnetic properties, comes 
just at this point. The existence of this break makes it unjusti- 
fiable to draw straight lines of gradient 1-2 in order to predict 

It should be noted that if the value for copper in the energy level 
diagram be incorrect, it is probable that the line in the lower lialf of 
Fig. 06 will give the value of Mn(14) and not Mn(16}. The important 
point is that it is the line of gradient 1*2 through the point for copper 
which gives the required value for the Mn X atoms. This is discussed in 
the original. 
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values for atoms in states with more than eleven electrons in the 
shell, so that the method breaks down beyond this point, 
although the marked increase in inter-atomic distance on passing 
jfirom nickel to copper together with the general correspondence 
between the two parts of the diagram suggests that in the solid 
crystals the states of the atoms may be Fe(12 or 13), Co(lS or 14), 
Nickel(14 or 15), with a sudden increase in M shell on passing to 
Cu(18). Finally we may note that the dotted lines joining the 
points for potassium to copper are almost exactly parallel in the 
two halves of the diagram, the actual slopes being 1*86 and 2-68 
(= 2X1*34) 

Space does not permit us to discuss these methods in further 
detail,* but in general it may be said that in so far as experi- 
mental evidence is available, these relations are completely con- 
firmed in the fourth Period. Here the slope of the line through 
the points for rubidium and strontium in the logarithmic Nj 
energy level diagram is 10*7, whilst in the corresponding inter- 
atomic distance diagram the points for rubidium, strontium, and 
zirconium lie on a line of slope —5*2. In the energy level dia- 
gram the lines corresponding to the transition process have slopes 
of 2*68 when each step results in the addition of one electron to 
the N shell. The inter-atomic distance in niobium is not yet 
known, but the point for molybdenum lies exactly at the inter- 
section of a line of slope 1*34 (= -lx 2*68) through the hy^po- 
thetical point which the diagram would indicate for Nb(8), sug- 
gesting that molybdenum is Mo(9) and analogous to a chromium. 
Finally the lines joining the points for potassium and silver have 
gradients of +4*4 and — 2*2 in the two halves of the figure, so 
that the general correspondence can hardly be a coincidence. In 
this case again the break in the transition process, which in the 
free atoms occurs between Zr(10)andNb(12), prevents the straight 
lines from being extrapolated to the members of Group YIII. 

* The reader who wishes to pursue this subject further must consult the 
original paper for several important details. The inter-atomic distances 
referred to are those at one-half the characteristic temperature. Further, 
as we have already explained (p. 314), in the close packed hexagonal struc- 
tures for which the axial ratio cja is not exactly the value (1 *633) required for 
close packed spheres, the distance of approach considered in Fig. 66 is that 
given by the value of a. In cobalt and titanium, for example, there are 
distances of approach about 0 04 less than those included in Fig. 66. 
These details affect the positions of the lines in Fig. 66 by amounts of the 
order 1 per cent., and are thus important when small differences are being 
dealt with, but for these points the original must be consulted. 
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In considering the value of such methods it must be admitted 
frankly that the meaning of these curious relations is at present 
quite unknown. Any simple explanation, as, for example, that 
the outermost shell of electrons in the atomic core or ion is 
directly responsible for the size of the atom, offers very great 
difficulties, particularly as the inter-atomic distances increase 
on passing from the inert gas argon to the next element, potas- 
sium. At present, therefore, the relations must be looked upon 
as a purely empirical correspondence between two series of con- 
stants, but the correspondence is so general that it can hardly be 
meaningless, and we have dealt with it here because it appears to 
offer some clue as to the state of the atoms in the metallic crystals. 
Unless the correspondence which has been traced is entirely for- 
tuitous, the general process in the metals of the long Periods is 
now clear. In the free atoms the shells of 8 electrons begin to 
expand at Group III A, but in the solid crystals the same shell 
of 8 electrons persists as far as Group V. Then one or two 
electrons at a time are added to the group of 8 with a regular 
effect upon the inter-atomic distance, after which there is a 
sudden influx of electrons in order that the shell may contain 
18 electrons at Group I A. These methods are admittedly a 
tentative groping in the dark for a means whereby the state of 
the atom may be obtained, but it is satisfactory to note that the 
conclusions are in good agreement with the electrical con- 
ductivities per atom so far as these have been determined. On 
the other hand, it must be recognized frankly that, until the 
meaning of these relations is more clear, the conclusions must 
not be looked upon as definitely proved, although the deductions 
made appear quite reasonable, since the correspondence is too 
general to be dismissed as a meaningless coincidence. 

In the elements of the B sub-groups the inter-atomic distances 
are again most interesting. When we reach Group I B, the 
transition process is complete, and in the crystals of copper, 
silver, and gold, the outermost shell of electrons of the atomic 
core or ion contains a group of 18 electrons, which remains 
unaltered for the remainder of the Period. If therefore the 
normal process of ionization continues, we shall expect the 
inter-atomic distances to diminish as we pass along the Period, 
except in so far as this diminution, may be masked or counter- 
balanced by the co-ordination numbers of the different crystal 
structures. Actually, however, the relations are by no means 
so simple. In the third Period, copper has the face-centred 
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cubic structure with inter-atomic distance 2*55 A"", which is 
almost the same as that in gallium (2-56 and slightly greater 
than that in germanium (2-44 A'’), But in the case of zinc we 
find a close packed hexagonal structure with an axial ratio 
distinctly different from that for close packed spheres, and each 
atom has six neighbours at a distance 2*67 A"^, and six others at 
2*92 A*^, both these distances being greater than the inter-atomic 
distance in copper. In the fourth period the relations are even 
more significant. Here the metal in Group I B, silver, has an 
inter-atomic distance of 2*88 A°, and in Group IV B, grey tin, 
with the diamond type of structure, gives a somewhat smaller 
value, 2*80 A°. There is, however, a second form of tin, white tin, 
in which the inter -atomic distances are very much greater, each 
atom having four neighbours at a distance of 8-07 A° and two 
others at 8-16 A®. The next metal, indium, in Group III possesses 
a very curious and interesting structure, which is face -centred 
tetragonal, but the axial ratio is only 1-06, so that it is only a 
very slightly distorted form of the face-centred cube. Each atom 
has four neighbours at a distance of 3-24 A*^ and eight others at 
8-83 A®, both these distances being much greater than those in 
silver. Cadmium, like zinc, crystallizes in a close packed hexa- 
gonal structure with an axial ratio markedly different from that 
for close packed spheres, and the inter-atomic distances 2-96 A° 
and 8*28 A° are again greater than those in silver. In the fifth 
period, the same general process is carried a stage further. Here 
gold crystallizes in the face-centred cubic structure with an inter- 
atomic distance of 2*87 A'", but there is no element later in the 
period with a smaller value than this. Thallium and lead have 
respectively hexagonal close packed and face-centred cubic 
structures, the inter-atomic distances being 3-40 A® (Tl) and 
3-48 A® (Pb), both of which are markedly greater than the value 
for gold. The structure of solid mercury is simple rhombohedral,*^ 
but the closest distance of approach, 2-99 A®, is again greater 
than that in gold. 

The general significance of these relations is quite clear. We 
have already explained that the building up of a group of eight 
electrons takes place in steps of 2 and 6 electrons respectively, 
so that the outer electron groupings in atoms in the free state 
of the metals in Groups III B and IV B are (18)(2)(1) and 
(18)(2)(2) respectively, and the general facts of chemistry indi- 

^ This structure may be looked upon as a slightly distorted form of the 
face-centred cube. 
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cate clearly that the relative stability of the underlying (18)(2) 
group increases as we go down the periods. Thus in Group III,^ 
the last member, thallium, has stable uni-valent (18)(2)-^ salts, 
and the tri-valent (18)^'^"^ salts are relatively unstable, but in the 
earlier members of the group it is the tri-valent salts which are 
the more stable. Taken in connexion with the evidence from the 
crystal structures, it may therefore be considered as almost cer- 
tainly established that in indium, thallium, white tin, and lead, 
we have, in the metallic crystal, atomic cores with outer shells of 
(18)(2) electrons, leaving one free electron in Group III and two 
in Group IV. On the other hand, in the diamond type co-valent 
structures of germanium and grey tin all of the valency electrons 
are used up to bind the atoms together, and this leaves atomic 
cores with the outer groups of (18) electrons, and the inter- 
atomic distances are therefore slightly less than those in the pre- 
ceding uni -valent elements, copper, and silver, which have the 
same group of (18) electrons, but atomic numbers which are three 
units less than the following metals in Group IV. The fact that the 
structures for indium and white tin are not those of close packed 
spheres is probably the result of the fact that an incomplete group 
of two electrons, which has only just reached stability, is readily 
polarized, and so does not show perfect spherical symmetry in 
the crystal structure. It remains, however, to account for what 
may at first appear to be the rather arbitrary inclusion of 
aluminium with elements such as thallium and indium. The 
reason for this is that if the point for aluminium be inserted in 
Fig. 64, it appears to lie too high to fit in with the relations found 
for the neighbouring elements. A similar abnormality is found 
in the melting-points which in the first period increase steadily 
on passing from lithium to carbon, but which, in the second 
period, show a very small increase of only 8° on passing from 
magnesium (650°) to aluminium (658°), although there is the usual 
regular and marked increase on passing from sodium to magnesium, 
and magnesium to silicon. It seems probable therefore that 
aluminium, like indium and thallium, is onl}^ partly ionized in 
the solid crystal, and in this connexion it will be noticed that in 
Fig. 1 (p. 6) the conductivity per atom shows a slight increase, 
and not a decrease, in passing from magnesium to aluminium. 

In the case of the Group II B elements, however, the position 
is not quite so clear, since here there arc only two valency elec- 
trons per atom, and hence if the increase in the inter-atomic 
distance which takes place between Groups I B and II B be 



Conclusion 327 

ascribed to the formation of a sub-group of two electrons, there 
will be no free electrons left to account for the metallic properties. 
It has been suggested by Bernal that in zinc and cadmium, where 
the close packed hexagonal structures give each atom six neigh- 
bours in one plane, and three in each of the planes above and 
below, the structure is to be looked upon as a layer lattice in 
which the atoms in each plane or layer are bound together by 
"homopolar’ bonds, whilst the planes are held together by 
metallic bonds. The term ‘homopolar’ was used by Bernal for 
the bonds in structures such as grey tin and antimony, to which 
we have given the name co-valent, but it seems clear that in 
metals such as zinc and cadmium the bonds cannot be of a 
simple co-valent nature, because there are only two valency elec- 
trons per atom, so that if an electron be shared between two atoms, 
there are not sufficient electrons available to give each atom 
six neighbours and -still to leave free electrons for the metallic 
linkages. A further difficulty in connexion with this point of 
view is that there seems to be no reason for the increase in inter- 
atomic distance in passing from Group I B to II B. An alterna- 
tive explanation put forward by Hume-Rothery is that both zinc 
and cadmium are true metals but are only singly ionized in the 
solid crystal. Although at first this may seem rather improbable, 
this conception does in fact account for many of the facts. Thus 
in the A sub-groups the melting-points rise, and the inter-atomic 
distances diminish on passing from Group I to Group II, but 
in the B sub-groups the reverse is the case. In the same way 
the electrode potentials change in opposite directions, and the 
photo-electric threshold frequencies show a marked increase in 
passing from the alkalies to the alkaline earths, whilst there is 
no particular change in passing from Group I B to II B. These 
and other abnormalities are readily accounted for if zinc and 
cadmium are only singly ionized in the metallic crystal, the ions 
being larger than those in the preceding uni- valent metal, and, in 
the crystal structure, much less symmetrical. The structure of 
mercury is abnormal, but the inter-atomic distances are greater 
than those for gold, again suggesting that the metal is not fully 
ionized. It is for those reasons that the metals which we have 
placed in Class II in Fig. 63 are separated from those in Class I, 
but all these elements may be considered as true metals. 

The crystal structures of the elements are thus of considerable 
interest from our point of view. They indicate clearly that the 
metallic bond comes into being at the exact stage at which there 
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are no longer sufficient valency electrons to enable the (8 — N) 
type of structure to be produced by purely co-valent bonds. The 
inter-atomic distances, and the relations connecting them with 
the quantum and atomic numbers, show that, as regards the 
distances, there is little difference between the metallic and the 
co-valent bond, and thus suggest that the metallic bond is of 
a co-valent nature, but differs from the normal co-valent bond 
in that the electron is no longer confined to two atoms alone. 
In the B sub-groups (and probably also for aluminium) the 
inter-atomic distances enable us to distinguish between those 
elements in which the ionization is complete, and those in which 
an incomplete group of one or two electrons is sufficiently 
definitely associated with one atom to produce a marked increase 
in the ‘size* of the atom or the inter-atomic distance in the 
crystal; whilst in the A sub-groups the inter-atomic distances 
again give an indication of the state of the atoms in the solid, 
and we may note further that the conclusions formed in this 
way are in very good agreement with the atomic conductivities 
and their temperature variation for the different elements. 
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3. The Composition and Nature of Secondary Solid 
Solutions and Intermetallic Compounds 

In the introduction to this book we defined as intermetallic 
compounds those metallic phases of intermediate composition 
in which chemical combination, as exemplified by electron 
sharing or transference, had taken place, whilst by secondary 
solid solutions were implied phases of which the crystal structures 
differed from those of the parent elements, but in which the 
binding forces were in no wise different from those in ordinary 
metals. We may now discuss these points in somewhat greater 
detail, since some of the more recent evidence has thrown con- 
siderable light on the nature of these substances. 

We may consider first those phases of fixed or very nearly fixed 
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composition in which there is general agreement that a definite 
compound is formed. Here we find that, except in a few com- 
pounds of the borderline metals such as CugSb, the most striking 
characteristic is that the ordinary rules of valency do not seem 
to be obeyed, but we have instead an apparently quite discon- 
nected series of formulae. It was first pointed out by Hume- 
Rothery^ that, when a truly metallic compound is formed, these 
irregular valency relations are quite to be expected. For it is the 
essence of chemical combination that the atoms share or exchange 
electrons in such a w^ay that stable groupings are formed, and the 
so-called valency rules of the ordinary non-metaliic compounds 
of chemistry are the result of two facts, namely, firstly, that certain 
definite numbers of electrons constitute stable groups (usually 
octets), and, secondly, that all the available valency electrons are 
used up, and bound into the stable groups. It is because all the 
valency electrons are employed, that the metallic properties of the 
constituent elements are lost in the compound. Consequently it is 
at once apparent that, if free electrons are left over so as to make . 
a truly metallic compound, the valency relations must in general 
be different from those in the normal compounds in which all the 
valency electrons are used up. Little confidence can therefore 
be placed in the innumerable earlier attempts which were made 
to account for these abnormal valency relations by doubling or 
trebling the empirical formulae so as to obtain a very large 
molecule, in which, by a purely arbitrary arrangement, each 
atom could exert its normal valency. If the compound is really 
metallic, so that free electrons are present, we shall in general 
expect the ordinary valency irules to break down. 

It was further suggested by Hume-Rothery that compounds 
which exhibited electrical conductivity should never be looked 
upon as normal valency compounds, even if their formulae, as 
in the examples Na4Sn or CugSb, followed the ordinary valency 
rules. But this suggestion was undoubtedly over-exaggerated 
and incorrect. It is much more probable that Just as there are 
crystal structures such as those of silicon and germanium, which 
are essentially co-valent structures but in which a limited elec- 
trical conductivity appears owing to the breakdown of the co- 
valent bonds, so there are compounds which are really normal 
valency compounds — either ionic or co-valent — but in which the 
metallic properties appear owing to the partial breakdown of 
the bonds. Such compounds might be expected to show the 
phenomenon of minimum resistance for the reasons which we 
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have already explained (see p, 309), but unfortunately little 
systematic examination of this kind appears to have been 
made. 

The classification of these substances is indeed very difficult. 
In the first place the great majority of these compounds melt and 
vaporize at such high temperatures that it is often impossible to 
determine the true molecular weight from observations on the 
liquid or vapour, for even if the experimental difficulties can be 
overcome, the temperatures are usually sufficiently high to cause 
extensive decomposition. Consequently, in the great majority of 
cases, we only know the empirical formula, and cannot tell 
whether a compound is, for example, A 2 B, A 4 B 2 , A^Bs, &c. Apart 
from this, the majority of these compounds do not melt at con- 
stant temperature, so that a simple cast alloy contains several 
constituents, and prolonged annealing is necessary in order to 
obtain a specimen consisting of the homogeneous compound. If 
the compound does not melt below about 400° C., it is usually 
possible to obtain a homogeneous specimen by annealing a fine- 
grained cast alloy for a sufficient time, but with alloys melting 
.below 300° or 400° C. the reactions take place so slowly in the 
solid that even months of annealing may not ensure true equi- 
librium. In such cases the best course may be to prepare large 
single crystals by slowly cooling alloys of suitable composition 
under conditions in which the crystal can be removed above the 
temperature at which the later constituents would deposit if the 
whole alloy were allowed to become solid. There is, however, no 
doubt that a systematic examination of the electrical properties 
of intermetallic compounds at very low temperatures would 
greatly assist the classification of these substances, and that, in 
many cases, it should be possible to prepare suitable specimens. 
The value of such an examination would be greatly increased if 
accompanied by an x-ray investigation of the crystal structure, 
but in all such work the importance of suitable metallurgical 
treatment can hardly be over-CvStimatcd. In this connexion the 
physicist must recognize that it is useless to carry out experi- 
ments on specimens which are not in true equilibrium, or which 
are in a condition of strain or other physical abnormality, and 
he must realize further that the science of metallography has 
progressed sufficiently to indicate the correct treatment in the 
majority of cases. In all this work there is the greatest need for 
closer collaboration between the physicist and the metallurgist, 
and, as we shall now see, it is significant that it is in one of the few 
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cases where collaboration of this kind has been seciu’ed that 
results of interest have begun to accrue. 

When we come to deal with the intermediate phases of variable 
composition which are met with in so many alloy systems, the 
position is naturally even more obscure, for whilst a properly 
determined equilibrium diagram gives the limits of composition 
of the phase concerned, it can only indicate the fundamental 
composition on which the solid solution is based in particularly 
favourable circumstances, as, for example, when the freezing- 
point curve rises to a maximum, such as that shown in Fig. 19 
(p. 61) for the gold-zinc alloys. In other cases it is only when a 
systematic x-ray crystal analysis has been made that we can 
pick out any one composition in the solid solution as being funda- 
mental. At present such studies are comparatively rare, and the 
position is complicated by the fact that sufficient care has not 
always been given to the heat treatment of the specimens used. 
Particularly interesting results have, however, been obtained in 
connexion with the structure of certain copper alloys, and the 
generalizations which have been made throw considerable light 
on the nature of intermediate alloy phases. The exact details of 
these crystal structures need not concern us here, but in a certain 
number of alloys of copper and silver it is found that phases of 
similar structure occur, and these same structures are sometimes 
found in gold alloys. If we start with pure copper, and then add 
increasing amounts of the second metal, the first phase is a simple 
solid solution of the second metal in copper, and has a face- 
centred cubic structure. In the general case, as the percentage 
of the second element is increased, these simple or ‘a’ solid solu- 
tions reach their limit, and new phases are formed, which in 
several cases have a body-centred cubic structure, and are 
generally known as phases. In some systems, such as the 
alloys of copper and zinc, the ^ phases are stable over a wide 
range of temperature, but more usually they are stable only at 
high temperatures and decompose on cooling. With increasing 
percentages of the second element, it is found that, in several 
cases, phases with the so-called ‘y’ structures are formed, whilst 
still later hexagonal close packed structures appear. The y type 
of structure is complex, and is so called because it is the structure 
of the phase which had previously been known as ‘y’ brass. Of 
the phases corresponding to these different types of crystal struc- 
ture, the a and ^ solid solutions have the properties of normal 
metals, but the phases with the ‘y’ packed structures 
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are hard and brittle, and for this reason have always been classed 
as compounds. 

It was first pointed out by Hume-Rothery in 1926^ that in 
some cases the compositions of the phases were such that the 
ratio of valency electrons to atoms was approximately 3/2. In 
the case of the copper-zinc alloys, for example, the phase 
ranges about the equi-atomic composition CuZn, thus giving 
two atoms to three valency electrons (two from the di-valent 
zinc atom, and one from the copper atom). With copper- 
aluminium alloys, however, the /3 phase ranges round the com- 
position Cu^Al, giving four atoms to six valency electrons (one 
from each copper atom, and three from the tri-valent aluminium), 
so that the ratio 3/2 is again maintained. Finally in the copper- 
tin system the corresponding phase is ranged round the com- 
position CugSn, which again gives the ratio 3/2, since there are 
now nine valency electrons (one from each copper atom, and four 
from the tetra- valent tin). In a more detailed study Westgren 
and Phragmen^ have shown that phases with the characteristic 
or body-centred cubic structure are found in the systems 
Ag-Mg, Ag-Zn, Ag-Cd, Au-Zn, Au-Cd, Cu-Al, Cu-Sn, and Cu-Zn, 
usually when the ratio of valency electrons to atoms is ap- 
proximately 3/2. 

The same generalization was extended by Bradley and his col- 
laborators,^ who showed that the very complex ‘y’ structures in 
the copper-zinc and copper-aluminium alloys are derived from 
the fundamental units Cu^Zug and Cu^Al^, both of which corre- 
spond to the ratio 13 atoms to 21 valency electrons. In the 
copper-tin alloys the phase of corresponding structure has a 
very narrow range of composition which is definitely just not 
Cu^Sn, but is almost exactly CugiSug, which, in the most remark- 
able way, still gives the ratio 13/21, since there are now 3x13 
== 39 atoms, and 3X21 == 63 valency electrons. In this case, 
however, although the general y type of structure is maintained, 
the exact distribution of the atoms is at present uncertain, 
since, according to Bernal,^ the unit cell contains 416 atoms 
which cannot be divided in exactly the ratio 31 : 8. Westgren 
and Phragmen have concluded that phases with structures 
lilce that of y brass occur in the systems Cu-Zn, Ag-Zn, Au-Zn, 
Ag-Cd, Ag-Hg, Cu-Cd, Cu-Al, and Cu-Sn when the ratio of the 
valency electrons to atoms is approximately 21/13, but the most 
striking illustration of these regularities is probably shown by 
the work of Bradley and Gregory on the ternary alloys of copper. 
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zinc, and aluminium. These investigators find that, in the 
ternary alloys, the y type of structure is retained so long as the 
ratio of valency electrons to atoms is 21 : 13. In other words, 
the atoms of copper, zinc, and aluminium may be interchanged, 
but as long as the ratio of valency electrons to atoms is kept at 
21:13 the same y type of crystal structure is found. 

Finally it has been shown by Westgren and Phragmen that, in 
the systems Cu-Zn, Ag-Zn, Au-Zn, Ag>Cd, Au-Cd, Ag-Al, Au-Al, 
Ag-In, Cu-Sn, Ag-Sn, Cu-Sb, and Ag-Sb, the close packed 
hexagonal structure is most frequently found when the ratio of 
valency electrons to atoms is about 7:4. 

In attempting to understand the significance of these most 
interesting relations, it must be emphasized that they are at 
present restricted to one particular series of alloys, those of 
copper, silver, and gold, and that there are most certainly 
exceptions to the general rules. It cannot be doubted that 
other factors, and particularly the atomic radii, influence the 
type of crystal structure, but on the whole it does not seem 
unreasonable to conclude that, when other conditions are favour- 
able, the type of crystal structure in this series of alloys is de- 
termined principally by the ratio of atoms to valency electrons. 
In the case of the ^ phases these relations were interpreted by 
Hume-Rothery on the basis of the electron lattice theory, since 
they clearly suggested structures of positive ions and negative 
electrons with a fundamental ratio, and this could readily be 
understood in terms of interpenetrating lattices of atoms and 
electrons. Since these ^ phases have most of the properties of 
ordinary metals, with electrical conductivities rising to maxima 
at or near to the whole number ratios of atoms, it seems probable 
that they are simple secondary solid solutions in which the bind- 
ing forces are of the same nature as those in pure metals. It has 
in fact been suggested by Rosenhain^ that the j8 phases may be 
looked upon as solid solutions in an allotropic form of copper, 
and in some ways this expresses the general idea very well. That 
is to say, just as a single metal, such as iron, may exist in different 
crystal structures at different temperatures, so alloys of two or 
more metals may form intermediate phases in which the crystal 
structures vary, but where the forces are in no way different from 
those in ordinary metals. But since the term solid solution in an 
allotropic form has generally been taken to imply a primary 
solid solution in the different allotropic forms of elements such 
as iron and chromium, in which the allotropes of the pure element 
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can be obtained, it appears better to avoid using the term in the 
case of alloys such as those of copper where the parent element 
exists in one form only, and for this reason the term secondary 
solid solution is to be preferred. The fact that the ^ phases so 
often occur when the ratio of valency electrons to atoms is 3 : 2 
can then readily be explained on the basis of the electron lattice 
theory, whilst if we accept theories such as that of Bloch it 
implies that the whole crystal is to be looked upon as a gigantic 
molecule, in which the ratio of 3 electrons to 2 atoms enables a 
stable grouping to be formed, but in which free interchange of 
electrons is still possible. 

In the case of the 'y’ phases, however, the position is somewhat 
different. These substances are brittle, and in many ways quite 
distinct in properties from ordinary metals, and it has been 
shown by Bernal® that they are very strongly diamagnetic, in 
marked contrast to their constituent elements. It was therefore 
suggested by Bernal that these substances were to be looked upon 
as co-valent or homopolar structures, in which the atoms were 
bound together by shared electrons in orbits which included more 
than one atom. That is to say, just as in the cases of silicon and 
germanium the whole crystal is to be looked upon as one immense 
molecule bound together by shared electrons (co-valent or homo- 
polar bonds), so in the case of these y phases the whole structure 
is one huge molecLile, in which the atoms are bound together by 
homopolar bonds. This, of course, is in complete agreement with 
the maintenance of the ratio 13 atoms to 21 valency electrons, 
for as long as the structure requires a certain number of atoms 
to a certain number of co-valent bonds, it is immaterial as to 
which kind of atom provides the valency electrons. As pointed 
out by Bernal, the simplest example of this kind is that of the 
diamond type of structure, which is formed not only by the 
elements carbon, silicon, germanium, and grey tin with four 
valency electrons per atom, but also by a whole series of 
compounds such as GaAs, ZnSe, and CuBr, in which the only 
characteristic is that there are always eight valency electrons to 
two atoms. In the case of the y phases, this explanation is con- 
firmed in a most striking way by the solubility relations. For if 
these substances are really co-valent structures, in which there are 
so many homopolar bonds to so many atoms, we can at once see 
that there should be little or no solid solubility on the copper side 
of the composition corresponding to the ratio 13 atoms to 21 
valency electrons. If, for example, we substitute a uni- valent 
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copper atom for a di- valent zinc atom in CugZng, we reduce the 
number of valency electrons, and consequently, if the stability 
of the phase depends upon the presence of so many homopolar 
bonds, this substitution should not be possible. Actually it is 
found that, in contrast to the ^ phases, the y phases show no 
solid solubility on the copper side of the compositions Cu^Zug, 
CU 9 AI 4 , and Cug^Sug, so that these expectations are most strikingly 
confirmed. On the other hand there is not the same objection 
to having a slight excess of electrons above that required by the 
ratio 21/13, and consequently we find that these phases form a 
slight solution on the zinc, aluminium, or tin side. The range of 
the solid solution decreases from about 8 atomic per cent, in the 
case of the copper-zinc alloys to less than \ atomic per cent, in 
the copper-tin series, and this is, of course, to be expected, since 
the substitution of one atom of di- valent zinc for one atom of 
uni-valent copper adds only one more valency electron, whilst the 
substitution of an atom of tetra- valent tin adds no less than three. 

If the above conceptions be true they should be reflected in the 
electrical conductivities of these substances, and examination 
now shows that this is most strikingly the case. We have already 
explained (p. 333 and also Chapter III) that in the case of the ^ 
phases the electrical conductivity rises to a maximum at or near 
the compositions CuZn, AuZn, &c., which correspond to the ratio 
3 valency electrons to 2 atoms. But in the case of y brass, the 
only one of the y phases which appears to have been thoroughly 
examined, the exact reverse is the case, and, according to Puschin 
and Rjaschsky,'^ the conductivity is a minimum at the copper- 
rich composition* CugZng, and then increases with increasing zinc 
content. This is, of course, just what is to be expected if the V’ 
phases are co- valent or homopolar structures. For if the struc- 
tures are purely homopolar, then at the composition Cu^Zug all 
the valency electrons will be required to form the homopolar 
bonds, and free electrons will only be present in so far as the 
electrons are set free by the thermal oscillations, the presence of 
impurities, &c. But with an excess of electrons above the ratio 
21 /13, the presence of free electrons with an increase in conduc- 
tivity is to be expected, t If the y phases were purely homopolar, 

* As we have explained above, there is little or no solid solubility on. the 
copper-rich side of the composition Cu^Zng. 

t Since this was written, Mr. J. D. Bernal has kindly told the author 
that he has found data for other ‘ y ’ phases, and that in each case the con- 
ductivity is a minimum at the composition corresponding to the ratio 21/13. 
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we should expect them to show the phenomenon of minimum 
resistance at a sufficiently low temperature, but it is of course 
possible that only some of the bonds are homopolar or co-valent, 
and that the normal metallic type of bond is also present. There 
is little doubt that a systematic examination of the electrical 
conductivities at low temperatures would be of the greatest value 
in helping to classify these most interesting alloy phases, but it is 
again almost impossible to over-estimate the importance of suit- 
able heat treatment, and other precautions in the preparation of 
the specimens. At present it may be said that the evidence from 
the chemical compositions, crystal structures, and electrical con- 
ductivities is in substantial agreement. It suggests that, whilst 
both the p and y structures tend to occur at constant ratios of 
atoms to valency electrons if conditions such as atomic volumes 
are favourable, the ^ phases are simple secondary solid solutions 
with the normal metallic type of binding, whilst the y phases are 
co-valent or homopolar structures in which most, if not all of the 
electrons are shared between two or more atoms in co-valent 
linkages from which a few electrons may be set free by the 
thermal oscillations, the action of impurities, &c. 
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4. The Problem of Supra -conductivity 

The remarkable fact of supra-conductivity which we described 
previously (p. 11) has naturally aroused much interest and dis- 
cussion, and at present opinion is divided as to whether supra- 
conductors constitute a special class of elements or not. We have 
already seen that, in the case of those elements which do not 
exhibit supra-conductivity, the resistance temperature curves, 
which are linear at high temperatures, eventually flatten, and 
become parallel to the temperature axis, so that a constant 
residual resistance is obtained. In the case of normal metals,’*' 
* We are here omitting the co-valent structures found in elements such as 
germanium, antimony, &c. 
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this residual resistance becomes less as the amount of impurity 
in the metal diminishes, and it seems reasonable to conclude that 
in the great majority of the ordinary metallic elements, the 
resistance will vanish at the absolute zero. But this effect is 
quite distinct from the phenomenon of supra-conductivity, for 
the latter is a sudden vanishing of resistance at a temperatme 
which may be as high as 7® Abs. (for lead). It is the suddenness 
of the phenomenon which is the real characteristic, and not the 
mere vanishing of the resistance, which can readily be under- 
stood in the light of the new theories. The second characteristic 
is that this sudden change in resistance is unaccompanied by 
any discontinuity in other properties, and we may note further 
that there is no correspondence between those metals which we 
usually describe as ‘good conductors’, and those which show 
supra-conductivity. The elements wdth the highest atomic con- 
ductivities are those in Groups I A and I B (the alkalis and the 
copper sub-group), and it is precisely these elements which have 
so far resisted all attempts to make them supra-conducting. 

According to the point of view taken up by Kapitza^ and 
others, all pure metals are to be looked upon as supra-conductors, 
but the supra-conductivity is obscured by the additional re- 
sistance due to impurities or strains, which for some reason does 
not vanish at low temperatures. Kapitza’s conclusions were 
founded largely on the effects of a magnetic field upon resistance, 
since the resistance of a metal in the ordinary state is increased 
by a magnetic field, although the latter does not destroy supra- 
conductivity until the critical or threshold values of the field 
strength is reached. Kapitza therefore concluded that since the 
additional resistance produced by the magnetic field can vanish 
and leave the metal supra-conducting, so the residual resistance 
due to impurities, strains, &c., vanishes in the supra-conducting 
metals, but not in others. 

This conception is, however, unsatisfactory in many ways. In 
the first place supra-conductivity has undoubtedly been observed 
in comparatively impure specimens of some metals, whilst others 
such as gold and silver have not shown the phenomenon in the 
highest obtainable degree of purity. Apart from this there seems 
to be absolutely no reason why the phenomenon should be 
restricted to some metals, which possess no special characteristics 
in other respects. 

An alternative point of view has been put forward by Bartlett,^ 
according to whom the residual resistance of the supra-conducting 

3370 z 
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metals disappears owing to the short-circuiting of the impure or 
imperfect patches by paths of the perfectly pure metal, for which 
the resistance suddenly becomes very much less than that of any 
normal metal. But there are many difficulties in this explana- 
tion, for again there seems to be no reason why the change should 
take place suddenly, or why the phenomenon should be confined 
to a comparatively few metals. Further, as pointed out by 
Kapitza, although in the case of lead, the resistance in the supra- 
conducting state has been shown to be less than 10”^^ of that at 
0° C., in the majority of other metals the corresponding values 
have only been about and this is roughly of the same order 
as the ideal resistances of many metals at 1 — 2° Abs., so that 
except for lead there is no experimental evidence that the supra- 
conductivity is of an entirely different order of magnitude. But 
the real difficulty is again the suddenness of the change, and for 
the present no satisfactory explanation has been found. It is 
perhaps significant that in the B Group elements, the metals for 
which supra-conductivity occurs at the highest temperatures are 
always those for which the crystal structures indicate that the 
ionization is incomplete, whilst in the elements of the A Groups 
those showing supra-conductivity (thorium and tantalum) again 
occupy positions in the Periodic Table in which the free atoms 
have energy levels which are very near together. 
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5. The Problem of Conductivity 

In reviewing the different theories which have been advanced 
in order to account for the electrical conductivity, and other pro- 
perties of metals, it is important not to adopt the rival or partisan 
point of view. Each theory has been a genuine and sincere at- 
tempt to solve a most complex problem, and, in general, each has 
contributed something towards the solution. On the strictly 
quantitative side it must be admitted that all of the theories are 
unsatisfactory and incomplete. It may be taken as certain that 
the quantitative methods of the older theories, involving the 
treatment of the electrons as particles of a gas obeying the 
classical laws, are incorrect, although several of these theories 
gave a qualitative picture which contained a considerable element 
of truth. But the later theories are still in an elementary and 
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incomplete stage, for the mathematical difficulties have been so 
great that progress has only been made by assuming such a 
drastic simplification of the problem, that little more than the 
general order of magnitude can be expected. From some 
quarters there has in fact been a tendency to dismiss these new 
methods entirely, on the grounds that the simplifying assump- 
tions were so crude as to make it a mere waste of time to erect 
a detailed mathematical theory. But this attitude is altogether 
too negative and unhelpful. For although the great need at the 
present time is for a wider and more systematic knowledge of the 
facts, it is only by investigating the problem in a simplified form, 
that it is possible to develop the mathematical technique neces- 
sary for the final solution. 

But in spite of the present incomplete and transitional stage 
of the theory, certain general conclusions are gradually becoming 
established, some of which may concern properties other than 
those of a purely electrical nature. Of these the first is the recog- 
nition, as the result of both experiment and theory, that the 
conduction process takes place in such a way that the free paths 
of the electrons are large compared with the inter-atomic 
distances. This is indicated by the marked fall in conductivity 
of a pure metal when a solid solution is formed. A measurable 
increase in resistance can in fact be detected with amounts of 
impurity as small as one atom in 10^ atoms of the pure metal, 
suggesting that the free path is of the order 10^ times the inter- 
atomic distance. It seems, further, to be generally established that 
the conducting electrons exist in a metal in a condition such that 
their specific heat is negligible, but that at the same time their 
energy is large (see p. 296). Of the attempts to express this quanti- 
tatively, those involving the Fermi-Dirac statistics are by far the 
most successful, although at present the theories cannot claim to 
give more than the general order of magnitude. If the general type 
of argument used by Lennard-Jones (p. 295) be accepted, it seems 
highly probable that the distribution of electrons in a metal will 
in many ways resemble that of the lattice theories, although the 
lattice may well be of a dynamic rather than a static nature. If, 
therefore, any attempts are made to correlate properties such as 
cohesion with the theories which have been put forward from a 
consideration of the electrical characteristics, it seems probable 
that we must consider a metal as a vast molecule, in which the 
atoms are held together by attractions between the positive ions 
and the ‘shared’ valency electrons. This conclusion appears 
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inevitable, whether we adopt the dynamic lattice structure of 
Lennard-Jones, or the more indefinite theories of Bloch, and a 
preliminary investigation of this type has been made by Slater. 
The older crude ideas, which are so often found in metallurgical 
literature, involving directed attractions between the atoms, 
must thus be replaced by the conception of a metal as an array 
of mutually repulsive positive ions, held together by attractions 
towards the valency electrons. 

Up to the present, comparatively little attention has been paid 
to the relative conductivities of the different elements, and this 
is largely due to the lack of reliable data over a range of tempera- 
ture for metals in a state of high purity. The general periodic 
relations for the atomic conductivities shown in Fig. 1 (p. 6) 
are clear, and also the general way in which they are related to 
the state of ionization of the atoms. But there seems little doubt 
that a detailed comparison of the atomic conductivities of really 
pure metals should lead to results of great interest, whilst an 
investigation of the relative effects of different metals on the 
conductivities of alloy phases over a wide range of temperature 
should lead to results of value in connexion with the classification 
of such phases. At present comparisons of this kind are almost 
impossible owing to the lack of systematic and reliable data. 

Even in the case of pure metals it is only in connexion with the 
electi’ical conductivity, the emission phenomena, and the specific 
heats that our knowledge of the facts is on a sufficiently firm 
foundation to justify the erection of any detailed quantitative 
theory. As explained in the Preface, we have not considered the 
specific heats, because these have already been dealt with in 
many other books. But even as regards the conductivity and 
emission phenomena, the reader can hardly fail to have been 
struck by the comparatively slight extent to which the facts 
have been systematized, and by the lack of reliable data for 
really pure metals in a condition of freedom from strain or other 
physical abnormality. It is indeed one of the great misfortunes 
in this branch of science that so much experimental work of the 
highest order should have been carried out on specimens which 
any scientific metallurgist would have condemned as unsuitable. 
In all this work there is thus the greatest need for closer col- 
laboration between the physicist and the metallurgist, and such 
collaboration can only serve to benefit both branches of science. 
The Metallurgist must realize that although the problems with 
which the practical man is concerned may now seem to be far 
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removed from the electrical properties and theories which we 
have been describing, the latter will eventually include the whole 
of the characteristics of metals. He must recognize that it is only 
by the development of theories of this kind that Physical Metal- 
lurgy can be placed on a firm foundation, and removed from its 
present position in which it is little more than the study of 
apparently disconnected facts. On the other side, the Physicist ; 
must appreciate that the preparation of metallic specimens in a 
suitable condition for accurate work is in many ways a science 
in itself, and that the most elaborate physical measurements may : 
lose all their value if the test pieces are not in a suitable state. 
He must realize that nearly all alloys require annealing or other 
heat treatment before they reach true equilibrium, and that, in 
many alloy systems, this treatment may require days or weeks 
before it is complete, whilst in the case of metallic elements the 
importance of purity and freedom from strain can hardly be over- 
estimated. In all these spheres the Physicist must recognize that, 
unless his measurements are made for technical purposes, he is 
only likely to add to the confusion if he carries out experiments 
on metals in an unsuitable condition. To some readers it may 
appear that this point is being over-elaborated, but the reference 
to the literature which has been made in the preparation of this 
book, has shown that the great majority of physical laboratories 
are still producing work which loses much of its value owing to 
the lack of comparatively simple precautions in the preparation 
of the specimens. 

It is in connexion with the emission phenomena that the facts 
and the theory have been brought into the best agreement, but 
as will be appreciated from Chapter VII, it is just here that the 
knowledge of the facts is least convincing. For although the 
thermionic and strong field emission currents can be expressed 
satisfactorily by the equations of Richardson, Bushman, and 
Millikan, the predominance of the exponential term in these is 
so great, that, by suitable adjustment of the constants, the data 
may be expressed by a number of equations, whilst, apart from 
this, the constants are so much affected by secondary factors that 
critical comparison can hardly be made. There is therefore the 
greatest need for a systematic determination of the emission con- 
stants of the different metals in a state of high purity and freedom 
from strain, so that the relation between these constants, and the 
positions of the elements in the Periodic Table may be made 
more clear. In this connexion an examination of single crystals 
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should be of great value, for up to the present little attention has 
been paid to the effect of the grain boundaries upon the emission 
from ordinary poly-crystalline metal, although it is well known 
that the grain boundary material has, in many ways, properties 
which are quite distinct from those of the normal crystals. 

But when we turn to the problems of conductivity and other 
electrical properties, we can only conclude that the position is far 
from satisfactory. If we look upon theory as a means whereby we 
may express our experimental data by equations of an accuracy 
comparable with that of the measurements, we can only admit 
that, except for purely empirical equations, or semi-empirical 
formulae such as those of Griineisen, the theory is at present 
almost a complete failure. Alternatively, if we require our theory 
to enable us to classify the electrical constants of the different 
metals, so that we may trace their connexion with the Periodic 
Table and atomic structures, we can see that only the most 
elementary progress has yet been made, whilst in connexion with 
the study of alloys, apart from isolated investigations such as those 
of Norbury, we have little but a mass of disconnected facts. 

From many points of view this position of the electronic theory 
of metals is only to be expected. For in all branches of Science, 
real progress is nearly always made in the same way. First the 
experimental facts are determined accurately and systematically. 
Secondly, the relations connecting these facts are discovered, 
and then, as the third step, the theory is erected, and tested by 
further experiment. The unsatisfactory position of the electronic 
theories of metals is largely the result of attempts having been 
made to erect detailed and complex mathematical theories, in 
order to explain facts for which accurate and systematic know- 
ledge is almost entirely lacking. The need at the present time is 
not so much for further mathematical developments, but 
rather for a thorough and systematic determination of the elec- 
trical constants of metals, with special reference to their con- 
nexion with the Periodic Table and atomic structures. Such an 
investigation can only be secured by the closest collaboration be- 
tween Physics and Metallurgy, and its results can only serve to 
benefit both Sciences. 

For the present we may say that the problems in connexion 
with the electrical properties of metals remain essentially un- 
solved. But they are unsolved through lack of systematic and 
reliable experimental knowledge — not of theoretical speculation. 



APPENDIX 
The Theory of Bloch 
§ 1 . 

I N Chapter V we have seen that the point of view adopted in 
the theory of Bloch^ is that, while the conductivity electrons 
are free, their motion is not completely haphazard as in the ‘gas ’ 
theories, but is rather a motion in a periodic field of force, of 
which the period is the same as that of the atomic lattice. The 
new mechanics then indicate that as long as the field of force 
is strictly periodic, the electrons are able to move unimpeded 
through the lattice of the atoms (or more properly ions), and that 
it is only when this strict periodicity is upset by the thermal 
oscillations that a resistance is created. In this method the 
mutual interaction of the electrons is ignored, and, in considering 
the motion of any one electron, the remaining electrons are 
assumed to be smoothed out or distributed with periodic density 
over the whole crystal, so that the particular electron considered 
moves in a periodic field. We have thus first to consider the 
motion of an electron in a strictly periodic field from the point 
of view of the new mechanics. 

According to the Schrodinger theory the amplitude of proba- 
bility ip{xyz) which corresponds to the energy JS, and is inde- 
pendent of the time, conforms to the differential equation 

Ails+fi{E-V)il^=0 ( 1 ) 

where V is the electrostatic potential in which the electron 

moves in the lattice, and [x = * 

We have next to consider how V will depend upon the co- 
ordinates {x, y, z), and for this purpose we assume that the origin 
is at a lattice point, and that a, B, c, are the fundamental lattice 
vectors so that the vector of any point is given by 

where g 2 , and are whole numbers. In this case V must 
satisfy the periodic conditions 

F(r) = r(r+^ia+^26+g3c) .... (2) 

where g^, g^, and g^ are integers, and the vector r takes the place 
oi X, y, z. ^ 

The characteristic values and proper solutions of equation (1) 
will then depend upon the boundary conditions to which they 
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must conform, and the most obvious assumption to make here 
is that iff vanishes on the surface of the crystal, since the proba- 
bility of finding an electron outside the crystal is negligible. 
This, however, lays too much stress upon the conditions at the 
surface, and introduces many difficulties in calculation, but these 
may be overcome by assuming, for the amplitude of probability 
of the electrons in the lattice, a cyclic condition similar to that 
introduced by Born and Karman for the elastic frequencies in 
their work on the specific heats of the crystal lattice. From this 
point of view, the properties are known for the whole lattice, 
however great, provided they are known in a sufficiently large 
parallelepiped which may be defined by vectors G^a, GgB, 
where Ggj ^3 large integers. Once therefore we know a 
property for the fundamental portion G^a, G 3 C, we can obtain 
it for the whole lattice by simple periodic repetition, and as we 
shall see later (page 355) this method of treating ip waves similarly 
to elastic waves has great advantages when we deal with the pro- 
blem of electrical resistance, where the two kinds of waves interact. 

By using the theory of groups which was first introduced to 
problems in quantum mechanics by Wigner,- the conclusion is 
reached that every proper function can be expressed in the form 


? KaO. h 


(s) 


where /c, m are whole numbers, and is a threefold periodic 
function with the periods a, b, and c, where |q| = a, |b| =5, and 
|c| = c. If we introduce the length of the vectors aG^^ = 

5 G 2 = L, and cGq = M which define the fundamental parallele- 
piped, this may be written in the form 

AJI 

( 4 ) 


The exact nature of the function remains undefined, since 
it depends not merely on the variation of the potential in the 
particular case, but also on other quantum numbers in addition 
to /c, I, m. According to (4), therefore, the expression for the 

277 i ^ 

proper functions can be split up into a factor 
and a remainder depending only on the periodicity of the lattice, 
and this is equivalent to stating that we are concerned with plane 
de Broglie waves which are modulated in the rhythm of the 
lattice structure. It is this similarity of the proper function to 
that of the motion of an electron in the absence of forces, which 
gives the electrons in the lattice the mobility which is essential 
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for conductivity. According to Schrodinger,® the current in the 
X direction corresponding to an electron in the state (&, I, m) is 
given by 

where the integration is to be carried out over the whole paral- 
lelepiped, and the proper functions (4) are to be orthogonal and 
normalized. This expression may be woritten in an alternative 
form, since, according to (1) 

ipAifs—ifsAils = 0; 

so that if we use Green’s theorem 


jx(if/Aift—ipAip) dr-^ Jcr[(grad grad if/)- 




(grad if/ grad if/)] dr 
% 


where the last integral is taken over the whole surface of the 
fundamental parallelepiped, and — means differentiation along 


the normal. On account of the periodicity, the expressions 
and are equal and of opposite sign at corresponding 


points on the surface, so that a contribution is only made by the 
CG faces, and we are left with 


^Im 


4£7Tim ] \ 

^ eh 
■ jK. 
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A 



( 6 ) 


where the integral covers only the right-hand face. The propor- 
tionality with K is only apparent since the normalization of the 
il/j^ijn must be taken into account, but since (6) is in general not 
zero, the state k, I, m corresponds to a definite momentum or 
velocity in the x direction, and we may now examine the effect of 
this from the two extreme cases of entirely free, and very tightly- 
bound electrons. 


(a) The case of Free Electrons. 

Here on account of the normalization we obtain from (4) 

-JKLM 
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so that in this extreme case the quasi-plane de Broglie waves 
actually become the known plane waves, and (6) becomes 



kh 

where gives the momentum corresponding to the wave 

jnC 

length 

tc 

(b) The Case of Very Strongly Bound Electrons. 

This case is very much more complex, but it may be considered 
as characterized by a potential V which is strongly negative in 
the immediate vicinity of each lattice point, but which rises 
sharply at distances of about half the lattice constant. At these 
places the proper functions and their first derivatives become 
very small, as has been shown by Hund.^ To see how the con- 
ductivity depends upon how tightly the electrons are bound, we 
have only to place the right-hand face of the fundamental 
parallelepiped in (6) midway between two lattice planes. The 
lattice planes are then only in places of high potential and so 

the expressions tp and ^ become very small, and vanish in the 

case of ideal insulators where the electrons are infinitely tightly 
bound. A more accurate picture can be obtained by considering 
equation (1) as a disturbance problem as was done by Heitler 
and London for the case of two hydrogen atoms, and since we 
are ignoring the interaction of the electrons, we may treat the 
question as a one body problem. 

We may first express the potential of (1) as the sum of those 
due to the different lattice points, and strictly speaking we should 
include not merely the field due to the metal ion, but also that 
resulting from the presence of all the other conducting electrons. 
But this last effect is relatively small in the immediate vicinity 
of an atom, so that we may reasonably put simply the potentials 
of the ions. If the ion lies at the point 

its potential is given by 
and 

V{(cyz) = 2 ■ (8) 

ffiffzUa = ■ 



Appendix 347 

If we now take the differential equation 

which corresponds to the motion of an electron roimd one ion of 
the lattice considered as isolated, we may place that one of its 
real proper solutions (vanishing at infinity) which corresponds to 
the lowest proper value Eq, as 

<Pg^g,9, . . ( 10 ) 

If we neglect the action of the metal ions on their neighbours the 
degree of degeneracy is equal to the number of ions in the lattice, 
since each has the same energy Eq. For the solution of (1) we may 
therefore assume that 


E = Eo+e, if>= 2 • ■ • (11) 

g^g^Qz 

where € and v are small, so that we can neglect their products 
and higher powers. Then from (1) and (9) we obtain 


Av+iJ.{Eo—V)v = —ii, 2 ( 12 ) 

g\g%gz 

For the potential TJ(xyz) surrounding an isolated ion, we assume 
that TJ becomes infinitely negative at the point a? = t/ == is = 0, 
and that it vanishes at infinity and is already very small at a 
distance from the origin equal to about half the lattice spacing 
— ^this is justified by the use of (9). Then the proper functions 
^oxg^Qz almost zero except in the immediate vicinity of the 
point {gxg^g^i and if we consider them as normalized, and omit 
terms of the order t?, we have 


J d'T 


1 when gjL — ihf gz — gs — ^ 

^ 0 in all other cases. 


We assume further that the lattice is simple cubic, and that 
the functions U{xyz) and <^{xyz) are spherically symmetrical. In 
this case we may put 

r a if (hji^h^) = (gigigs) 

J dr (h^hh) is near to (gjg^gz) 

[^0 in all other cases. 

Here a is the addition to E caused by the influence of neighbour- 
ing atoms, and ^ arises from the possibility of the interchange of 
electrons of neighbouring atoms, whilst U' = V — 

To determine the unknown dg^g^g^ it can be shown that every 
function which is periodic in the fundamental parallelepiped 
is multiplied by a root of unity (i.e. a number say a such that 
= 1, where G is some whole number depending on the struc- 
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ture of the crystal) in moving from one lattice point to the next, 
so that neglecting the small additional factors we may put 


rwld^Th 




■ ■ (M) 


where k, I, m are whole numbers (see p. 344), and this satisfies 
the system of equations if 


^Jclm 


-2^(' 


27rk , 2rrl , 27rm\ 

COS - + cos ~h cos 

^2 ^3 / 


• ( 15 ) 


so that the proper functions to zero approximation become 


’Pklm 


= 2 


jZrri 






(16) 


and the corresponding disturbances of the proper values are ob- 
tained by giving the numbers k, Z, m in (15) and (16) values from 
1 to The original degree of degeneration of the electron 

states possible in the fundamental parallelepiped is thus reduced 
to the GiG 2 G^~th part. 

By combining (16) with (6), the current corresponding to the 
state Mm becomes 


^clm 
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(17) 


The integration here covers the right-hand side of the paral- 
lelepiped between two lattice planes, and it differs from zero only 
if the lattice points (gig 2 &) cither coincident or 

are neighbours separated by the right-hand surface. If the sur- 
face of integration separates the atoms (gig 2 &) (toh + l,g 2 >^ 3 ) 

we have from reasons of symmetry 


^^OiOzO^ 

^OxUzOz 


If _ f 

8,x — J + 

fif _ 

~ J 


C'X 

dj- ~<P-. 

C'X 




I 

J 


(18) 


Hence, since the number of lattice point pairs separated by 
the right-hand face is equal to 626o, and since K aG^, (17) may 
be written in the form 




aG^G^G^ . 


eh<P-^ . 
sin 
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(19) 
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and by normalization the current in the x direction due to a 
single electron in the state klm is 


^ . 2-77^: 

s%i^ = e . 

7 m Gi 


. ( 20 ) 


Equation ( 20 ) for the bound electrons thus corresponds to ( 7 ) for 
the case of completely free electrons. 


§2. The Specific Heat of Bound Electrons 

In the simple electron gas theory of Sommerfeld, the specific 
heat of the free electrons increases linearly with the temperature 
as long as T<^ 10 ^ at which temperatures the gas is degenerate. 
In the case of the bound electrons, however, the position is 
different owing to the use of formulae ( 11 ) and (15). From these 
equations the energy corresponding to the state k, Z, m is given by 

XI 77T I ^^k , 27rZ , 27rm\ 

= Ea+oc-2P\cOS-^^ 

We may now assume the fundamental parallelepiped to be cubic, 
and to contain exactly one gram-molecule of the metal so that 
= Gi and G^ = L = Loschmidt’s number. 

Then G is of the order 10 ^, and we may assume that the 
expressions rj, t defined by 

^ 2TTk 27rZ Y 27rm 

are continuously variable from — tt to + 7 r, since the larger the 
fundamental parallelepiped, the closer together the stationary 
states, so that the distribution function /(f 77 ^) which would be 
markedly discontinuous for a smaU unit, becomes a continuous 
function for a large one. This function gives the number of 
electrons in the element defined by 

dh dl dm — didrjdl 


and according to the Fermi-Dirac statistics is given by 
L didrjd^ 


mo didrjdt = 


Stt^ 1 _£^(COS|+-OOS'37-i-COS^) , 

~r e kT i 

A 


( 22 ) 


where the constant A can be determined because the number of 
electrons in the fundamental parallelepiped is known. 

In the preceding section we have assumed that the original 
proper value of is single so that, even if the interaction be 
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considered, only one state defined by k, I, m corresponds to a 
definite value Ejdm the energy. In general, however, even if 
we neglect the spin, the original term will be degenerated, say 
A times. If we assume that owing to the interaction, the energy 
of each of the A states belonging to Eq is split up in the same 
way, and that, owing to the spin, there may be two electrons 

N 

in the same state, then if n — is the number of conducting 


electrons per atom, A is given by 


-t-TT 


iV _ n __ 1 

2lL ~ 2X “ ^ ~ 8^5 
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(cos ^ + cos ^7 + cos 1 


(23) 


and the total energy E is given by 


E=^N{E^+ocy 


4^XL^ 


cosf+cosT^+cosS 
— ^ i ^ did7]dZ (24) 
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and the specific heat is given by . For abbreviation we may 
28 

write y = and may consider the solutions for the two 
extreme cases y^l, and y^l. 


1. y<l,orr> 


k * 


In this case the solution reduces to 
dXL^A 


E — iV(JSo-l-cx) 




y = — 3x{l — x)XL 


(2/3)2 
IcT ’ 


and for the specific heat (per molecule) we obtain 

Cl, = g = Sk{1->c)XL . = 8A;. {l-x)Ry% 


(25) 


where E is the gas-constant. The specific heat of the electron gas 

in a periodic field therefore varies as ~ as long as the temperature 

is considerably above Tq — 2plk. The value of Tq or of P depends 
on the height of the potential ridge between two atoms, and the 
lower this ridge, the more nearly are the electrons free and the 
greater is To, and in the case of completely free electrons Tq is of 
the order 10^ which is the same temperature as that at which the 
simple electron gas of Sommerfeld changed from the degenerate 



Appendix S51 

to the undegenerate state, though here our formula (21) is no 
longer valid quantitatively. In the case of tightly bound elec- 
trons, however, Tq may be very much less, 

2. y>>l, or 


This case corresponds to the degenerate gas, and differs only 
from that of the ‘ gas ’ of Sommerfeld in the different way in 
which the energy depends on the quantum numbers. The 
.solution obtained here involves simplifying approximations and is 






where c 


sm go 
2^0 


, and ^0 = is the critical velocity on the 

distribution curve. The resulting expression for the specific heat is 

dT 6 


These expressions therefore require the specific heat of the 
•firmly bound electrons, at very low temperatures, to increase in 
direct proportion to T, and to reach a maximum in the region 

T c^Tq, and then to diminish as ^ . In actual practice a variation 


of this general qualitative type has been found by Simon^ for grey 
tin and silicon, in which, as we have already seen (page 808), the 
crystal structure indicates that we have to do with a firmer kind 
of binding than in normal metals. With grey tin, on cooling, the 

specific heat varies as ^ at high temperatures, reaches a maximum 

at 29°, but then diminishes exponentially instead of linearly as 
would be required by equation (26). The observations of Simon 
were in good agreement with a formula of Schottky® which required 
the exponential type of variation at low temperatures, but 
deviations from this formula were found in the case of silicon so 
that the position is rather obscure, although the type of variation 
required by equation (26) is in general qualitative agreement 
with the specific heats of these particular metals. 


§ 3. The Acceleration of the Electrons in a Homogeneous 

Electric Field 

To investigate the electrical conductivity of a metallic crystal 
we have to consider firstly the way in which the motion of the 
electrons changes when a potential difference is applied, and 
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secondly how the electrons interact with the vibrations of the 
crystal lattice. In this line of approach we neglect the mutual 
interaction of the electrons, because the electrical conductivity 
is concerned only with the total momentum of the electron gas, 
which remains unaffected by interchange between the elec- 
trons, although it is influenced by the applied potential and the 
atomic vibrations. The first suggestion here is to start from a 
definite sharply-defined state, and to investigate how this may 
undergo transitions into other states owing to the action of the 
field. But in this case the uncertainty of position of the electrons 
would extend over the whole crystal, and we should have to 
consider places where the potential of the field had exceeded all 
limits. To avoid this difficulty we may build up a packet of waves 
which nearly vanishes at the edge of the fundamental parallele- 
piped but is large enough to require only proper functions 
belonging to a group of neighbouring states. 

We assume, therefore, that at the time t == 0, we have a wave 
packet built up similarly to those used by Heisenberg'^ and Ken- 
nard,® and investigate its motion in the x direction (i.e. under an 
additional potential —eFx) by the method introduced by Dirac.® 
In place of equation (1), which was independent of time, we now 
have the relation 

A4>-^{V-eFm)4,+ ^P^ = 0. . . . ( 27 > 

To solve this we may assume a relation 

27Ti 

him 

dc 

Since (27) must be satisfied by = 0 and = 0, we have 

® . eFm). 

him 

and hence at the time / = 0 

, . . (28). 

him 

or, if the right-hand side is developed according to the proper 
functions of equation (1) 

= ^ 04 ( 0 ) 4 .^^ dxdydz . . . (29) 

where the integration covers the whole fundamental paral- 
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This relation corresponds exactly with that used by Lorentz 
and Sommerfeld except that are in general not the simple 
velocity components, but are other quantities connected with 
the velocities and also characterizing the quantum states. 

§ 4. The Interactions between the Electrons and the 
Elastic Waves of the Lattice 

We have already shown that as long as the lattice is strictly 
periodic, a definite momentum in the x, y, and z directions 
belongs to each state Z, m, and the electrons can pass 
unimpeded through the lattice. To account for the appearance 
of a resistance which increases with the temperature we have to 
consider the influence of the thermal vibrations of the atoms, and 
we have in effect a disturbance problem of the interaction of the 
two coupled systems, the electron gas on the one hand, and the 
atomic lattice with its elastic vibrations on the other. The 
problem is naturally of a highly complex nature, and we shall 
therefore only indicate the line of approach adopted, and, for 
the details, reference must be made to the original paper. 

At low temperatures we may assume that the elastic waves 
are long compared with the inter-atomic distances, and consider 
the crystal as continuous in respect to them, and we may further 
assume that the amplitudes are so small that the vibrations can 
be considered as harmonic. 

As explained previously, the elastic displacement vector yx{xyz) 
will have the same periodicity as the proper functions of the 
electrons. If we write this in the form of a Fourier series 

fgh=~tx> 

+ ^fghj sin 27r ^ + ^+ J ^fghP (^b) 

it is, in the case of long waves, equivalent to describing the 
oscillations of the lattice by means of normal co-ordinates 
^fghp where the rmmhexs fgh characterize the vector of spreading, 
and j the state of polarization of the normal oscillation con- 
sidered, Also 

^fghj — 9 ~ -fir, -ft, J* 

is a unit vector in the direction of oscillation, and for j = 1 
(longitudinal wave) it is parallel to fgh, and for j = 2, 3 (trans- 

3370 A a 9 
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verse wave) it is perpendicular. In classical mechanics the 
normal co-ordinates satisfy the differential equations 

— 0 ] 

+ '^fghj ^fghj =0) 

where v is the frequency, and 

■ 

Vi being the velocity of transmission of longitudinal, and = 5^3 
that of transverse waves. 

In quantum mechanics the exact function cL^g^jit) cannot be 
obtained, and we have instead, according to Schrodinger,^^^ the 
amplitude of probability satisfying the equation 

Here M is the mass of the oscillator (which in our case is that 
of the fundamental parallelepiped), and E the energy of the 
proper vibration^AJ. The value of E corresponding to the proper 
function is 

^Cifohj) ~ 

The corresponding expression for bfgj^j{t) is 

^Hfghj) = .... (40 a) 

where q{fghj) ^nd are the quantum numbers of the two 

vibrations characterized hyfghj. 

As long as we ignore all interaction between the electrons and 
the atoms, each electron state klm will have energy Ej^i^ given 
by the previous equations (page 349), and the energy of the 
lattice will be given by ( 40 ). In this case the proper functions 
and energies of the system considered as a whole are given by 


• (87) 

• (38) 


4^klm,Q(fg7ij)^r(fg7i,j) ^klm 

and „ 

Qifghj), r(fghj) 


^UU j-y 

n .L ^ /I ^klm,q(fahj),r{fghj) / . v 

rQ(fori3') rrcfghj) • ^ j 

fohj 

^ 'I. ^qirohj)'^^rifghoy • • (^ 2 ) 


But if the two systems are to be coupled, we shall have to add 
an energy of interaction W, in connexion with which we shall 
assume that as the result of the elastic displacement (36) the 
value of the electrostatic potential in which the electron moves 
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is as great at the point r as it would be at the point r— u in the 
absence of the displacement, so that for the new potential F*(r) 

F*(r) = F(r-u) = F(r)-TF(r). 

Since |u| is small compared with the lattice constant, and hence 
with the distance in which an appreciable change in F takes 
place, we may put 

SO that according to (36) 


sin 277 (^ + ^ + g) J (grad V, 


k43) 


As before we solve the Schrodinger equation of the entire system 
disturbed by the additional energy (43) by Dirac’s method of 
varying the constants, and in this case the analysis shows that 
if at time i = 0, the electron is in the condition kTm\ and the 
lattice in the state q\fghj)^ probability that at time 

the whole system is in the state hhriy qifghj) is given by 


I ^klm, q(fghi) P — 2 1 J | ^ 

27r^r 


h 




1 —-cos \jl)] 

l^klm ^m'm' + gl 
1 — cos [Ejcim~^krmf 


(^(/l^Ail)+l) 


Hflglhjl)] 




-E- 


kTm' ' 




qifigihji)- 


(44) 


where ^ coefficient of a term in a matrix element 

of the interaction energy W (equation (43)) between electron and 
lattice waves, corresponding to a transition of the electron from 
the state Mm to the state kTm\ together with a loss or gain of 
one energy quantum by the lattice w&vef'^g^h^j'^, all the other 
lattice waves retaining their previous energies. To obtain this 
matrix element it is necessary to multiply the interaction energy 
(43) by the wave-function of the initial state of the whole system, 
and by the conjugate complex of the wave function of the final 
state, and then to integrate over all co-ordinates involved, i.e. 
the three co-ordinates of the electron, and the amplitudes of all 
lattice waves. The initial wave function is a product of the func- 
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tion of the electron co-ordinates, and certain Hermitian 

functions'^ (H) of the amplitudes of the lattice waves. The 
final wave function contains the same Hermitian function of 
all lattice wave amplitudes except the function 

(constant being replaced by (constant and 

the function carrying out the first in- 

tegration with respect to all the amplitudes of the lattice 
waves, all terms in the summation of (48) cancel out except 

^f*g*h*j* oos 2tt h~ j, this term giving the well known 

matrix element of the oscillator co-ordinate multiplied by the 

unaltered function cos )’ function being 

independent of the amplitudes afgj^j of the lattice waves. There 
remains an integration over the co-ordinates of the electron, namely 

j COS 27r^-^ + ^ + 

Taking over the factor grad (J^ Uf*g*/^*j*) by which the term 
• • • • is multiplied in (48), and inserting the values of 
ip required by (4), we obtain the expression Jkim,kTm!,5* 
this expression being therefore what remains after carrying out 
the integration in (43) over all the d The analysis then 

indicates that the terms Jjcim.kTm'j^ given by the relation 

I J(Grad dcTcij/cZz . (44 a) 

Exactly similar considerations hold if r changes instead of g. If 
one integrates over a small energy interval and differentiates with 
regard to the time, the right-hand side of this expression gives 
the probability of a transition from the ‘ dashed’ to the ‘ undashed ’ 
state, and hence the will increase when the denominators in 
(44) are very small, or in other words to an approximation if 

^ ' • - • (44b) 

Hence, just as in the later developments of the Houston 
theory, the conclusion is that the essential scattering processes 
are not elastic collisions, but always involve an interchange of 
energy hv between the lattice and the electron. 

Further treatment of the problem in. this way leads to very 
great difficulties, and we may therefore make the following 
simplifying assumptions in order to show that the general 
principles used lead to results of the right order of magnitude. 
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We may choose our crystal so that == ^ = G] .. . 

andleta = ^> = c 

We may assume that the electron gas is completely degenerate 

so that T < To (45 b) 

and let the energy be given by 

X. r/27TkV , /27rZ\2 , /27rmVl . 


^klm = ^ 


-y +('-?)■] 


and let the momentum in the x direction be 


and the velocity of transmission of longitudinal and transverse 

= = . . . . (45 e) 

We may next consider the expression \Jicim,7d'rm',h\^ (44). If 

dV 

we use (44 a), and write for abbreviation (grad F, 
we have 

r 

^d^klTTit k'Vm\ = I '^klm dxdydz. 

Since the integrand is periodic we obtain on integration by parts 

ievm\d ~ — J ^ '^k'l'on' dxdydz . . (46) 

Introducing into (1) the expression given by (4a) for and 
putting f for the vector with components kJK, IjL^ mIM we 
obtain 

( 4^2 \ 

Eum-~ = 9 


-f2— F 


grad y^krm' 

Multiplying the upper equation by 


fJ' 

8 $ 


^'^klm — 9 


n^kTm' = 9. 


, and the lower by 


^ and adding them together, we obtain on integration by parts 
ds 

dxdydz = 2iTi(f— da;cZz/<fe) 

dxdydz. (47) 

which vanishes for k = k\ I = l\ m — m\ 
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From (45 c) the second term on the right-hand side may be 
neglected compared with the first, because we are only concerned 
with transitions in which the energy of an electron undergoes but 
small changes. As regards the first term we shall assume as in 
( 2 ) that the function for the elementary parallelepiped can 

be written in the form 


where 9 , the proper function of the isolated atom, is considered 
as spherically symmetrical. If we then write for 

I (1^) = I dxdydz = | dxdydz = C . (48) 

we have 

.... (49) 

for the case of longitudinal waves, whilst for transverse waves 

“ 0 . 

We have now to calculate the number of electrons moving out 
of the state him in unit time owing to interaction with the lattice, 
and since there is to be statistical equilibrium this must be equal 
to the number entering the state him owing to the acceleration 
produced by the external field. When no external field is present 
it can be shown that equilibrium exists if the electrons are 
distributed according to Fermi’s function 

/o 

— ^ kT +1 

A 

and the probability of the oscillators considered as an unde- 
generate system is given by the classical formula 

ii^fghj) = const e *2’ .... (51) 

As in the Lorentz and Sommerfeld theories we assume that 
the distribution in the presence of the field differs but slightly 
from/o, so that we may write 

fiSvO=fom)+ix{Q), ( 52 ) 

where x is a small function of ^ We now have 

to determine x from the fact that a stationary state is to be set 
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up. To do this we require the number of electrons moving out 
of the state him in unit time, their distribution function being 
given by (52). Here we shall only deal with the processes of inter- 
action with the a-oscillators given by (44), since the calculation 
for the 5-oscillator is identical. 

Suppose now that probability of an 

electron transition from him to k*Vm\ in the course of which 
an oscillator characterized by 

/* = ±{h-h%g^ = db(Z-Z'), . (53) 


moves from to Then the total number 

of electrons leaving him in unit time is given by 


2 2 -B&' g{q) -mm ) [1 -fik’l'm')], 

k^Vm'a' Q 


and the number entering the state Mm by 

2 2 SS'®' g{q’)fiMTm')[l-f{hlm)-\ 

q 


and the difference of these two expressions, using the relation 

is 

ria = ^^,2, . 2 «s'fe(?)/(Hm)[l-/(A7'm')] 

—g{q^)f{k’Vm')ll—fQdm\}. (54) 

According to (51) and (40) 

Wghj +k)hVfg]ij 

giqtighi) = const e- kT 

00 

and since 2 must equal unity, it follows that 

giimd = . (55) 


The probabilities of transition are given by (44). In 

addition to the abbreviations previously used we may now write 


2ir{k—k') ^ 27r{l-l') ^ y 27r(w-m') 

V^2+^2-|-^2 = yZ2+r2 + Z2=-B (56b) 

J,(x_c„s?^)=C(») (560) 

To obtain we may introduce XYZ as variables in place of 



362 Appendix 

and use polar co-ordinates i?, ^9 in the XYZ space, so 
that instead of E in (56 h) we have what is proportional to it 
from (38) i?.* ^ 

in which case the analysis indicates that 

hv 

(a or 27rC^ r r vMvd<(, f j^,UE+hv) . e^T^/j^E-hv) 

M 8eacovW\\ > f,{E) 


nn 


(58) 


Since statistical equilibrium is to exist in the presence of a 
field we have from (35), and (56b) 

^ %TreEa B/q 27reFa df^ ^ 

h h Bq Q 

As in the theory of specific heats we may break off the elastic 
spectrum at a limiting value Vg, which is given by == 1 , where 

/cfc/o 

©0 is the characteristic temperature, and we may use a new 
integration variable x == ^ . 

If the electron gas is completely degenerate we have in (50) 

writing Qq ^ as on page 351, and wq^ is the energy in the 

region where the value of /^{E) falls off sharply in the Fermi- 
Dirac distribution curve. If we introduce in place of J5?, the 
dimensionless expression 

__ E—aygl 


we obtain 
and 


BE 


kT 

/o(^)=/oW 


i_^o 

IdOde 


e'^+1 


(59) 
(59 a) 

(59 b) 


kT (c'+l) (e-'+l) 
will differ appreciably from zero only in the region e = 0. In 
place of the function x{^) — x(®) introduce a new 

function. 


c{e) = kT{e^-\-l) {e-^+l)x{e) = 


X{E) 

8fo 


(60) 
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and use the abbreviations 


ePaM. \® „ /ak&o\^ 


we obtain from (57), (58), and 59(a) the relation 


jeio/r 


iJl±l 

g6_j_g-!C 
+ 1 


t 


e^^+e 


[c(e)-^l— a;2^c(€+®)J 


( 61 ) 


( 62 ) 


Since the electron cannot give off more energy than its initial 
content JE, the integration in the last term should strictly speak- 
ing be extended only to the point kTx = E, but it can be shown 
that the value of the function ^(e) only concerns us in the region 
of the critical place at which the Fermi-Dirac distribution curve 
bends sharply, where E = coqq, and since kO < qI the limit 
0 

7 “ can be considered valid. 


We may now see what these expressions indicate as regards 
the effect of temperature upon conductivity, and as before we 
may deal with the two cases T>>@o, and T^6q. 


1 . 

Here we expect the same result for xi^) in the theory of 
Lorentz, namely 

xi.m - 

whereby from (59b) and (60) 

c(e) = c = constant. 

The difference between the present calculations and those 
based on the classical theory lies in the use of the Pauli restric- 
tion principle in connexion with the collisions. This can be seen 
in the case of the expression within the bracket in (54) which 
from the classical point of view would be 

But for T > all the proper oscillations are strongly excited so 
that their quantum numbers are much greater than unity, so 
that we may write == q±;^l = q, and if in (54) we write 

, g(?) = 

we obtain the classical value. 

Bn 

The assumption c{€) = c does satisfy (62) since -“<1, and 
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hence 1, and so we may write 


im: 


e^+1 


«c+*)+^ 


<I)T 


W 


‘Vs?! 

8q T ■ 


And from (60) we obtain. 

__ 4,FeMa^e^wviJ.^ / hv V ^fo ®o 
XKS) GVC^h \akej 8 q T ‘ ' ' ^ ’ 

Since from (45 d) the momentum in the x direction corresponding 
to the state ^rjt is the current flowing under the stationary 
distribution given by (52) is 

= . . . (64) 

because the current due to/o(£7]§) vanishes, and the factor 2 is 
introduced in (64) to take into account the fact that the statistical 
weight of each state must be doubled on account of the spin, V 
being the volume of the crystal. By using the same methods as 
Lorentz and Sommerfeld, the expression obtained for the specific 
conductivity is 

_ J __ 4(67r2^)2 e^drcjova^/j,^ / hv V^o /z»k\ 


mC^h 


Y hv yOp 
\akeo) T ’ ' 


where d = -pr is the density. 

In this expression, as in § lb, cu is an energy of the order 
10“^^ ergs, r/m is of the order of the maximum velocity of the 
electrons, as can be seen from (45 d) since k covers all values from 
— G to +G, In the Sommerfeld theory this velocity is of the order 


TT 

10® cm. /sec., and we may thus put — = r'. 10® cm. /sec., so that 

for free electrons t and /S' are of the order unity, and in order to 
give the effect of the binding we may assume r' = jS' = From 
(48) C is the reciprocal square of a length of the order of the atomic 
hv 

radius (10“® cm.). is a dimensionless number of the order 

' ' ak&Q 

unity. If we assume the temperature to be T = Z0q we then find 
that cr is of the order 10^®es.u., which is the right order of magni- 
tude. Further the resistance TF == ~ is directly proportional to 

cr 

the absolute temperature in agreement with fact. 



Ajpjpendix 


365 


2 . 


In tHs case the relation between temperatxire and resistance 
is quite different, and at first sight it may appear that the zero 
point energy of the lattice must give rise to a considerable 
resistance at the absolute zero. As we have already explained in 
connexion with the Houston theory, the solution of this diffi- 
culty lies in the fact that the electrons are assumed to be in 
thermal equilibrium, and to obey the restrictions of the Fermi- 
Dirac statistics. In contrast to the scattering of a beam of X-rays, 
an electron can therefore only give up energy to the lattice if 
there is a vacant state into which it can fall, and this becomes 
continually less possible as the absolute zero is approached. 
The conclusion that the collisions always involve an interchange 
of energy equal to hv is thus of vital importance, since it is 
essential in order to account for the vanishing of the resistance 
at the absolute zero, and also, of course, accounts for the Joule 
heating effect. 

In the first paper by Bloch only an approximate solution was 
given for low temperatures, and indicated a resistance var3dng as 
but in a second paper^^ the problem has been investigated, 
and a resistance varying as has been deduced. As we have 


explained above, at low temperatures, the probability of electron 
scattering is diminished, and the scattering itself is appreciable 
only in the ease of interactions in which the momentum of the 
electron is but slightly altered. We cannot, however, ignore the 
change in momentum in the x direction entirely, because if we 
do this and put ^ instead of we find that in equation ( 62 ) the 


terms involving 



fall out, and no steady state can exist 


m 


the presence of an external field. 


We may therefore write ~ in which case if the steady 


state is represented by/ == f^E ) + function x is given by 




ME+kTx)eP>-\-ME-kTx) 


= -cM 


Qf x^dxd^-yi ij? , /o® 


-i-xiE—kTx) 


UE-kTx) 


■ ( 66 ) 
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If one puts the right-hand side of (66) equal to zero, the homo- 
geneous equation has the solution Xii^) = where o: is a 

constant. This implies that in the absence of an external 
disturbance, and as long as we consider only processes in which 
i does not change, then not only /^(E) but also 

f = UE)+iXx{^) ==f,{E)+ccif^ ^f^^E+a$) 


describes a stationary distribution, since for states with equal i, 
between which interchange occurs, this is limited only by a con- 
stant additional term oc| to the energy. 

As an approximate solution of (66) we now write 

X = X 1 +X 2 = +X 2 (ST) 

and it caii be shown that the constant a is such that X 2 ^ Xi> so 
that to a first approximation the term X 2 neglected. In 

this case for T<^0, the solution is 



?oY__ 

1 P f€ 


2QV5 


“ == 250QV5 

r) ’ 


n=>X 

and the expression for the distribution function for 
becomes „ /O^^dfo 




250Q\T J dE 


■>y 


and the corresponding expression for the conductivity is 


J e^drwva^yi^ f hv 

F 8607r5 * mc^h \ak0j \T ) 


( 68 ) 


(69) 


(70) 


This requires the resistance at low temperatures to vary as T^, 
in contrast to the Griineisen law which requires a variation as 
but as we have already seen in connexion with the Houston 
theory, the is at any rate approximately true. The detailed 
examination of the factors affecting the function x ~ X 1 +X 2 
show that it must vanish exponentially for [e] >> 1, so that at low 
temperatures, as in the Sommerfeld and Houston theories, it is 
only the electrons with velocities near the critical point on the 
Fermi-Dirac distribution curve which are concerned in the 
conductivity process. 
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